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³àãßßÐ °
ÀÕèÕÝØï

1. ¿ãáâì t = g(x) � àÕèÕÝØÕ ãàÐÒÝÕÝØï t5 + t = x, x > 0. ´ÞÚÐÖØâÕ, çâÞ ØÝâÕÓàÐÛ
2∫
0

g(x)dx

áãéÕáâÒãÕâ Ø ÝÐÙÔØâÕ ÕÓÞ.
¨ ÄãÝÚæØï g(x) ÝÕßàÕàëÒÝÐ, ÑãÔãçØ ÞÑàÐâÝÞÙ Ú ÒÞ×àÐáâÐîéÕÙ ÝÕßàÕàëÒÝÞÙ äãÝÚæØØ. ¿Þ-

íâÞÜã âàÕÑãÕÜëÙ ØÝâÕÓàÐÛ áãéÕáâÒãÕâ Ø àÐÒÕÝ ßÛÞéÐÔØ ßÞÔ ÓàÐäØÚÞÜ äãÝÚæØØ g(x). ÂÐÚØÜ

ÞÑàÐ×ÞÜ,
2∫
0

g(x)dx = 2−
1∫
0

(t5 + t)dt =
4

3
. ¥

2. ¿ÞáÛÕÔÞÒÐâÕÛìÝÞáâì (an), n > 1, ÝÐâãàÐÛìÝëå çØáÕÛ âÐÚÞÒÐ, çâÞ ÒáÕ áãÜÜë ai + aj àÐ×-
ÛØçÝë. ´ÞÚÐ×Ðâì, çâÞ àïÔ

∞∑
n=1

1

an

áåÞÔØâáï.
¨ ÁåÞÔØÜÞáâì àïÔÐ á ßÞÛÞÖØâÕÛìÝëÜØ çÛÕÝÐÜØ ÝÕ ×ÐÒØáØâ Þâ Øå ßÕàÕáâÐÝÞÒÚØ. ÂÐÚ çâÞ, Üë

ÜÞÖÕÜ ßàÕÔßÞÛÐÓÐâì, çâÞ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì (an) ÒÞ×àÐáâÐÕâ. ²áÕ áãÜÜë ÒØÔÐ ai+aj, i 6 j 6
6 n àÐ×ÛØçÝë Ø ïÒÛïîâáï ÝÐâãàÐÛìÝëÜØ çØáÛÐÜØ. ¿ÞíâÞÜã 2an > n(n + 1)

2
. ¾âáîÔÐ an >

> n2/4. ÁåÞÔØÜÞáâì ØáåÞÔÝÞÓÞ àïÔÐ áÛÕÔãÕâ Ø× âÞÓÞ, çâÞ ÜÐÖÞàØàãîéØÙ ÕÓÞ àïÔ
∞∑

n=1

4

n2
áåÞ-

ÔØâáï. ¥
3. ¿ãáâì a, b, r1, r2, . . . , rn �ÔÕÙáâÒØâÕÛìÝëÕ çØáÛÐ, äãÝÚæØï f : R→ R, f(x) =

n∏
i=1

(ri − x).
ÀÐááÜÞâàØÜ ÜÐâàØæã A àÐ×ÜÕàÐ n × n, ã ÚÞâÞàÞÙ ÝÐ ÓÛÐÒÝÞÙ ÔØÐÓÞÝÐÛØ áâÞïâ çØáÛÐ r1, . . . , rn

(Ò ãÚÐ×ÐÝÝÞÜ ßÞàïÔÚÕ), ÝÐÔ ÔØÐÓÞÝÐÛìî a, Ð ßÞÔ ÔØÐÓÞÝÐÛìî b, â.Õ.,

A =




r1 a . . . a
b r2 . . . a

. . . . . . . . . . . .
b b . . . rn


 .

´ÞÚÐÖØâÕ, çâÞ
det A =

af(b)− bf(a)

a− b
.

¨ ¿ãáâì I � ÜÐâàØæÐ, ã ÚÞâÞàÞÙ ÒáÕ íÛÕÜÕÝâë ÕÔØÝØæë. ÀÐááÜÞâàØÜ ÜÐâàØæã A + xI . ²ë-
çØâÐï ßÕàÒãî áâàÞÚã íâÞÙ ÜÐâàØæë Ø× ÒáÕå ÞáâÐÛìÝëå Ø áçØâÐï ÞßàÕÔÕÛØâÕÛì, Üë ÒØÔØÜ, çâÞ
det(A + xI) ×ÐÒØáØâ Þâ x ÛØÝÕÙÝÞ, â.Õ., det(A + xI) = det(A) + αx, ÓÔÕ α � ÝÕÚÞâÞàÞÕ ÔÕÙáâÒØ-
âÕÛìÝÞÕ çØáÛÞ. ´Ûï x = −b (áÞÞâÒ., −a) ÜÐâàØæÐ A + xI ÒÕàåÝÕ-(áÞÞâÒ., ÝØÖÝÕ-)âàÕãÓÞÛìÝÐï.
¿ÞíâÞÜã det(A− bI) = f(b), det(A− aI) = f(a). ÃçØâëÒÐï, çâÞ äãÝÚæØï det(A + xI) ÛØÝÕÙÝÐ
ßÞ x, ßÞÛãçÐÕÜ âàÕÑãÕÜÞÕ. ¥

4. ¿ãáâì A ⊂ Rn Ø ßÕàÕáÕçÕÝØï A ∩ L ÔÛï ÒáÕå ÛØÝÕÙÝëå ßÞÔÜÝÞÓÞÞÑàÐ×ØÙ L ( Rn Þâ-
Úàëâë Ò L. ÏÒÛïÕâáï ÛØ A ÞâÚàëâëÜ Ò Rn? (»ØÝÕÙÝëÜ ßÞÔÜÝÞÓÞÞÑàÐ×ØÕÜ Ò Rn ÝÐ×ëÒÐîâ
ßÞÔÜÝÞÖÕáâÒÐ ÒØÔÐ a + V , ÓÔÕ a ∈ Rn, Ð V � ÛØÝÕÙÝÞÕ ßÞÔßàÞáâàÐÝáâÒÞ ÒRn).

¨ ¾âÒÕâ: ÝÕâ.
ÃáÛÞÒØÜáï ÝÐ×ëÒÐâì ÛØÝÕÙÝÞÕ ßÞÔÜÝÞÓÞÞÑàÐ×ØÕ, ÝÕ áÞÒßÐÔÐîéÕÕ á Rn, áÞÑáâÒÕÝÝëÜ. ¿Þ-

ÛÞÖØÜ x(t) = (t, t2, t3, . . . , tn). ´ÞÚÐÖÕÜ, çâÞ ÝØÚÐÚØÕ n + 1 âÞçÕÚ Ø× x(t) ÝÕ ÛÕÖÐâ ÝØ Ò ÚÐÚÞÜ
áÞÑáâÒÕÝÝÞÜ ÛØÝÕÙÝÞÜ ßÞÔÜÝÞÓÞÞÑàÐ×ØØ. ÂÞçÚØ x1, . . . , xn+1 ∈ Rn ÛÕÖÐâ Ò áÞÑáâÒÕÝÝÞÜ ÛØ-
ÝÕÙÝÞÜ ßÞÔÜÝÞÓÞÞÑàÐ×ØØ âÞÓÔÐ Ø âÞÛìÚÞ âÞÓÔÐ, ÚÞÓÔÐ àÐÒÕÝ 0 ÞßàÕÔÕÛØâÕÛì àÐ×ÜÕàÐ n + 1,



áâàÞÚØ ÚÞâÞàÞÓÞ àÐÒÝë (1, xi). µáÛØ âÞçÚØ x1, . . . , xn+1 ÑÕàãâáï Ø× x(t), âÞ âàÕÑãÕÜëÙ ÞßàÕÔÕ-
ÛØâÕÛì áâÐÝÞÒØâáï ÞßàÕÔÕÛØâÕÛÕÜ ²ÐÝÔÕàÜÞÝÔÐ, Ð ×ÝÐçØâ, ÞâÛØçÕÝ Þâ 0. ² ÚÐçÕáâÒÕ ßÞÔÜÝÞ-
ÖÕáâÒÐ A Üë ÒÞ×ìÜÕÜRn \{x(t), t 6= 0}. ÂÞçÚÐ 0 ÛÕÖØâ Ò A, ÝÞ ÛîÑÐï Õñ ÞÚàÕáâÝÞáâì áÞÔÕàÖØâ
âÞçÚã Ø× x(t), ßÞíâÞÜã A ÝÕ ïÒÛïÕâáï ÞâÚàëâëÜ. Á ÔàãÓÞÙ áâÞàÞÝë, ÛîÑÞÕ áÞÑáâÒÕÝÝÞÕ ÛØ-
ÝÕÙÝÞÕ ßÞÔÜÝÞÓÞÞÑàÐ×ØÕ áÞÔÕàÖØâ ÝÕ ÑÞÛÕÕ n âÞçÕÚ ÝÕ Ø× A, Ð ßÞíâÞÜã ßÕàÕáÕçÕÝØÕ A á ÝØÜ
ÞâÚàëâÞ.

°ÛìâÕàÝÐâØÒÝÞÕ ßÞáâàÞÕÝØÕ ßÞÔÜÝÞÖÕáâÒÐ A. ´Ûï 0 < a < b ßÞÛÞÖØÜ Sa,b : =

= {(x1, . . . , xn)|a <
√

x2
1 + . . . + x2

n < b}. ²ëÑÕàÕÜ Ò S1/2,1 n+1 âÞçÕÚ P1, . . . , Pn+1 ÞÑéÕÓÞ ßÞ-
ÛÞÖÕÝØï, â.Õ., ÝÕ áÞÔÕàÖÐéØåáï Ò áÞÑáâÒÕÝÝÞÜ ÛØÝÕÙÝÞÜ ßÞÔÜÝÞÓÞÞÑàÐ×ØØ. ²ëÑÕàÕÜ Ò S1/3,1/2

âÞçÚã Pn+2, âÐÚ, çâÞÑë ÚÐÖÔëÕ n+1 âÞçÕÚ Ø× P1, . . . , Pn+2 ÑëÛØ ÞÑéÕÓÞ ßÞÛÞÖÕÝØï. ·ÐâÕÜ Òë-
ÑÕàÕÜ âÞçÚã Pn+3 Ò S1/4,1/3 á âÕÜ ÖÕ áÒÞÙáâÒÞÜ, Ø â.Ô. ¾ßïâì ÖÕ, ßÞÛÐÓÐÕÜ, A = Rn\{Pi, i ∈ N}.
¥

5. ¿ãáâì f : (0, +∞) → R � âàØÖÔë ÔØääÕàÕÝæØàãÕÜÐï äãÝÚæØï. ¸×ÒÕáâÝÞ, çâÞ
lim

x→+∞
f(x) = A ∈ R, lim

x→+∞
f ′′′(x) = 0. ´ÞÚÐÖØâÕ, çâÞ ßàÕÔÕÛë lim

x→+∞
f ′(x) Ø lim

x→+∞
f ′′(x) áã-

éÕáâÒãîâ Ø àÐÒÝë 0.
¨ ´Ûï ßàÞØ×ÒÞÛìÝÞÙ âÞçÚØ x > 1 ÝÐÙÔãâáï θ1(x), θ2(x) ∈ (0, 1), ÔÛï ÚÞâÞàëå ÒëßÞÛÝïîâáï

àÐÒÕÝáâÒÐ
f(x + 1) = f(x) + f ′(x) +

1

2
f ′′(x) +

1

6
f ′′′(x + θ1(x)),

f(x− 1) = f(x)− f ′(x) +
1

2
f ′′(x)− 1

6
f ′′′(x + θ2(x)),

ÁÚÛÐÔëÒÐï íâØ àÐÒÕÝáâÒÐ, Ø ÒëçØâÐï ÞÔÝÞ Ø× ÔàãÓÞÓÞ, ßÞÛãçÐÕÜ

f ′′(x) = (f(x + 1) + f(x− 1)− 2f(x)) +
1

6
(f ′′′(x + θ1(x))− f ′′′(x + θ2(x))),

2f ′(x) = f(x + 1)− f(x− 1) +
1

6
(f ′′′(x + θ1(x)) + f ′′′(x + θ2(x))).

¿àØ x → +∞ ßàÐÒëÕ çÐáâØ áâàÕÜïâáï Ú 0, ÞâÚãÔÐ áÛÕÔãÕâ âàÕÑãÕÜÞÕ. ¥

6. ¿ãáâì X, Y, Z � ÚÒÐÔàÐâÝëÕ ÜÐâàØæë á ÚÞÜßÛÕÚáÝëÜØ ÚÞíääØæØÕÝâÐÜØ, ÔÛï ÚÞâÞàëå
rank(XY − Y X + E) = 1, XZ = ZX, Y Z = ZY (E � ÕÔØÝØçÝÐï ÜÐâàØæÐ). ´ÞÚÐÖØâÕ, çâÞ
Z = aE ÔÛï ÝÕÚÞâÞàÞÓÞ a ∈ C.

¨ ¿àÕÔßÞÛÞÖØÜ ßàÞâØÒÝÞÕ, ßãáâì Z ÝÕ ïÒÛïÕâáï ßÞáâÞïÝÝÞÙ ÜÐâàØæÕÙ. ÂÞÓÔÐ ÔÛï ÛîÑÞÓÞ
áÞÑáâÒÕÝÝÞÓÞ ×ÝÐçÕÝØï a ÜÐâàØæë Z ßÞÔßàÞáâàÐÝáâÒÞ U := ker(Z − aE) ÞâÛØçÝÞ Þâ 0 Ø Cn.
¾âÜÕâØÜ, çâÞ U ãáâÞÙçØÒÞ ÞâÝÞáØâÕÛìÝÞ X Ø Y . ´ÕÙáâÒØâÕÛìÝÞ, ÔÛï u ∈ U ØÜÕÕÜ ZXu =
= XZu = aXu.

½ÐßÞÜÝØÜ, çâÞ tr(XY − Y X) = 0. ±ãÔãçØ ÞßÕàÐâÞàÞÜ àÐÝÓÐ 1 áÞ áÛÕÔÞÜ n, XY − Y X + E
ßÞÔÞÑÕÝ ÔØÐÓÞÝÐÛìÝÞÙ ÜÐâàØæÕ (n, 0, . . . , 0). ´ÕÙáâÒØâÕÛìÝÞ, ßàØÒÕÔÕÜ íâÞâ ÞßÕàÐâÞà Ú ¶½Ä.
µáÛØ ÝÐ ÔØÐÓÞÝÐÛØ Õáâì åÞâï Ñë ÔÒÐ ÝÕÝãÛÕÒëå íÛÕÜÕÝâÐ, âÞ àÐÝÓ ÑÞÛìèÕ 1. ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÝÐ
ÔØÐÓÞÝÐÛØ Õáâì ÕÔØÝáâÒÕÝÝëÙ ÝÕÝãÛÕÒÞÙ íÛÕÜÕÝâ, ÚÞâÞàëÙ ÔÞÛÖÕÝ Ñëâì àÐÒÕÝ n, çâÞ ÔÞÚÐ×ë-
ÒÐÕâ ãâÒÕàÖÔÕÝØÕ Ò ÝÐçÐÛÕ ÐÑ×ÐæÐ.

·ÝÐçØâ, XY − Y X ØÜÕÕâ áÞÑáâÒÕÝÝëÕ ×ÝÐçÕÝØï n − 1 (ÚàÐâÝÞáâØ 1) Ø −1 (ÚàÐâÝÞáâØ n −
1). ¾âÜÕâØÜ âÐÚÖÕ, çâÞ ÞÓàÐÝØçÕÝØÕ (XY − Y X)|U ÞßÕàÐâÞàÐ XY − Y X ÝÐ U áÞÒßÐÔÐÕâ á
X|UY |U −Y |UX|U , Ð ßÞâÞÜã ØÜÕÕâ áÛÕÔ 0. ½Þ áÞÑáâÒÕÝÝëÕ ×ÝÐçÕÝØï ÞßÕàÐâÞàÐ (XY −Y X)|U
áãâì ÛØÑÞ −1 (ÚàÐâÝÞáâØ dim U), ÛØÑÞ n − 1 (ÚàÐâÝÞáâØ 1) Ø −1 (ÚàÐâÝÞáâØ dim U − 1). ÍâØ
çØáÛÐ ÝÕ ÜÞÓãâ Ò áãÜÜÕ ÔÐÒÐâì 0. ¿ÞáÚÞÛìÚã áÛÕÔ áÞÒßÐÔÐÕâ á áãÜÜÞÙ áÞÑáâÒÕÝÝëå ×ÝÐçÕÝØÙ,
ßÞÛãçÐÕÜ ßàÞâØÒÞàÕçØÕ. ¥

2


