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  I 

-
m- -

§ 1. 

1.1.

 [39], 
 [7, 21, 32]…,  [5, 11, 30, 55, 64]…, 

 [19, 26, 28, 33, 46, 51, 52],…, 
-  [16, 22, 23, 29, 37, 50, 54, 63],  [6, 8, 13, 17, 36, 

48],… ,  [45, 47, 67], …,  [18, 24, 25, 
38]…,  [4, 35, 36], …, -

 [2, 10, 55, 59]…, .

. , ,
 1, . 4.3, . I , -

 4.3.1,  4.3.1, . I. 
. =

= {1, 2, 3, … } – , 0 – 
, 2 – ,

 1,  – . 0,
2

m
nC . X – ,  2X

, | X | – X,
FinX – X.

X Y , X × Y –
X Y, X Y – , X Y – ,

X Y ( , ), X |_| Y –
X Y. f : X Y – 

Z  X, f |Z  ( ) f Z.
y Y y y,

y: x y x X , IdX –
X, . . IdX : x x x X.

XX , 1  = { (x, y) XX | (y, x)  }, X = { (x,x) | x X  } – 
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X. -

 = { (x, y) X X | z X ((x, z) , (z, y) }.

X  = 1  = ,
X X.

 ( ) (PartX, , ),  “ ” – -
, , PartX -

…. .
X.  0 

( ,  ( , +) ),
* = {0}. , Fin , B -

.
 (L, ) – ( ) . a L -

a = {b L | b a } – , a =
= {b L | a b} – , [a, b] = a b.

 L, = , .  |[a, b]| = 

= 2, , b a a –< b.
 ( , +) – X ,  < X >+ -

, X.
( , +, ) – X ,  < X >r

, X,  << X >>r – 
, X.

G
 {Ai }i I

I.

[14] i
i I

A ( i)  {Ai }i I .  = i
i I

A ( i)

f : I |_| Ai, i I f (i) Ai,
. i I f i: f f (i) – -

Ai.
.

[39],  ( , +, , ) m-  ( -
),  ( , +, ) – -

 ( ) ( -
 m-  ( , +, , ) [39]),  “ ”
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. ,  : 
( , +), ( , )  ( , ). ,  – 

,  – - - .
 [18], 

m-  ( , +, , ) m- . a -
ψa : x  x a

- , ,
- . a  : x  a x

- , -
. a  ( ),

ψa  ( , a ) . -
a - , -

- m- .
m- E( ), -

 ( , ) I ( ). , a E( ), a = 0 a
 ( , ) - m- ,

. a  (
, ) m- . Ad hoc, –  ( , ), 

a I ( ) m- .
-m- , , , m- -

- . , m-
( , +, , ) [39] I m- , -

, . . I I , . . -
,x y a I ( x ( y a ) x y ) I.

I . -m- m-  ( , +, , )
X ,  < X >,  – -

 << X >>. -m- m- Sub ,
( ), on . -

,
( ) on .

.
.

 [67] m- -  [39], 
{0} = {0}, , 0 - -

. m-
K. , - m-
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K 0. m-
- . ,  ( , +, ) – 

 (  1.3.3  [39]), 0
AA

,  0, -
m- -

 ( )  (  1.3.3  [39]). 
 ( , , ) m- - ,

m- , ( , +, ) –  – -
m- m- 0

AA .  ( , , ) -

, ,

.  ( , +) - , -

 ( ,) – - ,

( , +, ) - . I ( )
 ( , ). -

. x a ,
(x)(a) x a, . . (x):

x  – : a  x a = (x)(a).  ( , +, , ) - ,
- [39]  ( , +, )

x, a  (x a = x a). (1.1.1) 
 “ ” : 

 × . x, y , a ,
1) (x + y) a = x a + y a;
2) (x y) a = (x a)(y a);
3) (x (y a)= (x y) a;
4) 0 a = 0 = x 0; 
5) (– x) a = – (x a).

- B  ( , +, )
( , +, ) - - ,

 : x a  ( (x a) = x (a)). -
- - B

HomK(A, B) Hom(A, B), , -
. - ,

 [39], . . B B.
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B  < B, B. -
SuA.  [5]  c 

 “ ”  “ ” – 
. X ,

< X > - ,
X. ,  { B }

B .=  < B >. -

[39] B , . . , :
x a b B (x (a + b) – x a B).

, B.
-

 c  “ ”  “+” 
“ ” – , . -

X , << X >> , -
X. , B C B + C = 

= << B C >>,  { B } B =

= << B  >>. StA. B StA,

⁄ B - , x
a + B,  a , :

x (a + B) = x a + B. - -
B ⁄ B.

, -
StA Con - ( -

1 ,  – ).
A - B, C  A (B A, C ),  ( -

)  (B : C) (  (B C)
B C  : 

 (B : C) = { x  | x C  B }. (1.1.2) 
 (B C) = { A | C  B }. (1.1.3) 

, A = 
=  – - .

, .
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 1.  A - X .

 X A = 0  ( << X >>) A = 0. (1.1.4) 

. X A = 0,  (1.1.3) X  (0: A), 
 9.1.2  [39] (0: A) ( ),  << X >> 

(0: A)  << X >> A = 0.

 2.  A - X . X  X,
<< X >> = << X >>. 

. X  X << X >>,  (1.1.4) 
X  ( << X >>: ), << X >> St , ( ),

 9.1.2  [39] ( << X >>: ) ( ), << X >> 
( << X >>: ) , , << X >> << X >>. ,

<< X >> –  ( , +, ),
. . m- . , << X >> = << X >>.

- ,

 3. X, B , St . -
:

) X B << X >> B .
) (B Su ) & (X B ) << X >> B .

. X B .  (1.1.3) X ( : B).
 3) 

 5)  9.1.2  [39] ( : B) St , << X >>  ( : B)
<< X >> B . , B Su ,

3), 5)  6)  9.1.2 ( : B) ( ),  << X >> B .
 1. ,  A - , L St ,

S L St( ).
 2. , - , I ( )

(0: ),  << a >> (I : ). 
- -Mod. 

- m- -
- , , -

. , StA
SuA.

- m- , - , -
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-
K0, -Mod -

m- . -m- , , -m- -
, , m- ,

- . -m- m-
Sub ,  ( ), -
on . X  A,

- - - A, X,  < X >, 
- A, X,

 << X >>. - A (
), A = < X > ( A = << X >>) 

X A. -
- A - Hom(A, B). 

- A ,  | ( ) | = 2 ,
| Sub ) | = 2. , - -

-  [39]. 
( ), -m-  ( -

) - .
, m- -

, m-
, , ⁄ – m-

, m- . -
m- , - .

 1. m- A -
( ) .

1.2.

m-  ( , -
), ,

SubA,
m- .

-
 ([2, 5, 11, 27],…). 

 (L, , ) – .  – 
, -
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, -
. -

CompL. L -
, L . ,

m- L = SubA 
L = ( ). CompL -

m- ,  – .
. -

,  0 ,  1 – -
L. Mi L = { a L | 0 –< a } – -

L, MaL = { a L | a –< 1 } – L. -
 0 L - ,
b, L ,  = b , {b, }.

L  ( . . -
), -

, -
.

L , Mi L = L {0}. L -
 ( ),

-
. -

. a, b L a < b. , n
a0, a1, …, an L ,

 a = a0 –< a1 –< … –< an = b.  (1.2.1) 

, a0, a1, …, an -
, a b, n

. ,
b  a l(a, b). -

b  0 b -
l(b). a, b L , a < b,

l(a, b), L .
L ( ), 

a, b, L (a –< b  (a  = b ) (a  –< b ),
,

a, b, L (b a  (a (b ) = b (a )), 
,
a, b, L (a (b ) = (a b) (a )),
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-

 1 ( -  (  1, § 2 . IV [11])). 
, -

, .
L , -

-
. L -

 1  0 -
, a L b L ( -

a) , a b = 0, a b = 1. -
a L, L -

. L
, a, b L , a < b

 [a, b] ,
, a L

a . L ,
,

, a L a -
. L -

, -
. L ,

ConL ,
L.

 4, § 3 .IV [11] 
 2. -

.
 3. ( ,  5, § 3 . IV [11, 59, 70]). 

.
a, b L  ( a ~ b), 

.  6  6’ § 3 . IV [11] 
 1. -

.
 2. 

, .
J L ,
a, b J (a b J) a J ( a  J).

J(L) L -
. J J(L)
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(J) L,
J . J

,
J1, J2 J(L) (J (J1 J2) = (J J1)  (J J2)

Con L ,  = (J) -
J.

.
 4. (  5, § 3, . III [11]).  = (J) , J – -

.
a, b L ((a, b) i J ((a b) i = a b)). 

 5, § 3, . III [11] 
 3. L

.
L ,  | ConL | = 2. 
 5. (  2 § 4, . IV, [11]).0 X -

PartX .
L ,

 ( ) L PartX 
X. , : L  PartX 

3, a, b L ( (a b) (a) (b) (a) (b)),  2,
a, b L ( (a b) (a) (b) (a),  1, a, b L

( (a b) (a) (b).
 6. (  4, § 4, . IV [11]). -

 3. 
 7. (  8, § 4, . IV [11, 51]). L

,  2. 
 1, , , -

, , , -
- .

 4. - A ( ) -
 1. 

 1 
. L , x0, x1, x2,

y0, y1, y2 L
 (x0 y0) (x1 y1) (x2 y2)  ((z x1) x0) ((z y1) y0),

z = (x0 x1) (y0 y1) (((x0 x2) (y0 y2)) ((x1 x2) (y1 y2))).
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 8. (  10, § 4, . IV [11, 55]). ,
 1, .

 5. - A ( ) .
.  2 § 3, 

. IV [11] 
 6. L .

F, , . -
F -

. L J(F)
F.

 § 3, . IV [11] 
 7. L -

. ConL . -
 ( )  = (F). 

, .
 ( , ¯), 

¯ : X X –  2 , :
X 2

1) X X ( );

2) X  Y X Y ( );

3) X  = X ( ). 
X -

, X = X .  § 3, . IV [11] . V [5] 

 1.  ( , ¯) .
L( , ¯) = { X | X 2 } ,

. , L 2
L , X 2
X  = { | , }Y Y L X Y ,  ( , ¯), 

L( , ¯) = L.
 ( , ¯), 

:
4) x ({ }x ={x}) ( );
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5) x, y , X 2 }{yXx , Xx , y }{xX  (
);

6) X 2 x X )( YxFinXY ( ).
-

 2.  ( , ¯) , L( , ¯) 
. , L – .

 = Mi L  X 2 X  = {x  | x X }. 
( , ¯) , L L( , ¯) 

.
 ( , ¯) -

L.
X L( , ¯), X -

l(X) X L( , ¯). ,
l( ) = 0, l({x}) = 1 x . -

 {x} x .  – 
. x , {x}  p, p – , -

, x p p -
x x < p. p,

x y, x y, -
 ( )  {x}  {y}

L( , ¯). , ,
. , -

 (
). 

, L –
( , ¯) – .  1 § 5, . IV [11] 

 3. x, y , x y,
L , z

, z },{ yx z x y.
, x, y, z .  2 § 5, . IV [11] -

 4. ( ). x, y x y. x y
u v v w u, v,

w , u w.:
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.1.2.1

, , -
,

. -
. – P 2 .  ( , P) -

, .
1. P .
2. x, y

P , x, y .
3. x, y, u, v, w , q P -

,  {x, y, v}  {y, u, w}  q , z r, s P ,
 {x, u, z}  r  { v, w, z }  s.

, P –
. x, y ,  x y, x + y -

, x y. , q P q,
q .

X -
 ( , P), x, y X ,

x y, , x + y X. -
 5 § 5, . IV [11] 

 5. -
,

, L( , P). -
 ( , ¯) .
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-
 ( , P), L( , P) = L( , ¯). 

 ( , ¯) ,
.

,  ( , P)
 ( , ¯) .  6 § 5, . IV [11] 

 6. -
 ( ) -

 (
).

.
 ( , P) ,

P P . -
-

.  3 , -
. , P = 

.

, .
 (  3) 

 8. -
-

,
.

.
 § 5, . IV [11] , V = V(D, m) –

D  ( )
m > 1, L = L(D, m)

. -
P (D, m).

,  – .
, , ,  – P.

 § 5, . IV [11], P (D, m),
 ( , ¯) ,

, grosso modo,
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,
, ,

,
.

. 1.2.2

,
 7. ,  8 § 5, . IV [11] 

 9. -
,

.
 15 § 5, . IV [11] .

 10. L –
, .

 ( ) D -
m , L L(D, m) -

V(D, m) D m.
D L. -

. D, L, -
 ( , P), = Mi L

( ), P –  2 ( ). -
P b0, b1, b . -

D = \{ b } ,

x = (a0 b0) (a1 b1) (a2 b2), c01 = 
= (a 0 a1) (b0 b1),

c02 = (a 0 a2) (b0 b2), c12 =
= (a1 a2) (b1 b2).
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 [11]. , x, y D.
, b0 u v. r = (x u) (v b ) s = 

= (x b ) (y v). x + y = (r s) . -
x·y u v ,

b u v. r = (b1 u) (v y), s = (b0 r) (u x). 
x·y = (s u) . . 1.2.3  1.2.4.: -

,  (D, +, ·) b0 b1.

. 1.2.3 

. 1.2.4

r = (x u) (v b );
s = (x b ) (y v);

x + y = (r s) .

r = (b1 u) (v y);
s = (b0 r) (u x);

x·y = (s u) .
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V = V(D, m)
L. ( -

,
X, Y  ( X) ( Y) = ). m = |  |. 

V = V(D, m). -

D
. L(D, m).

L L(D, m).
x dx : D

.
u, v , u  v,  = u v. -

t , t  u t  v. , , D
, u , v D, t

. y {u, v} -
y1 u y , y1 {u, y}.

:y  x  (x ((v y) (t y1))

u y , :y  (u) = u y (y1) = t.

dx : D x . ,
x {u} L
x 1 1 FinM 1 – -

. u 1. -
dx(u) = 1 ( D) s \ 1 dx(s) = 0 ( D).

s 1 {u}

 dx(s) = s ((x 1\ {u}) (u y)) D.

x {u} x 1, 1 FinM 1 – -
. -

u 1. s {u, x } s u x. s

{u} L. ,
. y  dx (y) = ds(y), y  u, dx (y) = 0, 

y = u. , dx V(D, m) x dx -
L(D, m), -

, -
 ( . . ). ,

L L(D, m).
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1.3.

, ,
, -Mod , K 0. -

. 1.1, - ,
, -

.Eo ipso,
Hom( , ), , : . , Ker  = 

= –1(0) – , Im  = ( ) – .
J ( ), J m-

-m- ⁄ J, J ( ) =  + J.
SubJ A J SubA 

, m- .
 1. ( ). Hom( , ).

⁄ Ker  Im .
 2. ( ). J ( ).

1
J : 1

J ( ), -m-

Sub(A ⁄ J) 1
J : ⁄ J,

Sub(A ⁄ J) SubJ A.
(A ⁄ J) SubJ A ( ). 
 1. J ( ), SubA. J + SubA 

J ( ). 
 3. ( ). -

 1 (J + ) ⁄ J ⁄ (J ).
 4. ( ). 

I, J ( ) I J. -
A ⁄ I m- A ⁄ J , I = I .

´ -m-  (A ⁄ I) ⁄ (J ⁄ I) -m-
A ⁄ J ,  = ´ J ⁄ I.

 5. ( ). , ’, , ’ SubA,
’ ( ), ’ ( ).

’ + ( ’ ) ( ’ + ( )), ’ + ( ’) ( ’ + ( ))

 ( ’ + ( )) ⁄ ( ’ + ( ’ )) ( ’ + ( )) ⁄ ( ’ + ( ’)). 
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1.4.

m- , SubA.  ( , ) -
, ( ). n . -m-

( n )

 = 0 1  … n = (1.4.1)

, . n -
 (1.4.1).  = 0, -m- -

,  (1.4.1) – .  = , -m-
. i = 0, 1, 2,…, n -m- i

 (1.4.1), i = 0, 1, 2,…, n -m- i – 1 ⁄ i

 (1.4.1). , m- ,
m- , Y1 , ,

m- , -m- m-
, Y . M – , YM ( -

Y1M) Y ( -
Y1 ), – m- M.

 0 = 0 1  … n = (1.4.2)

 (1.4.1),  (1.4.1) -
 (1.4.2).  (1.4.1) ,

.
, , . -

, m- . m-
, , m-

 ( , m- ). 
,

-
, .

, .
 1. – -m- m- -

.
.

 1. -m-  m- -
.
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.
 (1.4.1) m- ,

.
, , . m- ,

, m-
 ( m- ).

, .
 2. m- .

m- .
 2. m- .

.
. [1] 

m-

 0 = 0 1 1  … = ,  (1.4.3) 

.  (1.4.3) -m-

1 ⁄ .

§ 2. - .

2.1. -

, - A - -
m-  K, m-

- . m- K ( . . m-
)  § 2  [39]. -

m- K 0 x 0 = 0. -
 = -Mod.

 { + , – , ·, 0, { x  – }x K}, ,
,  ( , b, c – -

, x y – ). 



30

1. (x + y)  = x  + y  ; 
2. (xy)  = (x )(y ) ; 
3. (x y)  = (x (y )) ; 
4. x 0 = 0 . 

, -Mod -
, FK(X), X –

. - FK(X) ,
- A X A

~ - FK(X) - A , ~ |X = .
- FK(X)

 [42] . SX

 : 
F1. 0 , X, .
F2. p q – , x ,  (p + q), (p – q) (pq), (x p) – 

.
F3. .

SX  “+”,  “ – ”, 
 “ · ”,  “ x  – ” x SX . 

, p, q SX x , p + q = (p + q), p – q = (p – q),
p·q = (pq), x p = (x p). SX ,

 (u, v), u = v – .
FK(X) = SX ⁄ .

,
 1. - -
- .

2.2.

 {Ai}i I -  c -
I.

 = i
i I

A ( i). (2.2.1) 

i I i - -
Ai. f  { i I | f (i)  0 } 

f. supp(f).
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,  = -Mod, -
 {Ai }i I  (Ai, +, ·). x ,

i Ai i I.

x ( i) i I  = (x i) i I . (2.2.2) 

,  (2.2.1)  [35] 
. 2.2.1 ( ).

. 2.2.1

G - , -
- -

G. , -
- , , -

 ( - ).

 1. I = i
i I

A = {0} – 

m- .
, -

-m- Ã  (2.2.1). m- -
 {Ai }i I m-

 Ã = 
Ii

iA ( i, i )). (2.2.3) 

i I i = i | Ã: Ã  Ai , , i :
Ai  Ã – m- Ai ( ) Ã.

 : i, j I

i i  = 
.,
,,0

jiIdA
jic

i
  (2.2.4) 



32

Ã I  = supp(f) – -
 . 

 = (
a

i
i I

i)( ).  (2.2.5) 

i , -
. , I (

)
. A = A1×A2×…×An ,

n , I = {1, 2,…, n}. G - - ,

- G.
-m- .

A m-  {Ai }i I –
-m- . , A
-m-  (  : 

A = 
Ii iA ),  (2.2.6) 

:
) -m- Ai m- A;
) A -

= 1 + 2 +…+ n ,  (2.2.7) 
n ; 1

1i
A , 2

2i
A ,…, n

niA ; i1, i2,…, in – I.
)  = -Mod, x A  (2.2.7), 

 x  = x 1 + x 2 + … x n,  (2.2.8) 

 = K 0, , b j
j J

a a , j
j J

b b

m-  {Ai }i  I, J FinI,
j j

j J
a b a b .

, )
 {Ai }i I m- A.

= {1, 2,…, n} A = A1 A2 … An.
 1. 

 = i
i I

A  – (2.2.9) 
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m- A  {Ai }i I -
. ,

i I

ijIj
jA

,

Ai = 0. (2.2.10) 

. .
m- A  ( ))

 (A, +, ·),  (2.2.9) -
i I.

.  (2.2.9) 
i I. ) ) . -

) ,  = -Mod. ,
A  (2.2.7), n ; 1

1i
A , 2

2i
A ,…, n

niA ;

i1, i2,…, in – I . x . -
 (2.2.8). n.

n = 2.
1i

A St ,

x  – x 1 – x 2 = (x  ( 1 + 2) – x 2) – x
1i

A  – 
1i

A
1i

A .

, x – x 1 – x 2
1i

A ,  (2.2.9) 

1i
A

2i
A = 0, x – x 1 – x 2 = 0 x = x 1 + x 2.

n > 2 , ) , -
 (2.2.8) n. b = 1 + 2 + … n – 1.

 (2.2.10) (
1i

A +
2i

A + … + 
1ni

A )
niA  = 0, , -

, x = x b + x n.
 x  = x  ( 1 + 2 + … n – 1)+ x n = (x 1 + x 2 + … +
 + x n – 1) + x n – 1 = x 1 + x 2 + … x n,

. ),  = K 0.
n = 2. ,

 2. A m- , ( ).
 +  =  = 0.

-

 1.

 A = ii I
A  ( i, i) –  (2.2.11) 
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m-  {Ai }i I . A -
-m-  { i (Ai)}i I ,

Ai. , A =
Ii iA –

, A  {Ai }i  I 
m- .

. A  {Ai }i  I 
-m- .  (2.2.3) 

m-  {Ai }i I . ) A
,

A Ã = ii I
A

( i, i). ,  – m- , ). -
,  (2.2.3) , Ã

 { i (Ai)}i I -m- , -
m- Ai .
 1 Ã j, -

i : ii I
A Ai

i .
 3. A  {Ai }i  I 

-m- . i  I m- Ai
m- A.

. i I (Ai) . , -
 (A, +, ·). A, b , x

 (2.2.7) . , -
, i = i1 . ), , Ai ,

 = -Mod
 x (b + ) – x  = x ((b + 1) + 2 +…+ + n) – 
 – x ( 1 + 2 +… + n) = x (b + 1) + x 2 + + x n – 
 – x 1x 2 – …– x n = x (b + 1) – x 1 .

, A StA = ( ).
 = K 0. x . ,

x x = x 1+ x 2 +…+ xn , n ; x1
1i

A , x2
2i

A ,…,
xn niA . )  (A, +, ·), 

 x (b + ) – x  = x1 ((b + 1) + x2 2 + xn n) – x1 ( 1 + x2 2 +… + xn n) = 
 = x1 b + 1) – x1 1 .
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, .
b  = b ( 1 + 2 +… + n) = b 1 + 0 2 +… + 0 n = b 1 .

, ( ).
 4.  =  × , I ( ), J ( ). 

I × J ( ) ⁄ (I × J)  ( ⁄ I) × ( ⁄ J).

. , I × J  × . , -
 (b, c) + (I × J)  (b+ I, c + J), b , c , -
m- ⁄ (I × J) m-  ( ⁄ I) × ( ⁄ J).

 2.  {Ai }i I – -m- m-
A

 A = 
Ii iA . (2.2.12) 

A  {Ai }i I -m-
, :

1)  (A, +, ·)  {Ai }i I
.

2) i I -m- Ai -
i m- A, i, j I

ji  = 
.,
,,0

ji
jic

i
 (2.2.13) 

. . -
 (2.2.6) i I i m- -

A -m- Ai . , i m- -
A  (2.2.11).  (1) 

) ) . ( )
SubA,  (2.2.12)  (2.2.6). 

. ,  (1), (2) 
{Ai }i I ,  (2.2.12) . i I . 

, Ai m- A. ,
(1) , Ai  (A, +, ·). ,  (2) -

, Im i  = Ai i A

Ai i ( ) = .  (2.2.14) 

j I j i. Ai, ,  (2.2.13)  (2.2.14), -
i j ( ) = i ( j ( )) = 0( ) = 0. -

j , j i. ,
ijIj

jKer
,

,
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j i j- ,
Ai.

 Ai  = 
ijIj

jKer
,

,  (2.2.15) 

, Ai m- A
. ) .

 (2.2.12) ,  (A, +, ·) 
 {Ai }i I . , A

.

. , e.a., -
i1, i2,…, in I , n

1
1i

A , 2
2i

A ,…, n niA ,

 0 = 1 + 2 +…+ n.  (2.2.16) 
, , 1  0. ,  (2.2.14) 

 (2.2.15),  (2.2.16), i = i1,

 0 = i (0) = i ( 1 + 2 +…+ n) = i ( 1) + i ( 2) +…+ i ( n) = 

  = i ( 1) + 0 +…+ 0 = 1.

,  (2.2.14)  (2.2.7) .
) .

,  (A, +, ·) -
 {Ai }i  I i -

 1 -
, i – Ai A. -
,  (2.2.5) A

 = 
aIi

i a)( , (2.2.17) 

i ( ) Ai – . =
= -Mod. x . j I  I , j ( ) = 0, j (x ) = 

= x j ( ) = x 0 = 0. , Ix I  (2.2.15) 

x  = 
aIi

i (x ) = 
aIi

x ( j ( )), 

). , - A -
 {Ai }i I .
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 = K 0. , b
 = 

Jj
j a)( , ( )j

j J
b b , , J FinI a bI J . j J

, j m- , j ( b) = j  ( ) j (b). 

 (2.2.17) b = ( ) ( )j j
j J

a b . , -

) m- -
 {Ai }i I. . .

:
 3. (  6.15, . II [19]). - A -

 A = A1 × A2 × … × An (2.2.18)

i : A  Ai , i = 1, 2, …, n, n N. -

iA = Ker i

a) j
j i

A + iA = A,   (2.2.19) 

b) nAAA ...21 = 0,   (2.2.20) 

, 1A , 2A ,…, nA  (2.2.17) 
 (2.2.18), - A -

Ai  A ⁄ iA .
-

m- , . -m- -
 m- A ,

. m-
-m- ,

-m- .  2 
 5. m- ,

m- .
m- 0A ,

 – , . . A ,  0. 
.

 2 
m- A ( m-

A EndA).  = -Mod 
:
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 4. m- - .
- A , ,

End A,  : 
1º. IdA, c0 ;
2º.  =  ; 
3º. x A (x ( – ( )) = x – x ( )) : 
4º. , b A ( ( b) = ( )b). 

. . A - ,
, StA A = ,  0,  0. -

 2,  = 1  : A – - A
, 2  : A – - A

.  1º  2º . A -
 (2.2.15)  = 1  ( ) + 2  ( ) = ( ) + ( – ( )), 2 ( ) = 

= – ( ) x ( – ( )) = x – x ( ) )
.  3º . , b A. -
 2  = 0,

( b) = (( 1 ( ) + 2 ( )) ( 1 (b) + 2 (b))) = ( 1 ( ) 1 (b) + 

 + 1 ( ) 2 (b) + 2 ( ) 1 (b) + 2 ( ) 2 (b)) =  ( 1 ( )( 1 (b) + 

 + 2 ( ) 2 (b)) = 1 ( ) 1 (b) = 1 ( ) 1 (b) + 1 ( ) 2 (b) = 

 = 1 ( )( 1 (b) + 2 (b)) = ( )b.

4º . .
.

1º–4º. 1  = A 2 ( ) = – ( ).  2º 
, 1  – - A.

2 . , , b A, x ,
 4º, 3º, 2º ,

2 ( ) + 2 (b) = – ( ) + b – (b) =  + b – (  + b) = 2 (  + b), 

2 ( ) 2 (b) = ( – ( ))(b – (b)) =  b – ( )b – (b) + ( ) (b) = 

 =  b – ( b) – (  b) + + ( b) =  b – ( b) = 2 ( b), x 2 ( ) = 

 = x ( – ( )) = x – x ( ) = x – (x ) = 2 (x ),

2 ( 2 ( )) = 2 ( ) – ( 2 ( )) = – ( ) – ( – ( )) = – ( ) – 

 – ( ) + ( ( )) = – ( ) – ( ) + ( ) = – ( ) = 2 ( ).
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, 2  – - A.
 (2)  2 

1 2 ,

1 2  = 2 1  = 0.  (2.2.21) 

, A ,
,

 ( 1 2 )( ) = 1 ( 2 ( )) = ( – ( )) = ( ) – ( ( )) = ( ) – ( ) = 0, 

 ( 2 1 )( ) = 2 ( 1 ( )) = 1 ( ) – ( 1 ( )) = ( ) – ( ( )) = 

 = ( ) – ( ) = 0, 

 (2.2.19) . ,  (2)  2 
1 2 .

 = Im 1 ,  = Im 2 . A  = 
= ( ) + ( – ( ))  + ,

 A =  + .  (2.2.22) 

,  (2.2.21) ,  = Im 1  Ker 2  = Im 2 Ker 1 .
, Ker 2 , – ( ) = 0 = ( ) ,

Ker 1 , ( ) = 0  = – ( ) . ,  = Ker 2 ,  = Ker 1

- A. -
 1º. 1 ,

 = Im 1 Ker 1  = 0,  2 -
 2 A =  +  = . . -
.

 = K 0

.
 1. m- . A

, , -
EndA,  : 

1º. IdA, c0 ;
2º.  = ;
3º. , b A (  (b – (b)) = b. – (b)).
4º. , b A ( ( b) = ( ) b = (b)). 
5º. , b A ( ( b) = ( )b).
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2.3.

A m- , SubA, C ( ). m- A -
C, -

:

 A =  + C ; C = 0.

A = C.
 1. 

⁄ C = (  + C) ⁄ C  ( ⁄ ( C) = ⁄ 0 = , C
m- .

 1. SubA, C ( ). A = C, -
,

m- A ,  = Im C = Ker .
. . A = C. -

(1)  (2) ,  (A, +) -
 ( , +)  (C, +), , : A – A

,  –  (A, +), 
 = Im C = Ker . ,

 (A, ·). , b1, b2 , c1, c2 C. C
 (A, +, ·), 

((b1 + c1)(b2 + c2)) = ((b1b2) + (b1c2 + c1(b2 + c2))) = b1b2 =

 = (b1 + c1) (b2 + c2),

 (A, +, ·). 
 = -Mod  = K 0. , –

-m- , C ,

((b1 + c1) (b2 + c2)) = (b1 (b2 + c2) + c1(b2 + c2)) = (b1 b2 + (b1 (b2 +

 + c2) b1 b2 + c1(b2 + c2)) = b1 b2 = (b1 + c1) (b2 + c2),

, EndA.
, x . , –

, C – - A,

(x (b1 + c1)) = (x b1 + (x (b1 + c1) – x b1)) = x b1 = x (b1 + c1).

, EndA. .
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. End  A  = ,  = Im  , C = Ker .
-m- m- A -

, C – . -
 (A, +, ·), 

 (1)  (2). 
 2. , A = , A = C A = 

= C .
,  2.2.2, 
 1. A m- , SubA, C ( ) A = 

= C. A = ,
- A.

m- A - , A = C
-m- C, - -

.  1 
 2. m- A -

, IdK c0
.

C , m- C .
,  = -Mod.

.  (C, +, ·) – -
. M(C)

C,  : a, b C
1º. (a + b) = (a) + (b)
2º. (ab) = (a)b.

 2. M(C)  (End C, +, )
 (C, +). 

. ,  M(C); a, b C.  + 
 1º -

.  2º : 
 (  + )(ab) =  (ab)+ (ab) = (a)b + (a)b = ( (a) + (a))b = 

 = ((  + )(a))b, ( )(ab) = ( (ab)) = ( (a)b) = 

 = ( (a))b = (( )(a))b.

,  + , M(C), M(C)
 (End C, +, ).

-
.
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 1. C – - ,
: M(C), b (b) b

x , b (x, b) , -
 : 

1)  ( , +, ·)  (M(C), +, ) ; 
2) x, y ; b , C :
 2.1. (x + y, b) = (x, b) + (y, b) ; 
 2.2. (x y, b)( ) = x b( (y, b)( )) + y b( (x, b)( )) + 

+ ( (x, b)( ))( (y, b)( ));
 2.3. (x, 0)( ) = x ;
 2.4. (x, y b)( (y, b)( )) = (x y, b)( ).

A =  ×  + : 
A × A  A, · : A × A  A, x – : A  A x

A  : b1, b2 ; 1, 2 C
1º. (b1, 1) + (b2, 2) = (b1 + b2, 1 + 2);
2º. (b1, 1)(b2, 2) = (b1b2, 1 2 +

1b ( 2) + 
2b ( 1);

3º. x (b1, 1) = (x b1, (x, b1)( 1)).
A - ,

A = B C , B  =  × 0
- A, - C  = 0 × C – 

- A, - C.
, A = C, b , C, x b( ) = b ,

(x, b)( ) = x (b + ) – x b,  : 
b b M(C) (x, b) : C  C,  1)-2). 

 ×  1º–3º, 
- , - A, :

 ×  A  : b , C (b, ) = b + .
 × 0 ,

0 × C C.

2.4.

[66, 77] . .
A m- : A A  – 

m- A  { | } m-
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: A ,  : . 

( (A)) = .  (2.4.1) 
-m- (A) SubA -

m- , m-
A  { | }, -

, m- A
{ | }  { |

} m- . , Ker( ) I , -

I = 0. , - ,

 1. m- A
m-

.
m- A ,

A A  ( )

{ | } m- ,  |A
. ,

, , ( )
.  ( -

) m- A. ,
- , -

, , m- .
,

 2. m- -
m- .

:
 3. A m-  { I | } – 

. I = I . -m- A ⁄ I -

 { A ⁄ I | } m- .
- , L  K, n 2. n 2 -
.

 L[n] = {t1 t2 … tn | t1, t2,…, tn L }. 
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L n-
 {1, 2, …, n }, (1) 1 -

 : t1, t2,…, tn L

( ) t1 t2 … tn = )1(t )2(t )(nt .

 1. L - -
n-  ( -

 {1, 2, …, n }. x, y K t1, t2,…, tn L -

x y t1 t2 … tn = y x t1 t2 … tn.  (2.4.2) 

. x, y K t1, t2, …, tn L,
i, j {1, 2, …, n } , (i) = 1 (1) = j. r = y x t1 t2 … tn.

L , x t1 L.
 ( ) x t1, t2,…, tn

y ,

 r = y )1(t )2(t )1(it x t1 )1(it )(nt .

 ( ) x t1, t2,…, y tj, tj + 1, …, tn, -

 x t1 t2 … tj – 1 y tj tj + 1 … tn = 

 = y )1(t )2(t )1(it x )(it )1(it )(nt = r.

 ( ) t1, t2,…, y tj, tj + 1, …, tn,

 r = x y t1 t2 … tj – 1 y tj tj + 1 … tn = x y )1(t )2(t )(nt .

,  ( ) t1, t2, …, tn,

 x y t1 t2 … tn = x y )1(t )2(t )(nt = r.

,  (2.4.2) .
 4.  – - -

L – n- -
 {1, 2, …, n } ,

L[n]  0. m- -  [39]. 
 0,  – m- .

.  1  (2.4.2) 
x, y K t1, t2,…, tn L. ,  (x y –
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y x) t1 t2 … tn = 0, - A -
- ,

x y – y x (0 : L[n]) = { z  | z L[n] = 0}.  (2.4.3) 
L , , L[n]

. ,  {0} - A = ,
 9.1.2 [39]  (0 : L[n])

- . - ,
(0 : L[n]) = 0, (0 : L[n]). L[n] = 0, -

L[n] 0. , (0 : L[n]) = 0 x y – y x = 0
 (2.4.3). , x y = y x,

x y – ,  ( , )
,  “ ” -

, ,  ( , +, ) – 
.

, 0.  = (0 : ). 
,  9.1.2 [39]  (0 : ) -

- . ,  (0 : )  0, 
(0 : ), = 0, -

. , (0 : ) = 0 
x K (x  = 0 x = 0).  (2.4.4) 

x #
x : y y x

- .  ( , )  (2.4.4) x ( ) = 
= x = x 0, x 0. U = Ker x . U St ,

U , -
U , U .

, U  0, ,  U x = 
= x  0  (2.4.4). , x

x #. , ,  ( , +, ) – 
.

,  ( , +, ) . , -
, ,  – . -

, J –  ( , +, ).
(0 : J). J –  ( , +),  9.1.2 
[39]  (0 : J) . ,

x (0 : J), , v J.  (x ) v) =(x v)( x) = 0( x) = 0. -
, x (0 : J)  (0 : J)  ( , +, ·). -

, x v = 0 = 0. x (0 : J)
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 (0 : J) . - -
, , ,  (0 : J) .

, (0 : J) ( )  (0 : J). J = 0 -
, x #

x .
,  ( , +, ) .

. x – h ,  (x – x ) h = 
= x h – x h = x h – x h = 0. ( )  (2.4.3) ,
x – x  = 0, x = x  = .

 1.  § 1 . IV, -
,  |  | = 2.

2.5. -

-
 [19, 35, 46] .  { | } – -

m- . , -
. -

, ,
:

. 2.5.1

 : F(X ) –
m- F(X ) X m-

A J = Ker .

X = |_| { X  |  } –  (2.5.1) 

X , . ,
m- F(X ) X -m- m-
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F(X) X. J = << J  >> Ã = F (X) ⁄ J.

 1. m- Ã = F (X) ⁄ J 
 { | } .

. -
m- F(X ) ⁄ J ,

,  = F(X ) ⁄ J , m- -
u + J , u F(X ). J  J,

f  : u + J  u + J Ã. -
f . , , -

 F(X ) J = J .  (2.5.2) 
 = -Mod.  = K 0.

. m- F(X) -
FK(X). J  FK(X ) J .

. I0 = J . -

J - FK(X), ,
-

.
 I1 = { u1 ± u2 | u1 ,u2 I0 } I0 ;
 I2 = { u1 u2 | u1 I1,u2 F(X) } I1;
 I3 = { x (u1 + u2) – x u2 | x , u1 I2,u2 F(X) } I2;

. ., , l I3l , -

 I3l + 1= { u1 u2 | u1 ,u2 I3l } I3l ;
 I3l + 2 = { u1 u2 | u3l + 1 I3l + 1,u2 FK(X) } I3l + 1;
 I3l +3 = { x (u1 + u2) – x u2 | u1 I3l +2,u2 FK (X) } I3l +2.

 J = 
0

k
k

I .  (2.5.3) 

, t1, t2,…, tn X u = u(t1, t2,…, tn) -
FK(X ). , tj, X ,
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. , : X
FK (X ), t X

(t) = 
.,0
,,

Xt
Xtt

  (2.5.4) 

X, :

FK(X) FK(X ), , |X = .  (2.5.4) (t) = t
t X , , - FK (X ) X , -

FK (X ). -
u = u(t1, t2,…, tn) FK (X ),

 u = (u) = (u(t1, t2,…, tn)) = u( (t1), (t2),…,  (tn)) = 

 = u( 1t , 2t ,…, nt ),

j = 1, 2,,…, n jt  = tj jt  = 0. 

Ik k 0

 FK (X ) Ik  J .  (2.5.5) 

, , F(X ) I0  J , . , FK

(X ) I1 u1 u2, u1 ,u2 I0,
FK(X ) I0  J . , u1 u2,? 

u1 u2 X X , u1
u2 FK(X ) I0  J , u1 ± u2 J ± J . J . ,

(2.5.4) k = 1. FK(X ) I2 I2
u1u2, u1 I1, u2 FK(X), FK(X ) I1

 J . , u1u2, u1 u2

X X , u1 F(X ) I1 J
u2 F(X ). J F(X ), u1u2 J
F(X )  J , (2.5.5) k = 2. , -

F(X ) I3 I3 x (u1 + u2) – x u2,
x , u1 I1,u2 FK(X), FK (X ) I2  J .

, x (u1 + u2) – x u2, u1

u2 X X , u1 FK(X ) I1  J
u2 FK(X ). J FK (X ),
x (u1 + u2) – x u2 J . , (2.5.5) k = 3. -
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,  (2.5.4) k 0. -
 (2.5.2),  (2.5.4), 

 FK (X ) J = FK (X ) (
0

k
k

I ) = 
0

( ) k
k

F X I J .

,  (2.5.2) f . .
- -

g : , . h : Ã ,

 h  f = g .  (2.5.6) 
 = FK(X ) ⁄ J ,

g  = g : FK (X ) ,  (2.5.7) 

 = natJ : FK (X )  FK(X ) ⁄ J . g -
,

 J  Ker g .  (2.5.8) 

 (2.5.1) h  : X ,
t X h (t) = g (t). - FK(X)

X, h1: FK (X)
, u FK (X ). 

 h1(u) = g (u).  (2.5.9) 

 (2.5.8) , h1(J ) = 0 J = << J  >>,

J  Ker h1. , -
h2: FK(X) ⁄ J , h2 J  = h1, J  = natJ.

t X  (2.5.7), (2.5.9) 
h2

 h2 f (t) = h2(f (t + J )) = h2(t + J) = h2 J (t) = h1(t) = g (t) = 

 = g  (t). 
- FK (X ) X ,

h2 f  = g . ,



50

 (2.5.6). h2 ,
f (X ) Ã = FK (X) ⁄ J.

 { | } m- -
. .

 1.  1 
,  = K 0.

§ 3. -

3.1. -

 [22], - ,
. -

,  “·”  “ x  – ” – 
x

“+” . , a, b, c, d x
 : 

b + cd = (a + c)(b + d ); (3.1.1) 
 x (a + b) = x a + x b. (3.1.2)

 (3.1.1) b + cd = b + ad + cb + cd,
 0 = ad + cb , a = 0, cd = 0

c, d . , - -
, . .

·  = 0.  (3.1.3) 
,  (3.1.3)  (3.1.1).  (3.1.2) ,

x x  – : a x a -
 ( , +). - m-

( , , ),
 1. -  ( , , )

,  : 
1) ·  = 0.
2)  ( , +, )

(End , +, )  ( , +). 
3) ·  Ker .
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.  (1)–(3)  1.1, 
(2.1.2), (2.1.3) :

1. ab = 0; 
2. (x + y)  = x a + y a;
3. (x y) a = (x a)(y a) = 0; 
4. (x y) a = (x (y a)). 
5. x (a + b) = x a + x b.

x, y a, b .
1)–3). 

- , x
a, b  (3.1.2) x (a  b) = (x a)(x b). -

 1 
 1. - ,

, - .
, A -

, -
, 1 5. 

 (  3.1 . IV [17]) 
 2. A ,

.
- , SubA = (A). 

 1. 
, [28], [51], …, -

,
.  (

)  [69]. ,
 “ ”  [12], -

, ,
-  [38],…. 

 3. - .
. SuA. 1

 ( , +, ·). , x a, b . 5
x (a + b) – x a = x b . , -

- .
- , -

 “ ” -
. - 5 -

 “ ” . -
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 4.  ( , +, ·, ) m- . ,
- , ,

- .
-  § 4  [39]. -

 4.1.1 
 5. m-  ( , +, ·, ) ,

, ·  = 0 = .
 2  3, 

 6. , m- ,
-m- , -

.
 7. m- .

3.2. - -

-
[ , ] - ,

 [b1, b2; 1, 2; ]· = (b1 + 1)(b2 + 2) – b1b2 – 1 2 = b1 2 + b2 1  (3.2.1) 

 [b1; 1; x·] = – x b1 – x 1 + x (b1 + 1),  (3.2.2) 
b1, b2 , 1, 2 , x

- - A  B m-  ( , +, ·, )
 [A, B] -m-

-m- A B, :
 [a1, a2; b1, b2; ·] = (a1 + b1)(a2 + b2) a1a2  b1b2,  (3.2.3) 
 [a1, a2; b1, b2; ] = (a1 + b1) (a2 + b2) a1 a2  b1 b2,  (3.2.4) 

a1, a2 A, b1, b2 B.

 1.  [B, C]
- -

 b , (3.2.5) 

 x (b + ) – x b – x ,  (3.2.6) 
b , , x .
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.  (3.2.1) 1 = 0, ,
[B, C]  (3.2.5). ,

 (3.2.6),  (3.2.2). 
- , (3.2.5)  (3.2.6), -

 [B, C]. , J St ( )
(3.2.5)  (3.2.6), , ,  (3.2.1) 

 (3.2.2),  [B, C]  J. ,
 1  [B, C].

SuA
 [B, ] B'. -

-m- B m- A.
 1. SuA.

B ' = < B·B { x (b + ) – x b – x  | b, , x >.  (3.2.7)
. X

 (3.2.5).  1 ,
X [B, ] = B ',  < X >  B '. ,
= < X > - . , X

· X ,  ( , +, ·). ,
x , b , x (b + ) – x b – x X ,

x (b + ) – x b x +  + +  + . ,
St  = B '. 

,  4.2.1  [39], 

 2.  [A, B] -m- A  B
m-  ( , +, ·, ) A B, -

a1 b1, a1 ( b1 + a2 ) a1 a2, b1 ( a1 + b2 ) b1 b2, a1, a2 A, b1,
b2 B.

 § 5, . III [22], -
, .

 3. A - , 1, , 1 SubA,
1 , 1. .

1°. [B1, C1]  [B, C];
2°. [B, C] = [ , ];
3°. A  [B, A] ;
4°. - A , A' = 0; 
5°. A, - - A ⁄

, A' .
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3.3.

I, J – m- A, -
, -

- -
 ( )  [33, 52, 73], …, --

 [3, 28, 49], …. 
 [73]. 

I (A).
I I , . .

I = { (a, a + b) | a A, b I }.  (3.3.1) 

J –  ( ) A.
J = { ((a, a), (b, b)) (A A) (A A) | (a, b) J }.  (3.3.2) 
J

J  (3.3.2) 
J = { ((a, a), (a + b, a + b)) (A × A) × (A × A) | a A, b J}.  (3.3.3) 

.1.2, A ,
, -

 143  [73] I -m- -
A × A m- A, -

A. I -
J
I

J. , J J
I I.

m- I, -
, . -

J
I  (3.3.3) -

J = { (b, b)) | b J}. -
Con I ( I) J

I -
m- I, J. ,  § 43 

[73] [ I, J] I J

J
I :

 [ I, J] = { ((a, b) A × A | ((a, a), (a, b)) J
I  }.  (3.3.4) 
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, J
I , a, b A,

 ((a, a), (a, b)) J
I  (a, a) – (a, b) J

I  (0, a – b) J
I .

 (2.3.4) 
I J:

 [ I, J] = { ((a, a + b) | a, b A, }.(0, b) J
I  }.  (3.3.5) 

S m- A, -
 [ I, J] ( . . , S = [ I, J].  (2.3.1) 

(2.3.5), b A :

b S  (0, b) S (0, b) J
I .

,

S = { b A | (0, b) J
I  }.  (3.3.6) 

S  ( ) -
I J  [I, J]. 

-m- I J m- A, . 2.2, 
 [I, J]

.
 [I, J] I J

.  = -Mod b J; A; x .
I : I

b (a) = ab, (3.3.7) 

cbx ,, (a) = x (a + b + ) – x (b + ) – x (a + ) + x . (3.3.8)

 = K 0 a I, x J y, z ,

x : a ax , 

x,y: a x (y + a) x y,

x,y,z : a y (z + x + a) y (z + x) y (z + a) + y z,

x,y : a a (y + x) a y. (3.3.9) 

I, J, -
 – Im I, J . 

.
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 1.

 Im I, J  I J.  (3.3.10) 

.  = K 0  –  (4.3.8) -
 [39].  = -Mod I, b J; A; x .

I J  (A, +, ·), b (a) = ab I J.
, I ,

cbx ,, (a) = (x (a + b + ) – x (b + )) – (x (a + ) – x ) I – I  I,

J ,

cbx ,,  (a) = (x (a + b + ) –x  (a + )) – (x (b + ) – x ) J – J  J,

cbx ,, (a) I J.
Im I, J S = [I, J]. 

 1. I, J (A).  [I, J] - A, -
Im I, J.
.  = K 0  – 

4.3.1  [39].  = -Mod.
S = [I, J]. 

 Im I, J  S.  (3.3.11) 

, I, b J; A; x . J
J
I ,

(b, b) J
I . , J

I  ( I, +, ·), 

(0, b) = (b, b) (0, ) J
I I

J
I . b = b (a) S. ,

(0, ), ( , ) I, (b, b) J
I , J

I

- I,

 d = (x (( , ) + (0, ) + (b, b)) – x (( , ) + (0, )) – (x (( , ) + 

 + (b, b)) – x (( , )) J
I  – J

I
J
I ,

 d = x (( , ) + (0, ) + (b, b)) – x (( , ) + (0, )) – x (( , ) + 

 + (b, b)) + x (( , ) = (x (  + b) – x – x (  + b) + x ,

 x (  + + b) – x (  + ) – x (  + b) + x ) = (0, cbx ,, (a)) J
I .
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, cbx ,, (a) S. ,  (3.3.11). 
S StA, ,  << Im I, J >>  S. , S –

- A Im I, J..
L = << Im I, J >>. 

 L  S.  (3.3.12)

 (3.3.10) 
 L  I J.  (3.3.13) 

 (3.3.12). 

L  = { (b, b + ) | b J, L }. (3.3.14) 

, L St I. , L, b J; -
 (3.3.13) I  (0, ) I,

 (b, b + ) = (b, b) + (0, ) A + I I + I I.

, , L I. b1, b2 J 1, 2 L J
L – - A,

 (b1, b1 + 1) ± (b2, b2 + 2) = (b1 ± b2, (b1 ± b2) + ( 1 ± 2)) L .

, L  ( I, +). , L,
b J; A, d I. J, L StA, b J,  + d L. ,
bd Im I, J L.  (3.3.14) 

 (b, b + ) ( ,  + d) = (b , b  + (  + d + bd)) L .

I  ( ,  + d), ,
L  ( I, +, ·). .

, L, b J; A, d I, x .
 f = x (( ,  + d) + (b, b + )) – x ( ,  + d) = x ( + b,  + d + b+ ) –  
 – x ( ,  + d) = (x (  + b) – x , x (  + d + b + ) – x ( ,  + d)) = 
 = (x (  + b) – x , (x (  + b) – x ) + (x (  + d + b) – x (  + b) – 
 – x ( ,  + d) + x ) + (x (  + d ++ b + ) – x (  + d + b)). (3.3.15) 

 d1 = x (  + b) – x , d2 = x (  + d + b) – x (  + b) – x ( ,  + d) + x ), 
 d3 = x (  + d + b + ) – x (  + d + b).
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J L A b J, L, d1 J, d3 L.
 (3.3.8) d2 = cbx ,, (d) Im I, J L. d2 +

+ d3 L + L  L  (3.3.13)  (3.3.14) f = (d1, d1 + (d2 + d3)) L .
, L , L -

- A.  (3.3.14) b J (b, b) J,

J L . , J
I  – I -

J , , J
I L . -

, S,  (0, ) J
I L , , , L. ,

S  L  (3.3.12)  << Im I, J >> = L = 
= S = [I, J].

, -
-  [3] 

. VI, [28] § 3, [33] § 43, [46],… 
 1. A , I, I1 J – ,

{ I }  – . f : A –
A SubA.  [ , ] : 

(A) × (A) (A)  : 

I1. I  I1  [I, J]  [I1, J] ; 

I2. [I, J] = [J, I]  I J ; 

I3. [I, I ] = ],[ II ;

I4. f ([I, J] + ) = [f (I ), f (J)]; 
I5. [I, J] +  = f –1([f (I + ), f (J + )]); 
I6. [I, J] = [I , J ] ; 

I7. L (A)  [I, J]  L,  [ L (I), L (J)] A ⁄ L.

 [I, J]
I J  [I, J]

.
 2. A m- , I J – .

 [I, J] [I, J].  (3.3.16) 
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. ,  = -Mod. 
I, b J; x .  (3.3.7)  (3.3.8) b = b (a) Im I, J

cbx ,, ( ) = x (b + ) – x  b – x  + x 0 = x (b + ) – x b – x Im I, J.
 3.2.1 [I, J]

- I + J, b x (b + ) – 
– x  b – x ,  1  [I, J] << Im I, J >> = [I, J].

 = K 0  a, y I, x, z J,  (3.3.9) a x = 
= x (a), x (y + a) x y = x,y:, a (y + x) a y = x,y (a) Im I, J,

 3.2.2 m- I + J,
,  [I, J] ,  1 [I, J]

 << Im I, J >> = [I, J].
,  (3.3.16) 

.
 1.  ( , +, ·, ) –m- ,  ( , +) = ( 2, +) – -

 2 [9] ·  =  = 0. ,  (A, +, ·) – -
,  (A, +) = ( 2 2 , +) –

, A – . A
.  = {0, 1, 2, 3} A

0  = 0, 

 1  = 
.6,3

},7,4,5{,1
,,0

a
a

Ba
  (3.3.17) 

,
x b (x b = 0),  (3.3.18) 

, x x – m-
m- AA A. , ,

x, y , A. ,  (3.3.18) 
 x  + y  = 0 + 0 = 0 = (x + y) , (x )(y ) = 0 = 
 = (xy) , x (y ) = x 0 =0 = (x y) .

A . ,  (3.3.17) 
(3.3.18):
 x  + x  = 0 = (x + x) , x  + 0  = x  = (x + 0) ,(xy)  = 0  = 
 = 0 = (x )(y ), x (0 ) = x 0 = 0 = 0  = (x 0) .
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,  1 A , x (1 ) = 0 = 0  = (x 1) .
, A - .  + , ·A =

= {0} , A , -  A.  (3.3.17) 
 3.2.1 [ , ]  = 0. ,  1 

5,2,1 (1) = 1 (1 + 2 + 5) – 1 (2 + 5) – 1 (1 + 5) + 1 5 = 1 6 + 1 7 + 

 + 1 4 + 1 5 = 3 + 1+ 1+ 1 = 2 [ , ]. 

 [ , ]  [ , ] .
, ,

,
.

 3. A - .

 [A, A]  = [A, A].  (3.3.19) 

.  = K 0  – -
 4.3.2  [39].  = -Mod.

 2 [A, A]  [A, A]. -
.  3.2.1 A' = [A, A]

, b x (b + ) – x b – x ,
, b A, x . , A'

b (a)

cbx ,, (a) = x (a + b + ) – x (b + ) – x (a + ) + x  = (x (a + b + 

 + ) – x (b + ) – x a) – (x (a + ) – x  – x a.

, Im A, A  A'. ,
- A A = A,  1 [A, A] = << Im A, A>>
 [A, A] , , [A, A] = A'. 

3.4.

A m- I, J ( ).  [73], -
, J I -

 = ( J | I),  : 
S1. I, -

;
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S2. , b, , d A ((( , b),( , d))  ( , ) J);
S3. : ( , b) Ja ,  ( , b)

,  ( , b) I ( . . - ), Ja  – J- ,
A,  ( , d) ( , b) (( , d)) = , -

-  ( , b) J- Ja  ; 
S4. , b A (( , b) J  ( , )  (b, b)) ; 
S5. , b, , d A (( , b) ( , d)  (b, ) ( d, )) ; 
S6. , b, , d, e, f A (( , b)  ( , d)&(b, e) ( d, f )  ( , e) ( , f )). 

, m-
 , , J I ( -

 221 [73]), , J

I ,
 : J© I. ,

J I J©I. -
:

 1. A m- ; J, I1, I2 – .
:

1) J©0 ; 
2) J ©I1 I1©J;
3) J©I2 & I1  I2  J©I1 ; 

4) J©I1& J©I2 J©(I1 + I2) ; 
5) J

I, J©I.
. (v) max{ I ( ) | J©I }

(J) J A. -
 231 [73] 

 2. J m- A.
6) J© (J) ; 

7) I ( ) (J©I I (J) ; 

8) SubA ( (J) (J ).

 1.  m- I, J ( ).
J©I  [I, J] = 0.  (3.4.1) 
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.  = -Mod.
. ,

 [I, J] = 0.  (3.4.2) 
 2.3.1 

 I·J = 0,  (3.4.3) 

cbx ,, (a) = x (a + b + ) – x (b + ) – x (a + ) + x = 0  (3.4.4) 

I, b J, c A, x K. -
J:

 = {((c, c + ), (c + b, c + b + )) | I, b J, c A }.  (3.4.5) 
, J I .

 S1–S6. I, b J, c A,
(c, c + ) I  (c + b, c + b + ) I, I× I. -

 S1 , I, c A.  (3.4.5) (c , c + ) (c , c + ), 
I  (c , c + ), ,

. -
, d, e, f, g A  (d, e) ( f, g). I, b J e = d + 

+ , f = d + b, g = d + b + . , d = f – b, e = f – b + , g = 
= f +  – b J, I,  (3.4.5)  ( f, g) (d, e).

, . ,
d, e, f, g, h, j A  (d, e) ( f, g)  ( f, g) (h, j). 1,

2 I, b1, b2 J, , e = d + 1,
 f = d + b1, g = d + b1 + 1= f + 2 = d + b1 + 2 , h = f + b2 = d + b1 + b2,
 j = f + b2 + 2 = d + b1+ b2 + 2.

, 1 = 2 h = d + b1 + b2 j = d + b1+ b2 + 1.
b1 + b2 J 1 I,  (3.4.5)  (d, e) (h, j). -

, . ,  – I. ,
,  – , ,  – 

-m- m- I × I. , 1, 2 I,
b1, b2 J, c1, c2 A.
 ((c1, c1 + 1),(c1 + b1, c1 + b1 + 1)) ± ((c2, c2 + 2),(c2 + b2, c2+ b2 + 2)) = 
 = ((c1 ± c2, (c1 ± c2) + ( 1 ± 2)),((c1± c2) + (b1 ± b2), (c1± c2) + (b1 ± b2) + 
 + ( 1 ± 2))) 
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1 ± 2 I, b1 ± b2 J, ,  – -
 ( I × I, + ). , 1, 2 I, b1, b2 J, c1, c2 A, ,

 (3.4.3) : 
 ((c1, c1 + 1),(c1 + b1, c1 + b1 + 1)) ((c2, c2 + 2),(c2 + b2, c2 + b2 + 2)) = 
 = ((c1c2, c1c2 + ( 1c2 + 1 2 + c1 2)), (c1c2 + (b1c2 + b1b2 + c1b2), c1c2 +
 + (b1c2+ b1b2 + c1b2) + ( 1c2 + 1 2 + c1 2))). 

I, J St , 1c2 + 1 2 + c1 2 I, b1c2+ b1b2 + c1b2 J,
,  –  ( I × I, +, · ). -

, I, b J, c A, x . ,  (3.4.4), 
x ((c, c + ), (c + b, c + b + )) = ((x c, x (c + ), (x (c + b), x (c + b + 

+ ))) = ((x c, x c + (x (c + ) – x c), (x c + (x (c + b) – x c) , x c +
+ (x (c + b) – x c) + (x (c+ b + ) – x (c + b))) = ((x c, x c + (x (c + 

+ ) – x c), (x c + (x (c + b) – x c) , x c + (x (c + b) – x c) + 
+ (x (c + ) – x c)) .

 (3.4.5) ,
I J x (c + ) – x c I x (c + b) – x c J. -

 ((c, c + ), (c + b, c + b + )), -
, - I× I

I. S1 .
 S2 , d, e, f, g A

(d, e) ( f, g). , , I, b J d + , f = d + b,
g = d + b + . ,  (d, f) = (d, d + b) J,

 S2. 
 S3 ,  d, e A  (d, e) I.

I e = d +  (2.4.5) -  (d, d + + )
 (d + b, d + b + ), b J. :

(d + b, d + b + ) d + b -
 (d, d + ) Jd S3 .

 S4 , d, e A  (d, e) J.
e = d + b b J. , ((d, d), (e, e)) = ((d, d + + 0), (d + b,
d + b + 0)) ,  S4. 

 S5, , d, e, f, g A  (d, e) ( f, g).
I, b J e = d + , f = d + b, g = d + b + + . -

d = e – , g = e + b, f = e + b –  – I, b J,
(2.4.5)
 ((e, d), (g, f)) = ((e, e –  ), (e + b, e + b –  )) .
S5 .
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 S6. , d, e, f, g, h, j A,
(d, e) ( f, g)  (e, h) ( g, j). 1, 2 I b1, b2 J, ,

e = d + 1, f = d + b1, g = d + b1 + 1= e + b2 = d + 1 + b2 , h = e + 2 = d
 + 1+ 2, j = e + b2 + 2 = d + 1 + b2 + 2.

, b1 = b2 1+ 2 I, b J,  (3.4.5) 

((d, h),( f, j)) = ((d, d + 1+ 2),(d + b1, d + b1+ 1 + 2)) ,
. , J© I J©I . -

.
. , I, J StA

J I  = ( J | I), -
 S1–S6.  S1 

- I, - , -
 (0, 0) . ,

 = {(b, b + ) | b A, I, (0, 0) (b, b + )}.
 S2 ,  (b, b + ) ,  (0, b) J b J.

, b J,  S4 (0, 0) (b, b),
 (b, b + ), b A.  S3 , -  = (0, 0)

- J- J0  = J.
, b J I

,  (b, b + ) .
,  S4 (0, 0) (b, b) b J. ,

 = J . ,  (3.4.5). 

 Im I, J = 0,  (3.4.6) 
 3.3.1 

[I, J] = 0. , I, b J.
(b, b) J St I, (0, ) I,  (0, b) = (0, ) (b, b) I J J , 

b = 0
Im b  = 0  (3.4.7) 

b J. I, b J, c A, x .  (c, c + ) I,
(b, b) J. J - I, -

 x ((c, c + ) + (b, b)) – x (c, c + ) = (x (c + b) – x c, x (c +  + 
 + b) – x (c + )) J.
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, x (c + b) – x c = x (c +  + b) – x (c + )) 
(3.3.8) cbx ,, ( ) = x (c +  + b) – x (c + )) – x (c + b) + x c = 0. 

 (3.4.7)  (3.4.6). . -
 = K 0  “ ”

 “ ”.
 3. J m- A -

( ) {J I (A) | [I, J] = 0 } (3.4.8)

-
, . -

. A  m- B, C,
D, E – . ,
 A =  = D E.  (3.4.9) 

B, C, D, E - A -
B, C, D, E.

 1. , E (C) ( ), E(C) -
m- E C -

E, E(C) m- A -
E  2.2.3. 

 4. , , -
E(C).

.  1 -

 [B, E(C )] = 0.  (3.4.10) 
, b , c C. -

,
 0 = bc = b( D(c) + E(c)) = b D(c) + b E(c).  (3.4.11) 

D, E (A), b D(c) D, b E(c) E,  (3.4.11) ,
b E(c) = 0. ,

( ( ( )) 0).b Eb B c C c  (3.4.12) 

 = -Mod. D E – -
A )  ( . 2.2), x ,

b , c C
 x ( D(b) + D(c)) = x D(b + c) = D (x (b + c)) = D(x b + x c) = 
 = D(x b) + D(x c),  (3.4.13) 
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 x ( E(b) + E(c)) = E(x b) + E(x c).  (3.4.14) 

A, x , b , c C. b1 = B( ), c1 = 
= C( ). , -

 (3.4.13)  (3.4.14),  (3.3.8), 

cbx ,, ( E(c)) = x (  + b + E(c)) – x (  + b) – x (  + E(c)) + x  = 

= x (b1 + c1+ b + E(c)) – x ( b1 + c1 + b) – x (b1 + c1 + E(c)) + 

+ x (b1 + c1) = x ( D(b1) + E(b1) + D(c1)+ E(c1)+ D(b) + E(b) + 

+ D( E(c)) + E( E(c))) – x ( D(b1) + E(b1) + D(c1)+ E(c1)+ D(b) +

+ E(b)) – x ( D(b1) + E(b1) + D(c1)+ E(c1) + D( E(c)) + E( E(c))) +

+ x ( D(b1) + E(b1) + D(c1) + E(c1)) = x (( D(b1) + D(b) + D(c1)) + 

+ ( E(b1) + E(c1) + E(b) + E(c))) – x (( D(b1) + D(b) + D(c1)) + 

+ ( E(b1) + E(c1) + E(b))) – x (( D(b1) + D(c1)) + ( E(b1) + E(c1) +

+ E(c)))+ x (( D(b1) + D(c1)) + E(b1) + E(c1))) = x (( D(b1) + D(b) + 

+ D(c1)) + x (( E(b1) + E(c1) + E(b) + E(c))) – x (( D(b1)+ D(b) + 

+ D(c1)) – x ( E(b1) + E(c1) + E(b)) – x (( D(b1) +

+ D(c1)) – x (( E(b1) + E(c1) + E(c)) + x (( D(b1) + D(c1)) + 

+ x ( E(b1) + E(c1)) = x (( E (b1 + b) + E(c1 + c)) – x ( E(b1 + b) +

+ E(c1)) – x (( E(b1) + E(c1 + c))+ x (( E(b1) + E(c1)) = x ( E(b1 + b)) + 

+ x ( E(c1 + c)) – x ( E(b1 + b)) – x ( E(c1)) – x ( E(b1)) – x ( E(c1 + c)) + 

+ x ( E(b1) + x ( E(c1)) = 0. 

 (3.4.12) , Im , )(E C  = 0  3.3.1 

 (3.4.10).  = K 0 .
 5. , (A)  = . © .

.  = D,  =E.
E(C) = © .

 1.  1 
 4  = K 0.
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3.5.

I m- , -

 [I, ] = 0.  (3.5.1) 
 3.4.1 , I

, . . I ©A
 1. A - I StA. I

, x , , b I
:

b = 0,  (3.5.2) 
 x (  + b) = x  +x b.  (3.5.3) 

. I StA  [I, ] = 0. Im I, = 0 -
 3.3.1 I  = 0 x , , b I

0,,ax (b) = x (  + b + 0) – x (  + 0) – x (b+ 0) + x 0 = x (  + 

+ b) – x ( ) – x b = 0, 
 (3.5.2)  (3.5.3). , I
. x , , b I, c

a (b) = b = 0, cax ,, (b) = x (  + b + ) – x (  + ) – x (b+ ) + x c = 

= (x (  + c + b) – x (  + ) – x b) – (x (b + c) – x b – x c = 0. 
, Im I, = 0  3.3.1 [I, ] = 0, 

I – .

 2. A m- I (A). I
,

I·A = 0 = I A, , ( ( ) ).a I x y A x y a x y
 1. , -

 [50] 
 [72], m- ,

.
 1. , -

.
 3. A – m- , , I – , -

 = I  = 0 = I . I – .
. 2  3.3.1 

[I, ]  I  = 0,  3.4.1 I © . , I © . -
 (4)  3.4.1 I  +  = A, . .

I – .
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, -
m- . ,  = ,

, I
J.  2.2.3 I J m- A.

,  3.4.5  © , ,
(2)  3.4.1, , I © . I © -

 (4)  3.4.1 , I ©A, . . I – .
J – .  – m- I J.

D = { a + (a) | a I }.  (3.5.4) 
 1. D A.

. , D A. a I, b , c , x ,
, I© , J©  1, 

(a + (a))( b + c) = a b + (a)c = 0 + 0 = 0 D.
 = -Mod. -

x (a + (a) + b + c) – x (b + c) = x (a + b + (a) + c) – x (b + c) = 
= x (a + b) + x ( (a) + c) – x b – x c = x a + x b + x (a) + x c – 

– x b – x c = x a + x (a) = x a + (x a) D.
, D StA.  = K 0 ,

D St A.
(a + (a)) ( b + c) = a b + (a) c = 0 + 0 = 0 D.

, D . , D  = 0 = D ,  2 D –
.

-m- A ⁄ D = ⁄ D 
m-

D
B C . , -

D = 0.
 2. A, , , I  3. A ⁄ I -

m- .
.  3 I -

A. , B
, C – .

 (  1), B( I ) C( I )
. , I  = 0 = I , -
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, , B( ), I,
C( ), - B(

I ) C( I ). , I,  = B( ) + C( ).
B( ) = 0,  = C( ) I  = 0, C( ) = 0. , C( ) = 

0, B( ) = 0. , -
m- , . , ( B( I

)) = C( ). I = { b + (b) | b B( I ) }.  1 
A = 

I
B C .

 1. A = – . -
m- A -

m- .
. I  A. I  = 0 = I , -

 2 A ⁄ I . ,
. I ( ), I ( ), -

-m- 1 = ⁄ (I ), 1 = ⁄ (I ) -
A1 = 1 × 1. I A1, I

( ) = ( B( ) + I , C ( ) + I ). , -
m-  ( I ) (A1). , -m- A ⁄ I A1 ⁄

(I ) . ,
 + I A ⁄ I , A,

( B( ) + I , C( ) + I ).+ ( I ) A1 ⁄ ( I ).
, . ,

, b A  + + I = b + I. – b I,
( B( – b) + I , C( – b) + I ) ( I ) , ,

( B( ) + I , C( ) + I ) – ( B(b) + I , C(b) + I ) ( I ),

( B( ) + I , C( ) + I ) + ( I ) = ( B(b) + I , C(b) + I ) + ( I ).
,  – . ,  – -

m- . . , A
 (  +I) = 0, ,  ( B( ) + I , C( ) + I ) ( I ), 

, b I
( B( ) + I , C( ) + I ) = ( B(b) + I , C(b) + I ).

B( ) – B(b) I , B( ) – C(b) I ,
 = B( ) + C( ) B(b) + I  + C(b) + I B(b) + C(b) + I = 

= b + I =  I.
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,  +I = I, . ,
, . , -m- A ⁄ I 

-m- A1 ⁄ (I). ,
m- 1 1.

 2, A1 - 1 × 0 
1 × 0, 1 1, ,

(I ) ( 1 × 0) = 0 = (I ) ( 1 × 0). , I
( ) 1 × 0. , C(b) I ,
B (b) = b – C(b) I – I  I, , , B(b) I . , ( ) = 0 

(I ) ( 1 × 0) = 0. , (I ) ( 1 × 0) = 0. -
 2, , A1 ⁄ (I ) – 

-m- 1 = ⁄ (I ), 1 = ⁄ (I ),
-m- A ⁄ I. , -

-
-m- .

3.6. -

A m- .  (5)  3.4.1 ,
( ), -

m- Z( ).  3.5.1 

 1. - . Z( )
, x , b :

b = 0,  (3.6.1) 
 x (  + b) = x  +x b.   (3.6.2) 

 3.5.2  4.4.1 [39] 
 2. A m- K 0. Z( )

, b, :
b = 0 = b,  (3.6.3) 

(  + b) = b.   (3.6.4) 
 3.1.1  3.1.5, 

 3. m-
m- .

 4. m- ,
 = 0 , Z( ) = .
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 1. A m- M – -m- ,
  M + Z( ) = . (3.6.5) 

M (A) ⁄ M  m- .
         . ,  = -Mod.

m M, , x .
m x (  + m) – x .  (3.6.5)  = m1 + b m1 M,

b Z( ).  (3.6.1)  (3.6.5)   
m = (m1 + b)m = m1 m + bm = m1 m M, x ( m + ) – x  = x (m + m1 + b) – 

– x (m1 + b) = x (m + m1) + x b – x m1 – x b = x (m + m1) – x m1 M.
, M StA. , -

,
⁄ M = (M + Z( )) ⁄ M  Z( ) ⁄ (M Z( )).

 3  3.1.2, 
⁄ M – - .

         = K 0 , m M, , .  (3.6.5)
 = m1 + b m1 M, b Z( ). 

(3.6.3), (3.6.4)   2, 
·m = (m1 + b)·m = m1·m + bm = m1·m M, ( m + ) –  = (m + m1 +

+ b) – (m1 + b) = (m + m1) –  m1 M,  m  = m (m1 + b) = m m1 M.
, M (A). , , ,    

-m- ⁄ M .
         . m-

, (A). D (A),     
                                           = D = D,  (3.6.6) 

.
⁄ C . ,

            5.   (3.6.6)  C: , D:
 D – . C| :

D( )  Z( ).
        .  = C | .

, ,   (3.6.6) ,  = b + d
b d D. , b = – d , d D

, (b) = C(b) = . , b C (b) = 0, b =  
= D(b) D = 0. - . -

 (3.6.4) 
 = D  = D,  3.4.4. D,
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, – D.
D© D( ). D( )  D,   (3.6.4)   3.4.1 

 3.4.5 , © D( ).  3.4.1, 
,   ( + D)© D( ), . . D( )  Z( ).

        -
.   m- -

,
, b – (b) Z( ) b .

           6.   m- ,
.

           .
b    

b – (b) = C (b) + D(b) – C (b) = D(b) Z( ). 

           ,

m- -m- . -
-  ( -

 – , ., 3.12, 4.6, . IV [22]). 
        1. m-

 = 
1

k

i
i

A  = 
1

l

j
j

B ,

k, l , m- -m-
. k = l  i {1, 2, …, k}

ji {1, 2, …, l} , Ai

ij
B , . .  = 

1,
i

k

i j
i i j

A B . Ai

ij
B .

         m- -
.

          3  , -
- , m-

[39]. -   –  Z( ) = 0. 
- ,  = ,

. - ,
 = 0 .
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           7. – - . -
, .

, -
, - -

- .
         . , – - .

Z( ) , Z( ) = 0, Z( ) = .
.  4 – - . -

,
                                                 ·  = 0.                         (3.6.7) 

,  3.1.3 -
, .

, - . ,
 (3.6.7)   ( , +)  -

  ( p , +) p. 0,
-

  ( , +, ·)   9.4.1  [39]. -
Z( ) = 0. ,  = ,  = 0. 

 4, –
- .

        -
.

         ,   ( , +, ·) –  . -
2 = · , Ann  = {  | b  ( b = 0 } –  

. , I ( ) = {  |  =  } – -
, 2  ={ +  |  }.  3.2.1 

3.4.2 
          8. - .
                          << 2 >> ,                                   (3.6.8) 
                               Z( )  Ann .                                   (3.6.9) 

, -
,  3.2.1, 3.3.3 -

 3.3.1. 
           9. - .  = < 2 >  

Z( ) = Ann .
          10. - .   << I ( ) >> = ,

,   ( , +, ·)  , –
- .
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         .   << I ( ) >> = , , 2 = 
Ann = 0.  7  = Z( ) = 0, . . – -

- .
         ,

- .
          1. F – ,  = F[x]x – -

x F .   ( , +, ·, ) –  
, -m- m- -

  (F[x] , +, ·, ) (  1.3.3 [39]). 
- .  F[x]x2 = 2 = < 2 >  9  .

, Ann  = 0 – .
 8 Z( ) =  Ann  = 0.

        , ,
- .

          2. m-   ( , +, ·)  –  -
- , -

< x1, x2,…| x1 = 2
2x , x2 = 2

3x ,…, xn = 2
1nx ,…, 2

1x = 0, …, 
12 1n

nx > = 0 ›. 

 = 2 x1 Ann  0,  8  = 2 = 
Z( ) = Ann  0. 

        -
- m- . 1.3 [39]. 

           3.   ( , +, ·)  –  .
char , ,  [27] . -

S ,   0. 
  [39] ( , +, ·, ) ,  = 

 1.3.1 [39], . . , b

                                     b =
.,
,,0

Sba
Sb

                              (3.6.10) 

 [60], -
, -

S. m-
. x ,

                                          x  =
.,
,,0

Sax
Sa

                (3.6.11) 
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S = , -
9  = < 2 >  Z( ) = Ann . , S .
H =  S. 
          1.   |  | = 2  2 0,  = Z( ) = 0  ( -

- ),  |  | = 2  2 = 0,  = 0, Z( ) = , . –
- .  |  | > 2  S = 0,  = Z( ) = 0. S 0,

:
         ) S   ( , +)   2.  = < 2 2 >. 
         ) ) ,  = .

Z( )  : 
                          G1 = { S | S +  S , H+ H },                     (3.6.12) 

                          G2 = { H | S +  H , H + S }.                    (3.6.13) 

char  2, Z( ) = G1 Ann , char  = 
= 2, Z( ) = (G1 G2) Ann .
        .   |  | = 2. 
( , +)  –   2    (3.5.3)  ( , +, )  –  -

 2. ,  = 2 = {0, 1}.   (3.6.11)  
 : 

                    1 (1 + 0) – 1 1 – 1 0 = 0, 1 (1 + 1) – 1 1 – 1 1 = 0,      (3.6.14) 
2 0,   ( , +, ·)  –  -

 9. 2 = 0,  (3.6.14)  = 0
 3.2.1  Z( ) =  1.   

         ,   |  | > 2. x, , b ( , , )x a b =
= )(0,, bax  = x ( + b) – x – x b. ,  3.3.1  

                                                ( , , )x a b .                                      (3.6.15) 

        S = 0 ,  = . -
, , b H , + b H. x -

 (3.6.11), 
                   ( , , )x a b = x ( + b) – x – x b = x – x – x = – x.       (3.6.16)

  – x ,  (3.6.15)   = 
= . Z( ),  2   
         Z( ) =  Ann {  | x, b  ( ( , , )x a b  = 0 }.   (3.6.17)  

  (3.6.16), 
Z( ) = 0  – - .
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S 0. )  (3.6.9),  , b S, + b S
( , , )x a b  = x ( + b) – x – x b = 0 – 0 – 0 = 0. , b H, +

+ b S, ( , , )x a b  = x ( + b) – x – x b = 0 – x – x = – (x + x),
S, b H, + b H, ( , , )x a b  = x ( + b) – x – x b =

= x – 0 – x = 0. ,  3.2.1  3.3.3 ,  =            
= < 2 2 >. ) ,

, b , , b, + b H,
H, S.  (3.6.11) ,

( , , )x a b  = x x , ( , , )x a b  = – x -
x . ,  = .

          Z( ). ,
char  2.  , H Z( ) = . ,

H Z( ), + H, + S.
(3.5.18) x 0 = x ( + ) – x – x  = x – x – x = – x,

.   0 = ),,( aax  = x ( + ) – x – x  =  
= 0 – x – x = – (x + x) x ,
char  2. , Z( ) S. ,

                                                       Z( )  G1.                                        (3.6.18)

, Z( ), , , S. -
b S + b H,   (3.6.15)   0 = 

( , , )x a b = x ( + b) – x – x b = x – 0 – 0 = x   x , -
. + S  S. , + H  H.

 (3.6.18) .  (3.6.17) 
Z( )  G1 Ann . -

. char  2 .
         char  = 2. , (G2 G1) Ann . -

 (3.6.12)  (3.6.13) , + b,
, b H,   x ( , , )x a b =

= x ( + b) – x – x b = 0 , char  = 2. -
  (3.6.15), ,   (G2 G1) Ann  Z( ). -

.
         4.   ( , +, ·)  –  ,  = 
= 0

ÀÀ   –  m- , . -
- .   ( , +, ·)  -

1,  9 - .
m-

, , m-
. .
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§ 4. -

            [22], . III, § 5, -
m- .

4.1. -

          A – m- .

                                        0 1  … n =                               (4.1.1) 

, 0,
i {1, 2…., n}
                                              [ i, ] i  – 1.                                       (4.1.2) 

,   3)  3.2.2  
m- , -

. m- ,
, m- .

          1. m- .
        .  3.1.1    3.1.5  -

m-   [ ,  ] = 0,   0 – .
        m-

                                       … i  … 1 0 =                               (4.1.3)

, i 0

                                                   [ i, ] = i  + 1.                                        (4.1.4) 
       m- -

                                         0 = 0  1  … i  …,                             (4.1.5) 

                   1 = Z( ), 2 ⁄ 1 = Z( ⁄ 1),   ,  i  + 1 ⁄ i = Z( ⁄ i),…           (4.1.6) 
i 0.

         1. m- A ,

, .

m- .
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        .
 (4.1.3). - n 0 n = ,   (4.1.4)  

, – m- . -
, –

                                       0 = 0  1  … n = –                           (4.1.7) 

.
                                                   [ i, ] i  – 1.                                         (4.1.8) 

i {1, 2,…., n}.
 (4.1.3). i {0, 1, 2,…., n},

                                                     i n – i.                                            (4.1.9) 

,  (4.1.3)  (4.1.7)  0 = n – 0.  (4.1.9) 
i < n.  (4.1.4), (4.1.9) 1)  -

 3.3.1, i + 1 = [ i, ]  [ n – i, ] n – (i  + 1) , -
. i = n  0 n = 0,  (4.1.3) ,

( . . ), -
,  (4.1.7). 

(4.1.3) .
          (4.1.5). ,

l l = . ,
, .

i {1, 2,…., l – 1}  
                                               [  l – i, ] l – i  – 1.                                   (4.1.10) 

, i = 0   (4.1.6)   
                                       ⁄ l – 1= l ⁄ l – 1 = Z( ⁄  l – 1).                          (4.1.11) 

 3.6.3 , ⁄ l – 1 – - .
f = nat l – 1 : ⁄ l – 1. 4

 3.3.1  m- ⁄ l – 1,
f ([ l, ] + l – 1) = [f ( l), f ( )] = [ l ⁄ l – 1, ⁄ l – 1] = l – 1 ⁄ l  = 0, 
  [ l, ] + l – 1  Ker f = l – 1. ,  [ l, ] l – 1,

.   (4.1.10)     
i  j,  j {0, 1,  …., l – 2} j + 1. ,

l – j  – 1 = 0,   (4.1.5) – m- -
. l – j  – 1  0. f = nat l – j  – 2 :

⁄ l – j  – 2. Z( ⁄  l – j  – 2)
⁄ l – j  – 2,   (4.1.6)  4  3.3.1, 
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0 = l – j  – 2 ⁄ l – j  – 2 = [Z( ⁄  l – j  – 2), ⁄  l – j  – 2 ] = 
= [ l – j  – 1 ⁄  l – j  – 2, ⁄  l – j  – 2 ] = [f ( l – j  – 1), f ( )] = f ([ l – j  – 1, ] +  l – j  – 2).

,   [ l – j – 1, ] +  l – j  – 2  Ker f =  l – j  – 2

[ l – j  – 1, ]  l – j  – 2 . , (4.1.10) 
i {1, 2,…., l – 1}. , i =l – 1  [ 1, ] = [ l –( l – 1) – 1, ] 0,

  (4.1.5)  –   ( -
) m- .

          , m- . ,
  (4.1.3)

n 0 n = 0. 
  (4.1.5)  i {0, 1, 2,…., n}

                                                       n – i i                                             (4.1.12) 

, i = 0 n – 0 = n  = 0 0. ,
  (4.1.12)  i < n i + 1.

f = nat i : ⁄ i .   (4.1.12), (4.1.4)  
4  3.3.1, 

0 = f ( i) = f ( n – i + i) = f ([ n – i – 1, ] + i) =  [f ( n – i – 1), f ( )] =
= [( n – i – 1 + i) ⁄ i, ⁄ i]. 

,   ( n – i – 1 + i) ⁄ i – , -
  (4.1.6)    ( n – i – 1 + i) ⁄ i  Z( ⁄  i ) = i + 1 ⁄ i.

, n – i – 1 n – i – 1 + i i + 1   (4.1.12)  
i {0, 1, 2,…., n}. ,  = 0 = n – n  = n,   (4.1.5)  

n,
-

  (4.1.3),   (4.1.3)  n.
         n -

- . - -
 (m- ) , n,
Nn ( Nn). , – N1 ( N1) –

-  ( , m- ).
N ( N)

-  ( m- ).
-  [22], 

           2. n 0 Nn ( Nn),
N ( N), .
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          m- m- m-
, ⁄ . ,  =  =   

= . , -
.

         3. N ( ,N) - .

        .  =  × , – -
m- .  2.2.1, ,

, (A)  = . – ,

                                         0 = 0  1  … l = ,                           (4.1.13) 

                                        0 = 0  1  … m = ,                           (4.1.14) 

l, m 0.
m- .   i {0, 1, 2,…., m}

                                                     l + i =  + i.                                          (4.1.15)
,

               0 = 0  1  … l = = l l + 1  … l + m =    (4.1.16)

. , j {0, 1,  …., l – 1}, -
3  3.3.1,  3.4.5 -

  (4.1.13), 
[  j + 1, ] = [  j + 1,  + ] = [  j + 1,  ] + [  j + 1, ] = [  j + 1,  ]  j.

, i {0, 1, 2,…., m – 1}    (4.1.15), -
3  3.3.1,  3.4.5   (4.1.14), 

[ l + i + 1, ] = [  + i + 1,  + ] = [ , ] + [ , ] + 
+ [ i + 1, ] + [ i + 1, ] = [ , ] + [ i + 1, ]  + i = l + i.

,   (4.1.16)  –  , -
, – m- .

          1. m- ⁄ Z( )  – m- -
. m- .

         .  = ⁄ Z( ).  2  
,

                                       0 = 0  1  … l = ,                           (4.1.17) 

l 0.  = ⁄ Z( ), -
i {0, 1,.,l} i + 1 ,
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Z( ) i + 1 

                                              i + 1 ⁄ Z( ) = i.                                     (4.1.18) 

 0  = 0  

                                    0 =  0  1  … l + 1 = .                      (4.1.19) 

,   –  . ,
i = 0   (4.1.18)  1 ⁄ Z( ) =  0 = 0, 1 ⁄ 0 = 1 =
= Z( ) = Z( ⁄  0). i .> 0, ,   (4.1.18), 

  (4.1.6)  ,

i + 1 ⁄ i ( i + 1 ⁄ Z( )) ⁄ ( i ⁄ Z( )) = i ⁄ i – 1 = Z( ⁄ i – 1) = Z( l ⁄ i – 1) = 
= Z(( l + 1 ⁄ Z( )) ⁄ ( i ⁄ Z( ))) = Z( ⁄ i ).

,  (4.1.19) – m- -
.

        ,
, , , -

. , m- m-
, a1, a2 x

 : 
                                   (a1 + a2) – (a1) – (a2) Z( ),                         (4.1.20) 
                                      (a1a2) – (a1) (a2) Z( ),                             (4.1.21) 

 = K 0

                                    (a1 a2) – (a1) (a2) Z( ),                         (4.1.22) 

 = -Mod    x

                                        (x a1) – x ( (a1)) Z( ).                            (4.1.23) 
           1.   –  m-
m- . – m- , m-

.
          . : –

– m- .  :
⁄ Z( ), (a) = (a) + Z( ) a .  (4.1.20)– 

(4.1.23) , m- m- -
⁄ Z( ).  2 m- ⁄ Z( ) ,

 1. 
         m-

-m- . m- . a
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, X ,             
< a, X > = , , < X > = . , a -

. -
m- ( ). ,   0 ( ),

( ) .  235 [73] 
          2. m- ( )

-m- .
         -m- - - m- .

,
.

, -m- m-
. m- , ,

, , -
. -

-m- m- .
( . 1.2), -m-  (
SubA)) MaSubA,

Ma  ( Mi MiSubA).  235 [73] 

          3. m-

                                        ( ) = { |M M Ma }.                              (4.1.24) 

, , , Ma  = ( ) = .
            4. – m- . ( )

⁄ ( )  –  m- .
          . -

m- . Ma  = ( ) = ⁄ ( ) = 0  –  
m- . Ma M Ma .

, – m- .   3.1.3      
( ) (A) ⁄ ( )  –  -

-  (  3.1.2   3.1.5). 
        , , -

                                        0 = 0  1  … l = ,                           (4.1.25) 

l . M M Ma , -
 3 ( ) = { |M M Ma } (A),  2.4.3  

-m- ⁄ ( ) -
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-m- ⁄ M, M Ma . m-
 2,  1 .

, m- ⁄ ( ) , N1 N1

. , e. a., -
-m- M, m- . -

 (4.1.25) M + l = M + 0 . ,
i {1, 2,…., l} ,

                                                       M + i = ,                                            (4.1.26) 
                                                    M + i – 1 .                                          (4.1.27) 

M   (4.1.26)  , i – 1 M.
i – 1 M M (A). ,   (4.1.26)  , i M. -

-m- = M ⁄ i – 1 m- ⁄ i – 1. -
Ma( ⁄ i – 1).   (4.1.26)  ,

                                         + ( i ⁄ i – 1) = ⁄ i – 1.                               (4.1.28) 
,   (4.1.24)  –  ,    

Z( ⁄ i – 1) = i ⁄ i – 1.   (4.1.28)   3.6.1 
, (A), 

M (A), . , ( ) .
           1. ,

- - , -
.

4.2.
- -

         ,
- - -

- . .
          1 2 - j = 1, 2 Jj - -

- j, Ij - Jj. j  = natIj : 
Jj  Jj ⁄ Ij , - - J1 ⁄ I1

- - J2 ⁄ I2.   (I1, J1, , I2, J2)
1 × 2,

                                        I = 1
2 1 1 2                                                 (4.2.1) 

I ,
(I1, J1, , I2, J2). 
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           1. I - -
1 × 2 ( 1 , 2 ) - 1 2. j = 1, 2

             Jj =  j(I), I1 = { 1 | ( , 0) I}, I2 = {b 2 | (0, b) I}.    (4.2.2) 

Ij  Jj j - - J1 ⁄ I1

- - J2 ⁄ I2 ,   (4.2.1), 
, I , -
  (I1, J1, , I2, J2). , Jj - - -

j, Ij - Jj I 1 × 2 , -
  (I1, J1, , I2, J2), I

- - 1 × 2 ( 1 , 2 ) - 1

2   (4.2.2).  
         . - ,

- .
         . I Sub( 1 × 2),  j { 1, 2} -

Jj , Ij   (4.2.2). Jj - -
- j - I j ,
Ij - - Jj

- - j ( 1 × 2) - 1 × 2. ,
  : J1 ⁄ I1 J2 ⁄ I2, J1 b I2 ( + I1) = b + I2,

( , b) I. , 1, 2 J1

1 + I1 = 2+ I1, 1 2 I1   ( 1 2, 0) I. , b1,b2 J2   ( 1,
b1) I, ( 2 b2) I,

(0, b1  b2) = ( 1, b1) ( 2 b2) ( 1 2, 0) I + I  I  I.

, b1  b2 I2 b1 + I2 = b2 + I2 . -
. , .

, 1, 2 J1, b1,b2 J2   ( 1, b1) I, ( 2, b2) I, -
  “ ” { “+”, “·”, “ ”}   ( 1 2, b1 b2) = ( 1, b1) ( 2 b2) I I

 I. , - .
, I 1

2 1 . ,   ( , b) 1
2 1 ,

J1, b J2, 1 J1, b1, J2  ( 1, b1) I 1 ( ) = 1 ( 1), 2 (b)
= 2 (b1). 1 I1, b  b1 I2,

( , b) = ( 1, 0) + ( 1, b1) + (0, b  b1) I + I + I  I.

,   (4.2.2)  .
         . j = 1, 2  Ij  Jj j, -

: J1 ⁄ I1 J2 ⁄ I2 I 1 × 2 -
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  (4.2.1). , - - - 1 × 2,
.  (4.2.2). , j = 1, 2 Jj = j (I), 

. , I1, 1 ( ) = 0,   (4.2.2)  ( , 0) I.
, J1   ( , 0) I, 1 ( ) = 0, , I1. ,

j = 2.   (4.2.1)  .
          I, -

  (I1, J1, , I2, J2) 1 × 2, -
- - ,

(I1, J1, , I2, J2) 1 2.
        , I ( 1 × 2). 

- I, J ( ).  (I, J) -
, I  J   [ , J]  I. ,

I   (I, I) .
.    

(I1, J1, , I2, J2) 1 × 2 -    1 2
i- , j = 1, 2  - -   (Ij , Jj) -

j.
           2. I 1 × 2 -

1 2. - - I i- -
1 × 2. , - - I -

i- 1 × 2, I -
- 1 × 2.

         . - ,
- .

          . I ( 1 × 2) - - I -
i-   (I1, J1, , I2, J2)

1 × 2.  1. -
, j { 1, 2}  - - Jj j
I - 1 × 2 j ,

Ij - 1 × 2
Ij j ( 1 × 2).

  (I1 , J1) - 1, . 4.1   3.5.2  -
,

                                          J1·  1  I1, J1  1  I1,                                (4.2.3) 

                            J1 x, y 1(x (y + ) x y I1).                    (4.2.4) 
  (4.2.5)    (4.2.6)  , J1 x, y 1.
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1 (I), b  2 ( , b) I,

I ( 1 × 2),   ( ·x, 0) = ( , b) (x, 0) I·(  1 × 2)  I, ·x I1

J1· 1  I1. , J1 1  I1. ,
I 1 × 2,

(x (y + ) x y, 0) = (x, 0) (( y, 0) + ( , b)) (x, 0) ( y, 0) I,
x (y + ) x y I1,   (4.2.3)    (4.2.4)  . -

,   (I1 , J1) 1.
,   (I2 , J2)

 2.
         . , - - I -

1 × 2 i-    
(I1, J1, , I2, J2) 1 × 2 , I ( 1 × 2). -

,   ( , b) I; (x, y), ( , v) 1 ×  2.   (4.2.1)  
J1 , b J2  ( 1 ( )) = 2 (b). -
  (I1 , J1) - 1   (4.2.3)   (4.2.4)  

  (I2 , J2) - 2. ,   · 
( , b)·(x, y) = ( ·x, b·y) I1 × I2.  (4.2.2)  I1 × {0}, {0} × I2  I,

I1 × I2 = I1 × {0} + {0} × I2  I,   ( , b)·(x, y) I. ,
( , b) (x, y) I. ,

( , v) ((x, y) + ( , b)) ( , v) (x, y) = ( (x + )
– , v ( y + b)  v y) I1 × I2  I.

, I ( 1 × 2).
           2  , I ( 1 × 2) -

i-   (I1, J1, , I2, J2)
1 2, - - -

  (I1, J1, , I2, J2) 1 × 2.
             1.  1

. 3.5.  3.5.2     
- -   (  1 ×  2) ⁄ I

- 1 ⁄ I1  2 ⁄ I2.
           n 2 V = 1 ... nA A –

1{ }n
j jA - .

. j {1, 2,…, n} , -
j- j  : (x1, x2,…, xj,..., xn)  xj  –  

- V j. n (V),    
I (V) n(I) = 1(I) × … × n(I). , n
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(V). n(I) I, I -
, I -

 .  = 1 =…= n = Id (V), -
n- - . n 2 -

n- - , - -
- .

         3. n 2. -
n- - ,

.
         n.

n = 2. , -   2- -
(I1, J1)  –  . I1 J1, -

 1 I = 1
2 1 ,  = Id (J1 ⁄ I1), - -

 × , a I1, b J1  I1,   (a, b) 2(I)  I -
  2- - - . ,

I1 = J1 -
. , ,  1 -

, -  × . -
, n > 2 , -

n. , k- -
k 2, n. , I ( n).  1

1 = 2 = 
1 ðàç

...
n

A A A   (I1, J1)

- 1   (I1, J1) - -
1   (I2, J2) - 2 ,

I = 1
2 1 .   2- - , n

= 2 I1 = J1 I2 = J2,   (n – 1)- - ,
J2 = 2(J2) × …  × (J2). , I = J1 × J2 = 1(I) × …  × (I) = 
 = n(I). , - n- - .

, - n- -   (I1, J1)  –  -
. , I1 J1,

 1, 
I = {(a1, a2, …. an) | a1, a2, …. an J1; a1 – a2,   , a1 – an I1}

. I1 = J1
- .

           1. - -
-  ( ), -

.
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           2. - -
-  ( ),

- .
           3. n 2. -

n- - ,   2- - .
           4. - .

- .
          . -

, ,
, ,  2 -

.
           1. -

, - .
          . I (  × )

- .   ( , b) I,   ( , 0) = ( , 0) = ( , 0) ( , b) I, ,
(0, b) I. , I 2(I)  I 2(I) = I. ,
2 -   2- -  3 -

. , -
.

             1. , I
 × - .

.
          I - .

.
         ) I ;
         ) I - ,

;
         ) I = 1 - -

- ;
         ) I
(I1, , Id ( ⁄ I1), I1, );
         ) I - , i-

  (I1, , Id ( ⁄ I1), I1, ).
             2.  1 
2 - .
             3. - . ,

, - - .
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4.3. -

          m- A  (1.4.2) ,
m- , . . -

 3.2.2 i {1, 2,…, n}

                                               [ i, i] i  – 1.                                     (4.3.1) 

, m- -
.

        -  [22], 
         1. m- .
        m- -
m-

                                               = (0) (1) … (i)  …,                (4.3.2) 

i

                                                 [ (i), (i)] = (i + 1).                              (4.3.3) 

         . 7, § 5, . III [22] -
.

          2. m- ,
  (4.3.2)  , . .

(n) = 0 n 0.
          3. m- .
         , m- , -

, , . -
-  3.5.2, 3.5.4,  3.5.3 -

S ,   |  | = 2, 2  0, S 0   |  | > 2,  S = 0 -
), |  | > 2  S  0, , m- . 4.5   [39]. 

Ibid., . 5.4 m- K 0 , -
. - .

          1.   ( , +, ·, )  –  m- ,   ( , +)  –  -
  ( 2, +)  2 [9], ·  =  = 

= 0.   ( , +, ·) –  ,   ( , +) = ( 4, +)  –
 4 ·  = 0.  : 

a 4 x, y 2
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                                (x, y) a = ,1

,1

0, {0, 2};
2, 1;
2, 3.

x

y

a
a
a

 
 
 
 
 

          (4.3.4) 

( , , 1,x ). 
         5.2.1 [39]  ,

- . = {0, 2}.   (4.2.4)  ,
SuA. ,  = . , ·  = 0    

x, y 2 a, b 4   (4.2.4)  

(x, y) (a + b) – (x, y) a – (x, y) b ,

(1, 0) (1 + 3)– (1, 0) 1 – (1, 0) 3 = 0 – 2 – 0 = 2, 

 3.2.1   = (1) = [ (0), (0)] = [ , ] = .
, ·  = 0  = 0, = 0,

 :   = (0) (1) = (2) = 0. , – -
- .

        , , - – , -
, - . ,

3.6.8  Z( )  Ann = . ,   2 Z( ). , -
  (4.3.4),   (1, 0) (1 + 2) – (1, 0) 1 – (1, 0) 2 =  

= 0 – 2 – 0 = 2.  3.5.2  -
. , – , - .

§ 5. -
-

5.1. -

         ,
, . .

         ,
: -

: : ,  = .
, .           
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<<

<

<<

<

B

A

C

<<

<

. 5.1.1 

           1.  7.2.1 [39] -Mod 
, , ,

. , -
 [35], 

K0

, C.
-

 “ ”  “ -
”.

        ,  = -Mod.
         1. C , .
        . – -

: –
 1, 

 11.8.1  [39]. -
: ,  = Id . , -

, a b ,    
 (b) = a. , a (1) = (b) (1) = (b·1) = (b) = a, (1)  

,   1.  
, ex adverso,   1  0 .

: , n (n) = 1 1 ... 1 ,  ( – n) = – (n), (0) = 0. -

,   –  . Ker  = ,   0 = (n) = 1, 
  1  0.  – -

.  : –
, .
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A

<<

<

<<

<

<<

<

P

                                                          . 5.1.2
:

. ,  = .
  –  , ,   –  

. ,   –  
, – . ,

, . .
         2. - . - ,

, .
        .  = × ,
( × , +)   ( , +)    ( , +), -

 : , b m, n
                                    ( , m)(b, n) = ( b + n· + m·b, mn).                          (5.1.1) 

,   § 11 [39], ( × , +, ·)  –  -
  (0, 1), :  ( , 0)  

. x             
( , m) ×  : 
                                                 x ( , m) = (x , 0).                                      (5.1.2) 

, : x  x  – m-
m- . , , - , -

  (5.1.1)    (5.1.2), x, y , m
(x + y) ( , m) = ((x + y) , 0) = (x + y , 0) = (x , 0)+ (y , 0) =  
= x ( , m) + y ( , m), (x y) ( , m) = ((xy) , 0) = ((x )(y ), 0) =  

= (x , 0)(y , 0) = = (x ( , m)(y ( , m), (x y) ( , m) = ((x y) , 0) =  
 = (x (y ), 0) = x (y , 0) = x (y ( , m)). (5.1.3) 

, m-   ( , , ) -
.   (5.1.2)  ( × 0) × 0 x ,
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(x ) = (x , 0) = x ( , 0) = x ( ). ,   –  -
- - .

           3. – - ,   ( , +, ·)  –  
.

          .  2 -
 ( . 5.1.3) 

B

A

<<

<

A

IdA

. 5.1.3
- , . .

: ,  = Id . ,
, ((0, 1))  

  ( , +, ·).
          1. – -Mod.

– .
           . – - . -

 3   ( , +, ·)  , , , -
 1.  = × . -

 : x
, b

                          x ( , b) =
(0,0), 0,

( ,0) 0.
b

x a b
 
 
 

              (5.1.4) 

, : x  x  – m-
m- .. , x, y , b . b  0, -

  (5.1.4)    (6) . 1.1  
(x + y) ( , b) = (0, 0) = (0, 0)+ (0, 0) = x ( , b)+ y ( , b), (x y) ( , b) = 

 = (0, 0) = (0, 0)(0, 0) = (x ( , b)(y ( , b), (x y) ( , b) = (0, 0) = 
= (x 0, 0) = x (0, 0) = x (y ( , b)).

b = 0   (5.1.4)  
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(x + y) ( , b) = ((x + y) , 0) = (x + y , 0) = (x , 0)+ (y , 0) = 
= x ( , b)+ y ( , b), (x y) ( , b) = ((xy) , 0) = ((x )(y ), 0) = 

= (x , 0)(y , 0) = (x ( , b)(y ( , b),  (x y) ( , b) = ((x y) , 0) = 
= (x (y ), 0) = x (y , 0) = x (y ( , b)). 

,   ( , , ) m- - . -
: × ,

( ) = ( , 0). - . -
, x (x ) = (x , 0) = x ( , 0) = 

= x ( ).  ( . 5.1.4), 
 : ,    

                                               = Id .                                                (5.1.5) 

B

A <<

<

A

IdA

. 5.1.4
, b

                                  ( ) = (( , 0)), (b) = ((0, b)).                        (5.1.6) 
,   –  ,

 : , b
                                          (( , b)) = ( ) + (b).                               (5.1.7) 

  (5.1.5),   : ( ) = (( , 0)) =  
= ( ( )) = .   (5.1.7)  
                                             (( , b)) =  + (b).                                  (5.1.8) 

  –  ,   (5.1.8)  
, b, c, d

(( , b)(c, d)) = (( c, b d)) = c + (bd) = (( , b)) ((c, d)) = (  + (b))( c + 
+ (d)) = c + (d) + (b)c + (b) (d) = c + (d) + (b)c + (bd). 

, (d) + (b)c = 0. , = 0, c = 1,



95

, (b) = 0  b .   (5.1.8)  
, b

                                                (( , b)) = .                                      (5.1.9) 
  (5.1.4)    (5.1.9), , b ,

b 0 , x   0 = ((0, 0)) = (x ( , b) = x ( ( , b)) = x . -
, - . C

 [35] -Mod,
-

-Mod ,
- -Mod  -

 1.
           4.   (A, +, ·) – ,
| A | > 2, ( , +, ·, ) = ( 0

AA , +, ·, ). -   ( , A), f = f( )
f , , .

         . , e.a., I StA, {0} I A .
I,  0, b A, b I

f f  = b. I b = f – f 0 I,
. , A – - .

          5.   (A, +, ·) – 
 1, | A | > 2, ( , +, ·, ) = ( 0

AA , +, ·, ). m-   –  .
         . , e.a., J ( ),
{c0} ÊI . A -

f 0
AA  : b A {0}, f (b) = . , -

0
AA ,

AA  ( ., , . 3.1  [39]). 
, b A f 0

AA  : 

         1. fa  fb = fa b . 
         2. fa fb = fab . 
         3. f f 1= f .
         4. f  fa = ff(a).
         5. f0 f  = f0.

                                              I = { A |  f J }.                                    (5.1.10) 
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1 2 I   (A, +, ·). , I,
b A f 0

AA , , 1, 4, , J ,
f f (  + b) – f ( ) = f f (  + b) – ff(a) = f ( f + fb ) – f  fa J. , I StA,

- A  4, I = 0, I = A. -
, . , J 0{ }f ,

, b A f J , f ( ) = 
= b  0. , J 4, 

fb = ff(a) = . f  fa J.   (5.1.10)  , b I  0. 
I = A. f1 J 3 J = .

, 0
AA  – m- .

          2. K0 -
.

         . A –
K0, A  0.   ( , + , ·) = ( × , + , ·),
( × , +)   ( , +)    ( , +), -

 : , b m, n
                                   ( , m)(b, n) = ( b + n  + m b, mn),                      (5.1.11) 

  0 = 0 , n  = 
ðàç

...
ï

à à à   ( n)  = (n ), n . -

,   § 11 [39], ( × , +, ·)  –  -
  (0, 1), :  ( , 0)  -

. A-
. A -

 : , b A, n ,

.                                    ( )((b, n)) = 
( 0) 0

( 0), 0
a, , n ,

a b, n .
 
 
 

             (5.1.12) 

, m- . , , b, c A
. n  0,   (5.1.12)  

(  + b)((c, n)) = (x + y, 0) = (x, 0) + ( y, 0) = ( )((c, n)) + (b)( (c, n)) = 
= ( ( ) + (b))((c, n)), ( b)((c, n)) = ( b, 0) = ( , 0)(b, 0) = 

= ( ( )((c, n)))( (b)( (c, n))) = ( ( ) (b))((c, n)), ( b)((c, n)) = ( b, 0) = 
= ( )( (b)((c, n))) = ( ( ) (b))((c, n)). 

n = 0, 
(  + b)((c, n)) = ((  + b) c, 0) = ( c + b c, 0) = ( c, 0) + (b c, 0) = 

= ( )(((c, n)) + (b)((c, n)) = ( ( ) + (b))((c, n)). 
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, ( b)((c, n)) = ( ( ) (b))((c, n)), 
( b)((c, n)) = ( b c, 0) = ( )((b c, 0)) = ( ( )( (b)((c, 0) = 

= ( ( ) (b))((c, n)). 
,   

(  + b) = ( ) + (b), ( b) = ( ) (b), ( b) = ( ) (b).
, m-   (A, , ) m- .

, . , Ker ,
(5.1.11)  ( )((0, 1)) = ( , 0) = (0, 0),  = 0.   
         - A -

- 0
BB - A ,  = idA.

,  – - 0
BB A,

– ,  5 -
0
BB   –  . ,

, 0
BB A.

          1
           1.  ( - ) - -

- - -
, -

.
            2. -

 [41, 62, 65], …. -
.

5.2. -

           [17] -
. - , -

-Mod  0 -
C. -

. -
-

 [4]. , - , -
- - , -

- -    
,  = , -

, .
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C B

A

< <<

. 5.2.1

         , - . ,
,

          1.   = i
i I

A   –  -

  {Ai }i I . - . -
, - i.

          ( ., ,
[74])  .
         1. m- ,

m- .
          2. m- , -

.
         . . , m-

I ( ).     5.2.1, 
 = I  = natI: ⁄ I,  = Id ( ⁄ I). 

,  = id ( ⁄ I). , inter alia,
.  =  : .

, :
Ker ( ( )) = 0 ( ) = 0 I.

, I -
.

         . m-
m- . -

  5.2.1, .
I = Ker . ,  = ⁄ I  = I  = natI: ⁄ I. . 

I = Ker
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m- . : ⁄ I -
,  = . ,

( ( )) = ( ( ( ))) = ( (  + I)) = ( ), ,    
(  + I) + I =  + I,  = Id ( ⁄ I).  = : ,

 =  = . , m- .
          2.3.1  
           1. m- ,

-
m- .

            1. e  –  - ,
e E( )*. e - -

- .

5.3.

         m- Im( , )  –  

Hom( A,B )

Im m- , Ker(A, B)  –  
( , )Hom A B

Ker

m- . m- , m- -
Hom( , ) -

Hom( , ) , 0. , m- -
, m-

Hom( , ) -
Hom( , ) , 0.

          1. m- , -
, m- -

                                                Im( , ) = .                                         (5.3.1) 
          . . -

, – - .

Hom( A,B )

Im B . B , B  = nat B :

⁄ B   –  . – ,
Hom( , ) , B 0. Im B ,

B .
B  = .
         . , m-    

  (5.3.1)  , – .
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  –  m- , Hom( , ) 0.
Hom( , )  = 0,   (5.3.1)   =

=
Hom( A,B )

Im Ker , 0.

, Hom( , ) , 0, - -
.

            2. m- ,
, m-

                                               Ker( , ) = 0.                                     (5.3.2) 
           . . – -

,   (5.3.2)  -
m- . J =

( , )Hom Â À

Ker   –  . -

J m- . Hom(J, )
0. – , Hom( , ) ,

0. J Ker , -
J. , J = 0   (5.3.2)  .

         .   (5.3.2)  m-
, – . ,

Hom( , ) - m- , 0.
Hom( , )  = 0,  (5.3.2)  ( )

( , )Hom Â À

Ker  = Ker( , ) = 0, 0.

, – .
          1. – m- , – Im( , ) =
= . m- – .
         . – m- , –

Im( , ) = . , D – m- ,
Hom( , D) 0. – ,
Hom( , ) , 0. Hom( , )

 = 0, Hom( , ),  = 0, -

Hom( A,B )

Im Ker .  = Im( , ) =

=
Hom( A,B )

Im  Ker , , 0. -

, – .
        
         2. – – m- ,
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Ker( , ) = 0. m- – .
         1. m- .
        ) m-  – ;
        )   {Ai }i I . m- -

i
i I

A ;

        )   {Ai }i I. m-
i

i I
A ;

         ) m- : i
i I

A

  {Ai }i I .
m- m- ,
                                                  Im  = .                                        (5.3.3) 

        . ) ). – A  =
= i

i I
A –   { Ai }i I . m-

. i : Ai – m- Ai

A , i I. , – m- , Hom( , )
0. – , Hom( , ) ,

0. i I - Ai - , -
i. 0

,
                                                        i 0                                                                   (5.3.4)

i I. ,
 : A -

                                                      i = i                                             (5.3.5) 

i I.   (5.3.4)    (5.3.5) 0 i = i -

i I, , 0. , A   –  .
         ) ). .
         ) ). A  = i

i I
A –

{ Ai }i I . m- . i I i  : Ai – -

m- Ai A . , – .
, – m- ,        
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Hom( , ) 0. A – ,
Hom( A , ) , 0. i I

i  = 0, 0 i  = 0

 = 0, . -
, m- Ai   –  , Ai, –

. , ), ), ) .
           ) ). – .  1  

m-   (5.3.1). -
m- . I -

Hom( , ). I A   –  -
m- . A  : 

A     ; A A m- A -

A  = 
I
A { } IA m- . -

 : A    
                                                          =                                                 (5.3.6) 

I.
                                                   Im  = .                                          (5.3.7) 

,   (5.3.6), ( ( A )) = = ( A ),

I ( ( A ) = ( )), ( ( )
I

A ) = ( ( ))
I

A  =  

 = ( )
I

A .   (5.3.1)  

Im  = ( A ) ( ( )
I

A )  = 

= ( )
I

A  = Im ( , ) = .

 (5.3.7), .
          ) ). – m- . ) ,

  {Ai }i I . m-
 : A  = i

i I
A m-

,   (5.3.3). , i I i  : Ai A –   
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m- Ai A . i  : 
 Ai m- Ai, i I. i I i =                

= i i  : . , – m- ,
Hom( , ) 0. , e.a., i I i = 0,

i = i i  = 0 i   – , i = 0.

, ( i (Ai)) Ker , , ( ( ))i i
i I

A  = 

( ( ))i i
i I

A  Ker . , . 2.5  

( )i i
i I

A A -m- , ,

( A )) Ker Ker ,   (5.3.3)    =  
= Im  Ker , , 0. -

, i I i 0, 0.
, – . ) . .

        
         2. m- .
        ) m- – ;
        )   {Ai }i I . m-

i
i I

A m- ;

        )   {Ai }i I . m-

i
i I

A -

m- ;
         ) m- -m- -

  {Ai }i I . m- .
           1.  2   2.
          2. .
         m- ,

m- Hom( , ), -
Hom( , )    

Hom( , ) , -Mod.
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§ 6. 

           [17] 
.

6.1. - -

           -m-   m-  ( ), 
- - SubA   = ,

 =   (  : ),  ( ), -
-m- SubA    = 0  = 0, (  : ).

-  (i- ), -
(A)  +  = ,  = ,  (  :  

),   (i- ), (A)
 = 0 ,  = 0  (  : ). 

          Hom( , )  ( ),
Ker ,  ( ), Im , i- ,    
Ker , i- , Im .
        
           1.  -m-   m-

.

           1º.  Sub ( ).

           2º.  Sub ( 0 0). 

           3º. (A) (  + ).

           4º. (A) ( 0 0). 

           5º.  0& ). 

           6º.  0& 0). 

           7º.  0& ). 

           8º.  0& 0). 

           9º. 0 & 0 .
         1. , Sub , D E – m- .

:

       ) ;

       ) 1{ }n
i iA , n , -m-
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m- , i {1, 2,..., }i n   , 
1

n

i
i

A ;

) Hom( , D), ( ) (D), ( )  D;
) Hom( , D), Hom(D, E),   –  i- -

, Hom( , E)  – i- -
.

         . ) . , D
D = .  = D D,  = D –

-m- , , D = ;

) i {1, 2,..., }i n .
n. n = 2. , D

( 1 2) D = . 1 ( 2 D) = , 1 ,
2 D = , 2 , D = . , 1 2 .
n > 2 -m- ,

, n . , D   (
1

n

i
i) D = 

= .   (
1

1

n

i
i) ( n D) = 

1

1

n

i
i , n D = , n ,

D = . ,
1

n

i
i   ( ) ;

) Hom( , D),  ( ) (D). , E  D
                                               ( ) E = D.                                   (6.1.1) 

( ) D, ( ) + E = .
a b   e E , (a) = 

=  (b) + e. e = (a) – (b) = (a – b). -
, a – b

1

(E) a  + 
1

(E).

,  =  + 
1

(E) = 
1

(E), ,
1

 (E) = . , ( ) =                

= (
1

(E)) = E ( ), , ( ) ( ) E,

(6.1.1) E = D,  ( ) D.
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) Hom( , D), Hom(D, E),   –  -
. I = Ker( ). 

, I =
1

 (Ker ). , I = .
I , , I + = .

D = ( ) = (I + ) = (I ) + ( ) = (
1

(Ker )) + ( ) = Ker  + ( ).

, ,
                                                    ( ) = D.                                           (6.1.2) 

                                                Ker  +  = .                                       (6.1.3) 
, a .   (6.1.2)  ,

b (a) = (b), (a – b) = 0  a – b Ker . ,
a Ker  + . a   (6.1.3). -

-
 = . , .

         . - , Subº  =
= { Sub  |  }.   ( )   ( ) -

            2. Subº
Sub .
            3. .

                                 (( ⁄ ) ( ⁄ ))&( ).                      (6.1.4) 

         . , .  1 
. ,

                                                      ⁄ ⁄ .                                            (6.1.5) 
, D Sub ,  D   ( ⁄ ) (D ⁄ ) = ⁄ .

D = -
D = D ⁄  = ⁄ ,  (6.1.5).  

          , ,

                                                                                                             (6.1.6)
 (6.1.9). D Sub    

                                                        D = .                                               (6.1.7) 
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E =  + D.   (6.1.11)  -
E = ,

( ⁄ ) (E ⁄ ) = ⁄ .   (6.1.2)  E ⁄  = (  + D) ⁄ = ⁄
, ,  + D = .   (6.1.6), D = 

= . , .   (6.1.4)  .
         -

  “  ”, ,
 1. 

          2. ) D, , (A), D .

D ;
) 1{ }n

i iA , n , m-

, i {1, 2,..., }i n ,
1

n

i
i

A ;

) Hom( , D), ( ) (D), ( )  D;
) Hom( , D), Hom(D, E),   –  i- -

, Hom( , E)  –  i-
.

          . ) D, , (A), D
. , D . , E (A)

                                                     D + E = .                                          (6.1.8) 
 = D + E  + E,  =  + E. -

(A) (  1.1.1),  =  =  +
+ E. E = 

 E, D  E.   (6.1.8) E = . -
, D   ( ) .

,
 1. 

         . m- , ( ) = 
= { (A) |  } . ) ) -

           4. ( )    
(A).

          3  
           5. , (A) .

 (( ⁄ ) ( ⁄ ))&( ). 



108

          3. m- a .

                                             < a >  a ( ).                                 (6.1.9) 

          . .   < a > , ex
adverso, a ( ).   (4.1.23)  

-m- Ma , a . , < a >
  < a >  = .

-m-   < a >  = ,
. , a ( ).

        . , a ( ) , -m-   < a >  
.

                                   = {  Sub  | , < a >  =  }                     (6.1.10) 
. -

 ( )  ( ) { }i i IC  = i
i I

C .

,  =
i I i  Sub  (6.1.14)    

         < a >  = < a > (
i I i) = 

i I
 (< a > i) = 

i I
 = .  (6.1.11) 

a , a i
i I

C i I  a i.

< a > i i ,  (6.1.10)   = < a >  = , -
. , a   (6.1.11)  

(6.1.10) . , ,
. . , Ma . -

, Sub . ,
(6.1.14),  = < a > < a >

                                                       = < a > .                                        (6.1.12) 
a ,  = . -

  < a >   (6.1.12)  =
= < a > ,  = . , Ma .
a ,   (4.1.23) a ( ) .

, < a > . (6.1.13)  . .
         
          4. m- a .

                     a  a {  | Ma (A) }.          (6.1.13) 
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        -m- .
        5. ) D, ,  Sub , D D .

;
          ) 1{ }n

i iA , n , -m- m-

{1, 2,..., }i n i ,
1

n

i
i

A ;

          ) Hom( , ),  , 
1

( ) ;

          ) Hom( , ), Hom( , ),   –  
, Hom( , )  –  -

.

          . ) D D . -
,  = 0. D  = 0.

D  = 0 D  = 
= 0. , ;
        ) i {1,2,..., }i n . -

n. n = 1 .
n > 1 ,

-m- n.
1

n

i
i

A = 0. 

1

1

n

i
i

A ( n ) = 0
1

1

n

i
i

A ,

n  = 0, - - n -

 = 0. ,
1

n

i
i

A , -

;
        ) Hom( , ). , D
                                                                             

1

( ) D = 0.                                       (6.1.14) 

b (D), d D b = (d).
d

1

( ) D = 0   (6.1.14), b = 0. , (D) = 0  

, , (D) = 0. 
D

1

(0) 
1

( ),   (6.1.14) , D = 0.

,
1

( ) ;
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         ) Hom( , ), Hom( , ),   –  -
. . -

, . , D Sub    

( ( )) D = 0. (
1

(D))  D  ,    

( ( )) (
1

(D)) = 0. b ( )
1

(D),

(b) ( ( )) (
1

(D)) = 0, (b) = 0. 

b = 0. , ( )
1

(D) = 0. 

, ,
1

(D) = 0. ( ) D, -

b  = (b) D. b
1

(D) = 0, b = 
= 0  = (0) = 0. , ( ) D = 0 -

, D = 0. , ( ( )) -
, ) . .

          : Sub×  = { Sub  |  }. )
)

           6. Sub×

Sub .
           6. - .

( 0a A a [ ] ( ( ) 0 & ( ( )f t t f a f a B

                                   K( ( ) 0 & ( ) ))).x x f a x f a B                     (6.1.15) 

           . . .  1 -
Su 0. a

a  0.   < a >  0 < a >  0. ,   < a >r
  ( , +, ·), a,   < a > -

f [t]t
t = a. < a >r 0,

f [t]t f (a) 0 f (a) . ,  < a >r =
= 0. a Su . a 0,

( a) 0, x x a 0, x a
f t.

a  0. f [t]t , f (a) 0
x f (a) = 0  x , < a >r = < a >, -

< a >r = 0 < a >  0. , -
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f [t]t , f (a) 0. f (a) ,
, (  f (a))  0 x

x f (a) 0   x f (a) .
          .   (6.1.15)  . ,

. ,  0. 
a . , -

  (6.1.15), , < a >  0,  0, -
.

            7. ) D, , (A), D D .
;

          ) 1{ }n
i iA , i , -

, {1,2,..., }i n i ,
1

n

i
i

A ;

) Hom( , ),  , 
1
 ( ) ;

) Hom( , ), Hom( , ),   –  i- -
, Hom( , )  –  i-

.
           . ,

 5 , -
.

           : ( ) = { ( ) |  }. )
)

           7.  ( )
( ).

           1. .
         . .

           ) ;
           )   {ai | i I} -

 (  [32])  {bi | i I } - - -
  {ai – bi | i I} - ;

           )   {ai | i I} -

- .
.         2. , Ma  = , -

- - - ,
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Ma ( ) = , - -
.

          3. .
         ) - ,

1{ }n
i iA , n . , 1{ }n

i iB   –  
- - , i i {1,2,..., }i n .  =  

=
1

n

i
i.  = 

1

n

i
i ;

         )   = 
1

n

i
i  – 1{ }n

i iA -

( n ) Sub . -
.

        1)  i i {1,2,..., }i n ;

        2) 
1

n

i
( i) ;

       3) .

6.2. -m-

        -
m- . -

Sub . - -
( , . . ),  =  + -

-m- D  = D.

 =  
. .

. -
( , i. . . ),  =  + ,

D  =  + D. 

 = 
. . .i

. - - -
,  = 0 ( , . . ,)

- - D
D = 0. -

( , i. . . ),  = 0  
D D = 0. -

, - .
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            1. , ( )
                                                  = .                                         (6.2.1) 

. . , i. . . , . . , i. . . .
.   (6.2.1), 

                                                       = +                                                (6.2.2) 

                                                       = 0                                              (6.2.3) 
, . . . , D ,

 =  D D .   (6.2.1)   2.2.1 
,  = 1 × 1, 1 1  – - , -

,  = 1 × 0  = 0 × 1. D ,
- - D1 1, D, D = 

= 0 × D1.   (6.2.1) , ,
 + D = 1 × 0 + 0 × D1 -m- , -

D,   (6.2.2)    =  D =  + D = 1 × D1 =
+  = 1 × 1, , D1 = 1 D = . ,

-m-  = . -
 = +  = . -

, . . i. . . .   (6.2.3) . . .
,

i. . . .
           1. , D Sub
                                                    D = 0                                            (6.2.4) 

-m- Sub , D . .
.

         .
                                          = { Sub  |  = 0 }.                             (6.2.5) 

  (6.2.4)  D . { }i i IC  – , D

.  = i
i I

C . ,  =
i I i Sub

i i I,   (6.2.5)   = ( i
i I

C ) =

= ( )i
i I

B C = 0
i I

= 0, .
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, , ,
, D . , . . .

        
         2. Sub , D ( ) D = 0. 

( ) , D i. . . .
         3. , , D Sub
                                                      = + .                                             (6.2.6)

:
                   ) . . ,

                                                  ;                                          (6.2.7) 
        ) . . D . . , D , D ,

                                                      ⁄ D ⁄ D.                                           (6.2.8) 
         . )   (6.2.6)  . .

. , D
                                                    ( ) D = .                                       (6.2.9)

,   (6.2.6), 
 = +  =  = (( ) D) = (  ( )) D = D.

, D . . ,
 = D;

          ) , , D Sub

                                                              = 
. .

.                                            (6.2.10) 

                                                               = 
. .

 D.                                          (6.2.11)

, D D .
(6.2.8). , D   ( ⁄ D) ( ⁄ D) = ⁄ D.

   
                                                               = .                                             (6.2.12)

,
                                                              = D + H                                              (6.2.13) 

-m- H .
                                              H = {  |  + D  }.                                (6.2.14)
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, H - - m- .
(6.2.14)  , H D . ,

1, 2 H.   (6.2.14)  1 + 2 1 2 –
( 1 + D) + ( 2 + + D)  + , ( 1 + D)( 2 + D) .

, D D –   ( , +, ·), 

( 1 + 2 ) + D = ( 1 + D) + ( 2 + D) + D  + ,

( 1 2 ) + D  ( 1 + D)( 2 + D) + D  + ,

1 + 2, 1 2 H H   ( , +, ·).  
         ,  = -Mod.  x h H,

  (6.2.14)  h d D -
e = h + d . , Su , D St , -

x h , x e , x ( h + d) – x h D. -
D ,  : 

x h + D = x  (h + d) – (x ( h + d) – x h) + D = x  e – (x ( h + d) – x h) +
+ D  + D + D + D  + ..

,   (6.2.14)  x h H H  Su .   (6.2.14)  
H + D . -

, e  –  .   (6.2.11)  
d D, e =  + d. ,

D ,  + D = e – d + D 
– D + D + D  + ..   (6.2.14)  

H e H + D. ,  H + D    (6.2.13)  
.

        ,  = K 0. 1, 2 H. -
  (6.2.14)  2 d D

e = 2 + d . H D ( ), -
1 2 , 1 e , 1 ( 2 + d) – 1 2 D.

D ,  : 
1 2 + D = 1  ( 2 + d) – ( 1 ( 2 + d)– 1 2) + D = 1 e  – ( 1 ( 2 + d)– 1 2)

 + D + D + D  + ..

, 1 2 H H .   (6.2.13)  
,  = -Mod.

        ,   (6.2.12) D ,  =  =
= (D + H) ( + H) = + H. ,  = + H



116

H ,   (6.2.10)  , H = .   (6.2.13)  
  (6.2.11)   = D + H = D +  = . ,
⁄ D  = ⁄ D,   (6.2.8). 

          4. Sub , ( )

                                                              = + .                                                  (6.2.15)
:

       ) ,    i. . . , :

D ( )( (( ) ));D C B C D C D C      (6.2.16)

        ) D

                                                               = 
. . .i

,                                                (6.2.17)

                                                              = 
. . .i

D,                                                (6.2.18) 

                                                             = D 
. . .i

,                                               (6.2.19)

                                                             ⁄ D ⁄ D.                                               (6.2.20) 
       . ) , , D ( ), D -

  (6.2.17). ,    
                                                         ( ) + D = .                                          (6.2.21) 

  (6.2.17),   = +  = + ( ) + D =  + D. 
i. . . ,  = D. ,

-   (6.2.16)  
  (6.2.15). , D ( ), D ,
 =  + D.

( , +),  =  = (  + D)  = ( ) + D. -
  (6.2.16)   = D.
i. . . . ) ;

       ) , , D ( ),   (6.2.17)  
(6.2.18). ,  i. . . D.   (6.2.18)   = 
= D + . , ,

                                                                = D + .                                               (6.2.22)
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  ( , +), 
 =  = (D + )  = (D ) + . ,   (6.2.17), -

 =  +  =  + (D ) +  = (D ) + (  + ).
(D ), (  + ) ( ) ( )

D = D = ((D ) + (  + )) D = (D ) +  + ) D.
  (6.2.18)    (6.2.16)   = ,  = D  

D = (  + ) D, ,   (  + ) D = D, ,
D  + . ,   (6.2.22),  :   = D +  +  + 

 + . ,  =  +   (6.2.17)  
= .   (6.2.19)  .

          (6.2.20)  , , , D ( )
 (6.2.17)   (6.2.18)  , , D . -

  (6.2.20).   , ( ), D
  ( ⁄ D) + ( ⁄ D) = ⁄ D. ,

                                                             +  = ,                                             (6.2.23)
D  =  + D   (6.2.18), 
( )  =  = (  + D) = ( ) + D. , -

D ,

 =  +  =  + ( ) + D = ( ) + (  + D) = ( ) + .
, ,   (6.2.17),   = 

. ,   (6.2.18)  D ,  = 
=  + D  +  = . , ⁄ D = ⁄ D

⁄ D ⁄ D.
         5. Sub , ( )
                                                            = 0.                                             (6.2.24)

:
           ) i. . . ,
                                                  (  + ) ⁄ ⁄ ;                                     (6.2.25)
            ) i. . . , D i. . . ,

i. . . D;
         )  D, i. . . , D i. . . ,

( ) D  = 0,  = 0;
            ) i. . . ,

                                                            + .                                              (6.2.26)
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         . ) i. . . . Sub ,
( )   (6.2.24). ,

D - , ,
                                               ((  + ) ⁄ ) (D ⁄ ) = 0.                              (6.2.27)

                                                     (  + ) D =  .                                        (6.2.28) 
  ( , +)  

 = (  + ) D = ( D)+ , D . -
  (6.2.24)  D = D  = D = 0 D = 0. -

i. . . D = .   (6.2.25). 
         , ,  Sub , ( )   (6.2.24)  

  (6.2.25). D ( ),  D D = 0.
  ( , +)   = ( D) + =    

= (  + ) D,   ((  + ) ⁄ ) (D ⁄ ) = 0, 
  (6.2.25)  D ⁄  = 0. -

, D = i. . . . ( ) .
           ( ) , , i. . .

D i. . . .
                                                          D = 0.                                              (6.2.29)
          , ( ), 

                                                           D  = 0.                                             (6.2.30)
D i. . . , )

                                                  (  + D) ⁄ D ⁄ D.                                    (6.2.31)
)   6.1.7   = D = natD : 

⁄ D
                                                        + D  .                                            (6.2.32)

(  + D) .
d D ,  =  + d. , , d =

= – – – ,   (6.2. 30)  d D  = 0
d = 0. ,  =  = 0 i. . . . -
,

                                               (  + D)  = 0.                                 (6.2.33) 
,   (6.2.33)    (6.2.32)  -

 = 0, ,
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i. . . ,  = . , i. . . D.
) .

         ) ,  D, i. . . , D
i. . . . , ,   (6.2.24)    (6.2.29). 

, ( ),

                                                        D                                             (6.2.34)

                                                       = 0.                                           (6.2.35)
,  = 0.

                                                   (  + ) = 0.                                    (6.2.36)
, b (  + ). -

b =  + , ,   (6.2.34)  
 D,  = b – – D – D D. ,

(6.2.29), D = 0  = 0.   (6.2.35)  
b = 0 +  = 0 b = 0. , (6.2.35)  . ,

,  + i. . . ,
 +  = . ,   (6.2.34)  

  (6.2.29)   : D = 0  = 0, -
).

        ) i. . . .   (6.2.24)  
 2.2.2  +   = . , D ( )

( + ) D = 0.   ( + ) + D = ( ) D = ( D). -
, ( + D) = 0, ,  = + D = D D = 0

, + D i. . . .
, + . ) . .

         1.  2.
         2. -

, .

        ) , , D ( ). . . D . .
, D , ⁄ D ⁄ D.

        ) Sub , ( ), i. . .
,  = 0 (  + ) ⁄ )  ( ⁄ ). 

        ) Sub , , D ( ), . . ,
D . . , . . D.
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  II 

-

§ 1. 
-

1.1.

         , m- ,
| Sub | = 2  ,   | (A) | = 2. -

m-   §12   [39].  = -Mod -
m-   – - .  ( . 3.5  

. I), - ,  = 0 -
,  0. , ,    
 = 0 ,  0. - -
 [39],  =   ( 

- ). -
,

, .  9.2.1  
[39]  , - ,

  ( , +, ·).  9.4.1 -
 9.4.1 , ibidem, , -

 ( . . ),
- K K -

. -
, - .

-
- . - -

  –  .
         1. – - . -

, ,
- .

        . x , a . -
x (a + ) = x a +  + 



121

, ( ⁄ ) = 0 ⁄ – -
- .

          1. -
.

1.2. -

           ( . 3.1 . I), m- ,
(A) = Sub .

           1. -m- m-
.

         
           2. m- -

.
          2.2.4  I
           3. m-

m- .
           [56]  
           4. m- ,

-m- ,
, m- .

         ,
.  ( . 3.1 . I), - -

, x x – : -
  ( , +, ·). 

           1. -
- . :

          1) – - , -
- ;

          2) ,   –  .
          . 1) , -

 = 0,   –  - , -
,

                                             +  =                                   (1.2.1)
 2.2.2. , – -

- , b
c ,  = b  = c.

1 = { x b | x c = 0 }. , 1 - . -
, x, y, z K x c = y c = 0, . x b, y b 1,
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0 = x c + y c = (x + y) c,   0 = (x c)(y c) = (xy) c,
0 = z 0 = z (x c) = (z x) c.

, x b + y b = (x + y) b 1, (x b)(y b) =
= (xy) b 1, z (x b) = (z x) b 1. , 1 .

- 1 = 0, 1 = . c
= 0, - . , 1 = 0, 

 : K( 0 0).x x c x b
, -

,
                             K( 0 0).x x c x b                      (1.2.2) 

: , x
                                          (x b) = x c.                                (1.2.3) 

,   –  - .
, . , x, y K x b = x b,

(x – y) b = x b – y b = 0,   (1.2.3)  0 = (x – y) c = x c – y c
x c = y c. ,   – - .

, , x, y  K   (1.2.3), 
(x b + y b) = ((x + y) b) = (x + y) c = x c + y c = (x b) + (y b), 

((x b)(y b)) = ((xy) b) = (x y) c = (x c)(y c) = ( (x b))( (y b)), 
(y (x b)) = ((y x) b) = (y x) c = y (x c),

  –  ,   (1.2.2). 
0  ( ) ,

( ) = . ,   –  .
         
                       D = {  + ( ) | }  + .                 (1.2.4) 

  (1.2.3)  x ,
 = x b,    

D = { x b + (x b) | x } = { x b +  x c  | x } = 
= { x (b + c)  | x } = (b + c)  Su .

, D St . ,
D. , d , x

  (1.2.1), 
x  + (x (  + d) – x d)) = x  + (x ( (  + d)) – x (d))= x  + 

+ x ( ( ) + (d)) – x (d) = x (  + ( ) + (d)) – x (d) D.
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, x , (x (  + d)) – x (d) , x  +  (x )  D,
D

, (x ) = (x (  + d) – x d))  x  = x (  + d) – x d). 
,

                     , d x (x (  + d) = x  + x d).              (1.2.5) 
         , –

- . ,
. , : – . -
D   (1.2.4). , , D

- . , , d ,   (  + ( ))d = 
d D. , d + ( d) D, ( d) = 0  d = 0. -

, . , d
x x ( d) = 0 = (x )(x d),   (1.2.5)  , –

- .
         2. -m- -

m- . m- ,
= 0 =  = ·  = · .
          . m- m- -

m- ,  + Sub . -
 =  + . ,

 = 0,   –  m- , -

                                            +  =                                  (1.2.6)

 2.2.2. 
         ,   –  m- m- .

D = {  + ( ) | }  + . ,
 1, , D Sub = (A). ,

b ,   (1.2.6)  ( ) b  = 0,
D (  + ( )) b = b + ( ) b = b = b + ( b).

, ( b) = 0    –  , b = 0. ,  = 
= 0 = . , ·  = ·  = 0.
          3. 

                                             A = i
i I

A –                                   (1.2.7) 

m-  {Ai }i I ,
m-  . -

– m- .
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          . i I Ai   –  
m- , i   Ai = < i >. i:  Ai   –  -

i = Ker i . -
, , (A)

-m-   m- .
,  = <  >  0.  n ,

I  = {1, 2, …, n} FinI , ,

                                           = 
a

i
i I

a ,                                 (1.2.8) 

i {1, 2, …, n} i = i ( ) Ai, i  0. ,

                                      = 
1

n

i
i

a .                             (1.2.9) 

, Ai i  0 Ai =
= < i >,   (1.2.9)  

. , (A). ,
n > 1. , < 1 > . F(t)
c m- K 0, t. -

, (t) F(t) i {2, …, n}
( 1) = 0 , ( i) = 0. i {2,

…, n}, :  A1 Ai, (t) F(t) ( ( 1)) = ( i), -
m- , , i  0. 
Ai   (1.2.7). -

, (t) F(t)
( 1) 0, i {2, …, n}( ( i) = 0). ,   (1.2.9)    (1.2.7)  

( 1) = ( 1) + 
2

( )
n

i
i

u a  = (
a

i
i I

a ) = ( ) . , A1 =

= < ( 1) > . , i {2, …, n} Ai , -

1

n

i
i

A = = 
1

n

i
 Ai .

1

n

i
i

A ,

(1.2.9). , .
          1.   (N, +, )  ( . . -

-   (N, )).   ( . .  = 
) N- . N- [71], -
: x N a,b A y N ( x ( + b) x b = y  ).  

            ( , +, , , ) - -
, -
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  ( , +, ). , - -
.

           1. :
         ) - ,

, , b   x, y K . z, u K ,
  (x )b = z , x (y + b) – x b = u ;

        ) - ,
,   <  > -

0
1

( ) ( )
n

i i
i

x f a f a , n , i {1, 2,…, n}, fi( ) [ ]a a

i {0, 1, 2,…, n}, b , x K -
f( ) [ ]a a   { f( )b, x (f( ) + b) – x b}

<  >.

1.3. -

        m- , -m-
, . . -m-

,
                                            = .                                   (1.3.1) 
            1.  ( -

)  [31].
            1. m- -

.
          m- , ,

, -
m- .

             [20], …, m-
, -m- -

.  2.3.1  
,  =  .

         [29], m- ,
.

        . m- -
,  – , -

  –  ,   –  ,
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m-   –  .  1 

           2. .

          3 .

         . m-    

,   (1.3.1)  

 2.3.1   = . – m-

. – m- .
,  = .  2.3.1  -

 (1.3.1)  .

.
           4. m- ,
Subº , ( ), Sub×  ( ) .
         . – m-

Sub .   (1.3.1) .
,  =  + ,  = 

 = 0. , Subº  = {0}. ,  = 0 ,
 = 0  = . , Sub×  = { }. -

, ( ) ( ) .
         m- -

 ( , , ), Sub
 ( , , , ).

         , Sub -
m- m- , ( . . Mi ) –  

-m- .  :

          1. -m- -
.

          . ,
-m- m-

. n 1, 2, …, n -
m- . .

= { Sub  |  }. , .   –  
 ( )  ( ) .
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D =
C

C . , D D. , e. a., D

= . 1, 2, …, n D i {1, 2,…, n}
i , i i. , , n  –  -m-

i., i n i {1, 2,…, n},  =
= < 1, 2, …, n > n  = n, . -

, D D .
. . -

, Ma . , Sub ,
,  = D.

, Ma . , Sub ,
m- .

           2. m- -
.

          . – m-
. , -m-

,  1  -m-
D Ma . , D (A) -

                                               = D .                                        (1.3.2) 
,

                                         = D ( ).                                 (1.3.3) 
, , D + ( ) . , ,

  (1.3.2)   = d + e  d D e . D ,
, e = –  d – D – , e

D+( ).  = D + ( ).   (1.3.2)  ,    
D ( ) = 0, -m-

 D  m- ,
(1.3.3).
             

⁄ D = (D + ( )) ⁄ D ( ) ⁄ (D ) = ( ) ⁄ 0 = .
D ,

- . , Sub .
          3.

                                    A = i
i I

A  –                                 (1.3.4) 
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m-   {Ai }i I , -
m- . (A). -

:
          ) J I,

                                  A = i
i J

A ;                         (1.3.5)

           )  I,

                                      i
i M

A .                            (1.3.6) 

          .

                = { L I |  + i
i L

A = i
i L

A }.      (1.3.7) 

i
i

A = 0, , , , .

, .   –  
. L  = 

L

L . , L ,

.
, Fin L . L ,

L.   (1.3.7)  

                             + i
i L

A = i
i L

A .                        (1.3.8) 

b i i i ,   (1.3.8)  ,
b + i

i E
a = 0 b i

= -Mod x K x (b + i
i E

a ) = x b

+ i
i E

x a .  = K 0 .

, (A) i (A) i I,     

 + i
i E

A = i
i E

A  + i
i L

A = i
i L

A . ,

L , , J. D =  + 
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+ i
i J

A .   (1.3.7)  D = i
i J

A . i I

D + i (A). D i = 0, 
2.2.2  D + i = D i. J { }J i , -

J . , D i = i i D. -

i   (1.3.4),  = i
i I

A D

 = D.   (1.3.5)  . ) .

        ),   = i
i J

A -

, ), 

 I,  = i
i J

A i
i M

A = i
i M

A .

(1.3.5) ,

⁄ 0 = ⁄ ( i
i J

A ) ( + i
i J

A ) ⁄ i
i J

A =

= ⁄ i
i J

A = ( i
i J

A i
i M

A ) ⁄ i
i J

A i
i M

A ,

.
        .

         4.  A = i
i I

A   –  m-

  {Ai }i I , m- .
(A). :

          ) J I,  A = i
i J

A ;

          )  I, i
i M

A .

            5. -
m- :

        1) m- ,
m- , ;

        2) m- ;
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          3) m- -
;

          4)
m- m- .
          . 1)  3,  = 0; 
          2)   3; 
          3)   (1.3.4) m-

  {Ai }i I m-  – 
m-   m- . -

i I. ( i) ( ).
i , ( i) = 0, m- ( i) i -

. ,  = ( ) = ( i
i J

A ) = ( )i
i I

A ,

, m- -
, 1)  ;

         4) .
          1. – m- .

-m- , , m- .
         . – m-
0 .

                                             0 = 
C B

C .                                  (1.3.9) 

 2 0 . m-
-m- D ,  = 0 D.

m- (  1  1.1.1) 
Sub ,  =  = ( 0 + D) = 0 + ( D)

0 ( D) = 0,  2.2.2   = 0 ( D).
D  0,  2  ( D)

0 +  = 0 ,   (1.3.9). -
D = 0,  = 0 -m- -

-m- .
           6. .
          2. – m- .

.
         1)  – m- ;
         2)  -m- -m-

;
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         3)  -m- ;
         4)  – m- .

         . 1) 2)  1. 
          2) 3). .
          3) 4).   (1.3.9)  –  m- -

-m- .   –  ,
-m- .

1)  4 – m- .
          4) 1).   (1.3.4)  m-

  {Ai }i I -m- Sub .
(A)  3 A =  

= i
i J

A J I.

.
            7.  = .
           2  
            8. m- .
        . 1.1, - -

- , -
- K K

, - p    -
p,

  ( , +, ·)  –  -
,   ( , +, ·) = ( p , +, ·)  –  .

          1.2.1  ,
.

         5. – - .
.

         .  = 
= { b   |  K b = 0 }  –  . -

, ,  = 0 -
- . ,

a  : , x a (x) = x .
- , a   ( , +)     

( , +). : a . -
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 (  3.1.1   3.1.1) , -
  ( , +)   ( -

)   ( , +)   ( , +). -
  ( , +). 

  K  ={0} , Su . ,  = 0
.

        -
- .

 3. – -

                                              A = i
i I

A  –                                 (1.3.10) 

  {Ai }i I -
. , :

          (*) i, j I, i j - Ai Aj ,
- .

          (**) i, j I, i j - Ai Aj – ,
,  ( . .

). 
        – - . , –

-   (1.3.13)  –  -
  {Ai }i I , -

  (*)    (**). 
          . . –

- .  1  
.     (1.3.10)  –  

{Ai }i I . , i, j I i j.
 1 – - -

 1.2.1. Ai Aj - , -
  1)  

- ,   2)  .
 3.1.1  Ai Aj – - . Ai Aj –

,   2)   1.2.1  -
,   (Ai, +)  

.
  (*)    (**)  . .

          . – -                 

                                           = ( )i i
i I

A   –                                (1.3.11) 
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  {Ai }i I -
, i I i  : i  –  ,

  (*)    (**). ,
– - ,

 2. , Su . ,
- . , , -

.   <  > = <<  >> -
,

.
          ,

J = { i I | i ( )  0 }  

                                              = i
i J

A .                                  (1.3.12) 

,   <  > ,
, .

        ,   | J | = 1. i J i = 
i   <  > = i =   <  > . ,

  | J | > 1.   (*)   (**)  
:

         ) – - .
         ) i J, , Ai  –  - ,

Aj j J {i}, -
  –  - .

         ) i, j J , i j Ai Aj – -
- .

         ) - .
  ( , +, ·)  - ,

,

                                          <  >·  <  >.                               (1.3.13) 

   

              J1  = { i J | Ai ·Ai = 0 }, J2 = { i J |  (Ai, +, ·)  –  }.  (1.3.14) 
, J = J1|_| J2 i J2,

  (Ai, +, ·)    [9] (
ip , +, ·)  
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pi, pi i
  (**).  

         J2 = .
  < >·  = {0}  <  >. , J2 .

i J2 ,   (Ai, +, ·) = (
ip , +, ·), 

ip c  =  + pi , . -

  “ ”. b – -
. , n 0 ,

                                                ·b = n 2,                                      (1.3.15) 
 ( . 5.1 . I)   

                   n 2= 2 2 2

0, 0,
... , .

n

n
a a a n

  
 
  

                (1.3.16) 

i J2. , -
i di , i ( ) = ic , i (b) = id . ,

i ( )  0 i 0 ( modpi )  , , i i 0 ( modpi ). 
J2 pi i ,

n i ic c idi ( modpi ), i J2

n 0 . ,

2 ( (ii J n 2) = n i ( 2) = n 2
i i ic n c c i ic d =

                         = ( ) ( )i i i ic d a b  = i ( b)).                  (1.3.17) 

i J1,   (1.3.14)   (1.3.16)  i ( b) = i (0) = i (n 2 ). -
,   (1.3.17)  , J = J1|_| J2,

(1.3.15). , b <  >. 
b   (1.3.13)  , , <  > St . ) -

;
       ) j J , Aj - ,

Ai i J {j}.
  (*)  Ai i J {j}  – .
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 = 
\{ }

i
i J j

A - .   (1.3.13)  -

                                               = Aj .                                     (1.3.18) 

. b  –  . -
 :  = j( ), d = ( ), e = j (b), h =  

= (b).   (1.3.18)  
                                       =  + d, b = e + h.                             (1.3.19) 

– - d  0, ,
), n 0 ,

                                             d·h = n d 2.                                  (1.3.20) 
, - Aj – ,

, g Aj ,    
                                              Aj = g.                                   (1.3.21) 

, Aj 0 ,   <  > = Aj. ,
(t) - F (t)

,
                                              g = ( ).                                      (1.3.22) 

  (1.3.21)  , e Aj,
x , e –  n 2 = x g. -

,   (1.3.18), (1.3.19), (1.3.20), (1.3.22)  ,   –  
- ,

b = (  + d)(e + h) = e + dh = n 2 + x g + n d 2 = 
= n 2 + x ( ) +  n d2 + x (d) = n  2 + x ( ) <  >. 

,   <  >   ( , +, ·). -
, y – -

. Aj St , y (  + e) – y e Aj -
  (1.3.22)  z ,

y (  + e) – y e = z g.
(1.3.18), (1.3.19) (1.3.22)  ,   –  - ,

y (  + b) – y b = y (  + d + e + h) – y (e + h) = y ((  + e) +
+ (d + h)) – y (e + h) = y (  + e) + y (d + h)) – y e – y h =

= y (  + e) – y e = z g = z ( ) + z (d) = z ( ( ) + (d)) = z ( ) <  >. 
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, <  > St . );
          ) J0  = { i J | Ai – -  }. 

  (*)  , Ai i J0

- , . . (  3.1.1)  
.

          J0 = J. – -
,   <  >  –  . , -

Ai i J -
, b   x    

x (  + b) – x b = x  + x b – x b = x <  >. 
, <  > St .

          , J0 J.    

J1 = J  J0,  = 
0

i
i J

A , D = 
1

i
i J

A . – , D –

- .
           (1.3.13)  
                                                  = D.                                       (1.3.23) 

b  –  .   (1.3.23)  -
, e d, h D, 0 d

  (1.3.20). D – - d 0, , ,
n 0 ,  (1.3.20). -

,  (1.3.23) ,
,

·b = (  + d)·(e + h) = ·e + d·h = d·h = n d2 = n 2 +  n d2  = 
= n  ( 2 +  d2) = n  2 <  >. 

, <  >    ( , +, ·). 
,    x – -

. ,   (1.3.19), 
(1.3.23), - - D,

:
x (  + b) – x b =  x (  + d + e + h) – x (e + h) = x ((  + e) + (d + 

+ h)) – x (e + h) = x (  + e) + x (d + h) – x e – x h = x (  + 
+ e) – x e= x  + x e –  x e = x  = x  + x d = x <  >. 
, <  > St . .
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           9. -Mod

.
        . – -

.   1  – - -
,  1.2.1  – .  2

 4
.  2, ,

- .
         . -

,  2.2.2  . I -
, , –

- .
            1.  3  ( -

) ,   [31]. 
 4. – m-

                                       A = i
i I

A  –                               (1.3.24) 

  {Ai }i I   -m- -
. , :

          (***) i, j I, i j   m- Ai Aj ,
m- .

          m- . , –
m-   (1.3.27)  –  -

  {Ai }i I m- ,
  (***). 

          . . –
m- .  1 -

.   (1.3.27)  –  
{Ai }i I m- .  1 –
m-  1.2.2. i, j I, i j

  m- Ai Aj ,  3.1.5  
. I m- . .

          . –  m-
(1.3.24) –   {Ai }i I -

m- ,   (***). -
,  3.1.6  . I m-
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m- .   (***)  ,
:

         )   –  m- ;
         )   {Ai }i I -

m- , ;
         ) m- ) ). 
          3.1.7 . I ) – m- -

. )  1.2.3. 
).  = , – m- ,

  (1.3.27)   {Ai }i  I  , 
m- , -

. , i I 2

Ai. m-
m- ,

-m- m- . b , c  = 
= < b + c > Sub . b = 0, Sub ) ( ). 

, b  0 , b ,
,  = < b + c >  < b > +  < c >  = < b > + < c >. 

,  2.2.3 . I  
< b >   < c >  ,   < b > < c > = 0, 
2.2.2 . I  = < b > < c >.  2.2.4 . I .

, , .
i I , i ( )  0. Ai ,

 < i ( ) > = Ai. , -m-  < b > m- -
 1.3.6. . I. 

I1 = , J1 = { x  | y C (x + y )}, I2 = , J2 = { y  | x (x + y )}.
, I1, J1 I2, J2 -m- m-

.
J1 + J2. , - J1 ⁄ I1 J2 ⁄ I2 .

, J1. b J2 , + b I.
( + I1) = b + I2. ,   4.2.1  

, - J1 ⁄
I1 J2 ⁄ I2. , - J1 ⁄ I1

1.3.6. . I, - J2 ⁄ I2 . , J2 I2,
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.  3 m- J2 -
 {Ai }i  I ,

-m- J2 ⁄ I2 -
  {Ai }i I. m- , -

.
, ( ) m- .

 2 , m- .

1.4. m-

           § 2 . I    [29]  - -
:

          1. ,
, ,

m- .
          2. m- ,

-m- .
          3. – m- ,

-m-
.

          1. . –
 m- . ( ) ( ) -

.
           2. ,  m- -

.

1.5. -

          -
m- .

          1. .
         . – m- .

, -m- ⁄ . -
,  =  C. C –

,  2.2.2   I  A = . , -
, ⁄ .  2.2.1, ibid., -

 × .  × 
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. D . m- , -
,  = (  × D) . ,    

                                        (  × D) +  =                                 (1.5.1)

            

                                (  D)  = {(0, 0)}.                          (1.5.2) 

H = ( ). H (A). -
  (1.5.1), 

        = ( ) = ((  × D) + ) = (  D) + ( ) =D + H.  (1.5.3) 

, D H. b ,    
(b, ) . , (b, ) (  × D)   (1.5.2)   = 0. ,
D H = 0,   (1.5.3)  ,  = D  H D

, , -
m- m- .

         , . ,
 2.2.5  . I -

m- .
        

.
          1. m- ,

.
        . . –

m- .  1.3.2 ,
 1.4.2  , . .

A = i
i I

A , Ai (A) Ai – m-

i I. i I ,
Ai . , . ,

 Ai.  1 Ai – m- ,
 Ai , Ai = C.

Ai  = 0, = Ai. ,  = Ai,
 = 0. , Ai .

. – m-

                                          A = i
i I

A  –                                     (1.5.4) 
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  {Ai }i I -m-
.

                       = { L I |  + i
i L

A = i
i L

A }.          (1.5.5) 

i
i

A = 0, , , , .

, .   –  
. L  = 

L

L . , L ,

.
, Fin L . L ,

L.   (1.5.4)  

                                 + i
i L

A = i
i L

A .                       (1.5.6) 

b i i i ,   (1.5.5)  , b + 
+ ii E

a = 0 b i i -

. i
i E

A i
i L

A = {0} , Sub

i
i L

A (A) i I,  + i
i E

A = i
i E

A

 + i
i L

A = i
i L

A . , L

, , J. D =  + i
i J

A .   (1.5.4) D = = 

i
i J

A . j I D +  

+ j . D j = 0,  ( i
i J

A ) j  = 0  2.2.2  

.  I 

              i
i J

A + j = . i
i J

A j = 
{ }

i
i J j

A    (1.5.7) 

D j = 0 ,
{ }

i
i J j

A = 0, 

 +
{ }

i
i J j

A =
{ }

i
i J j

A . ,
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J { }J j , J . ,
D j 0 j j

D. j   (1.5.3), 

 = i
i I

A D  = D =. i
i J

A . , -m-

m- , , – m- .
          -

, , , ,  .  1.3.1, 1.3.3, 1.3.6, 1.3.7  -
 1

= , .                   (1.5.8) 

 = .                                (1.5.9) 

        - ,
m-   –  , . .  = 0, -

.
         1.   ( , +, ·) = ( , +, ·)  –  . -

  | (A) | = 2, SubA (A),   –  ,
- ,   ( , +, ·, )  –  , m- .

–  , m- -
.

          2.   ( , +, ·) = ( p p , +, ·)  –  

p .  1.3.3 –
, - , m- .

( , +, ·, ) ,   1.3.4.
           3.   ( , +, ·) = ( , +, ·)  –  

- .. SuA = StA -
. MiA = , -

.  m-  . ( , +, ·, )  –  ,
.

         , .
          2.   (1.5.5)  , ,

 = . (1.5.10)
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        . ,   (1.5.8)  –  ,
. ,   (1.5.8)    (1.5.9)  ,    

 = . , –
m- , -

m-  (  1.4.2), 
,  1.3.2  

. ,  (1.5.10)  -
, -

 ( . 1.5.1). 

. 1.5.1

§ 2. 

2.1.

           -
m- -m- ,

. 3.6  . I  . 1.4. .
           1.

 A = i
i I

A  ( i, i) –                               (2.1.1) 
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m-   {Ai }i  I   -m- -
, i  I . i: i – , i : i – -

. :

         ) m- Ai  i I;
         ) m- Ai i I.

         , , (A) -

                                                 = ,                                        (2.1.2) 

: : –
c .  i I i

-m- i m- i SubA, ,

                     ( i  = i ) ( i  = i ).               (2.1.3) 

                              A = i
\{ }

j
j I i

A .                     (2.1.4) 

         .
i I.   (2.1.1)  ,

                         A = i
\{ }

j
j I i

A .                     (2.1.5)

D = 
\{ }

j
j I i

A .   (2.1.5)  ,

                                     A = Ai  D.                        (2.1.6) 

i 0. :
( ) 0 ( ) = 0, ( ) =0 ( ) 0, ( ) 0 ( ) = 0, 

( ) =0 ( ) 0, ( ) 0 ( ) 0.
i  = i i = Im i. i   –  -

- i , , -
, i - i. -

i, - i -
i. , i = 0. i

                                              = ( ) + ( ),                                   (2.1.7) 
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 = ( ), i = i   (2.1.4)    (2.1.5). 
. i

i .
Im( i) Im( i). D,   (2.1.7)  

i  D  (2.1.6). ,

                                               Im ( i) D.                                    (2.1.8) 

i  = i i = Im i. , i

(A). ,   (2.1.3)   3.4.1  
 I i m- -

  (2.1.6) m-
  (2.1.2). 

         ,

                                                 i D = 0.                                         (2.1.9) 

, i ( m- -
i) i D)  0, i D,   ((2.1.8). ,

(2.1.9) .  2.2.2  . I -

                                              i + D = i D.                                  (2.1.10) 

  (2.1.6)  , i  (( i + D) ⁄ D)
, i  (Ai + + D) ⁄ D = A 

⁄ D m- ,   (( i + D) ⁄ D) = (A ⁄ D), , A
= i + D = i D, . .  (2.1.4)  .
           2.  1
J = {i1, i2, …, i }  I.

ji :
jiA

jiB ,

j {1, 2, …, },
ji ,

ji ,

                   A = 
1i

B
2i

B …
mi

B
\

j
j I J

A .           (2.1.11) 

         .  1. 

, i1,

                                           A = 
1i

B
\

j
j I J

A .                           (2.1.12) 
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D = 
\

j
j I J

A .   (2.1.1)    (2.1.12)  

                                  A = 
1i

A D = 
1i

B D.                        (2.1.13) 

A D,   –  -
D A ( - A

(2.1.13)). D = Im( ), D = Im( ). ,
                                            D = D D.                                (2.1.14) 

, d D.   (2.1.2)  
                                         d = (d) + (d).                               (2.1.15) 

,   (2.1.13)  , -
a ,

1i
A Bd , Cd D

                            (d) = a  + Bd , (d) = + Cd .                  (2.1.16) 

  (2.1.15) d = (a  + ) + ( Bd  + Cd ) -

  (2.1.13)  a  + = 0  d = Bd  + Cd .

                          Bd  =  ( )(d), Cd  = ( )(d),                (2.1.17) 

, D = D + D. ,
                                            D D.= 0.                                 (2.1.18) 

, d D D.  = IdD  =
=  = , ,  = , D

D - D

,

                                 d  = ( )(d) = ( )(d).                     (2.1.19) 

,   (2.1.16)    (2.1.17),    

                              (d) = a  + d , (d) = – a + d .                 (2.1.20) 

  (2.1.16)  , d = (d) + (d) = 2d, ,
d = 0. , (2.1.18)  . , D D

m-  D, ,
 1  i.   (2.1.14)    (2.1.18)  , D = 

= D + D.
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          ,  > 1, i2 I {i1} ,   1  A D,

D, D, D = 
2i

B
1 2\{ , }

j
j I i i

A A  = 

1i
B

2i
B

1 2\{ , }
j

j I i i
A . , -

  (2.1.11).
          3.  1 m-

) ). i I
i - Ai

                                             A = Ai .                                      (2.1.21) 

         . b b 0. J =  

= {j I | j(b)  0 }. C  2 j J -m-
j SubA  j : Aj j ,

j  =  j, j  =  j,

                                   A = 
\

j i
j J i I J

B A .                           (2.1.22) 

, j J j  =  j

0 = (b) = ( ( ))j
j J

b = ( )( ( ))j j
j J

b  = ( ( ))i j
j J

b ,

  (2.1.22) j ( j(b)) = 0  j J j  –  
, j(b) = 0 , b = 0. ,

j J , j  =  j j = (Aj)

j A, , m- -
j = . , A = j .

 1 D , i j, i Aj,
A =  Aj .

         1.

                                  A = i
i I

A = j
j J

B  –                           (2.1.23) 

m-   {Ai }i I

{ i }i J -m- .  : 
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        ) m- Ai j  i I j J ;
        ) m- Ai j  i I j J.
        : I  J , -

i I  m- i  (i) .
          .  3  i -

j , , j i. -
I J   “ ”

 : i1, i2 I j1, j 2 J

i1  i2
1 2i iA A , j1 j 2 

1 2j jB B .

i I i   “ ”, -
I, I   –  I ⁄  . 

J. : I J
 : i I, j J ( i ) = j , i jA B . ,

  –  . , ,   –  . ,
i1, i2 I j J, ( 1i ) = j  =  ( 2i ) ,

1 2i j iA B A ,
1 2i iA A 1i = 2i . , .

, j J i I
, i jA B ( i ) = j .

          i I
, i .

, -
, , t =  | i  | . , s E = { j1, j 2, …, js }

( i ).  2  i1 i ,  = 

1

1\{ }
i j

j J j
A B . s > 1,  2

i1 i ,  = 
1 2

1 2\{ , }
i i j

j J j j
A A B .

, , i1, i2, …, is i , -
 = 

1 2

1 2\{ , }
...

si i i j
j J j j

A A A B .

, s  t,   | ( i )| | i | = t.
           ,
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i ( i ).   (2.1.23)  -
, , i

 ( i ). i , -
, i   –  . -

j J j

 = j
j J

B j. k I

Ek = {j J | j - Ak j }. (2.1.24). 

       , k I Ek . -
, , a Ak a 0 j Ek. j (a) 0, 

a j , -
Ak m-

. j Ak -

j, Ek. , j (a) 0. ,

j a  = { l J | j (a) 0 }, 
. , Ek a

.
         

                                       ( i ) = .k
k i

E                                (2.1.25) 

                                     k
k i

E . ( i ).                              (2.1.26) 

, k i j Ek. ,

Ai k jA B j ( i ). , (2.1.26)  . -
, j ( i ).

k jA B  3 k i ,

j - Ak j. -
  (2.1.24)  j Ek.   (2.1.25)  .

          i   |_| { Ek | k i  } -
Ek k i .   (2.1.25)  , -
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( i ) i. , Ek ,
, -

( i )  × i , -
i i . , -

( i ) i , -
. .

          1 
m- .

            1. m- -
-m-

 1. 
            2.  m- -

-m- -
 1. 

2.2. -

         2.1.1   1.3.3 , -
- . –

-

                                             A = i
i I

A –                                  (2.2.1) 

  {Ai }i I -
.  : 

        I1 = { i I | Ai  – -  }; 
        I2 = { i I | Ai  – -  }; 
        I3 = { i I | Ai  –  - , (Ai, +, ·)  –  -

,   (Ai, +)   (
ip , +)

i};
        I4 = { i I | Ai  –  - , (Ai, +, ·)  –  , -

  (
ip , +, ·)  i}.

      ,  1.3.4  i, j I4 i j, i j, -
I4 .

k {1, 2, 3, 4} 
                                                    k = | Ik |.                                       (2.2.2) 
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                               k = 
, ,

0, ;
k

i k
i I

k

A I

I

  
 
 

                   (2.2.3) 

, 3  { i | i I3}
  –    (Ai, +), i I3.

4   { i | i I4}   –  -
  (Ai, +), i I4.   (2.2.1)   (2.2.2)  -

 : 
                                      = 1 2 = 1 3 4.                         (2.2.4) 

1 - ,
2 = 3 4  –  . - ,
. .   (2.2.3)  1 > 0,  1.3.4  - 1

- , 1.
 9.4.1   [39]  - 1 -

-
  ( , +, ·). 1  > 1, 1 – - , . . -

 : 

            x, y,z (( xy T ) & ( x y x z – x ( y z ) )).    (2.2.5) 

3 4,  1.3.4  
2.1.1  -

3 4 , .
,

                                              ( 1 , 1, 3 , 4 ),                                   (2.2.6) 

          1. 1 – .

          2. 1 - . , 1  = 0, 1 = {0}, 1 > 0,
1  –  - , -

⁄ , –   ( , +, ·). ,
1  > 1, 1 – - , . .

(2.2.5).

          3. 3   –  , .
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          4. 4   –  , .

  (2.2.6)
-

  (2.2.1), , - -
  (2.2.6)  .   ( 1 , 1, 3 , 4 ) –  

,
- . I1  –  -

1 1i i IA  – - 1.

, 3 = { i | i I3 } 4  = { i | i I4 }, I3 I4 = ,
i I3 Ai – - ,   (Ai, +) -

  (
ip , +)  i, i I4 Ai – -

- ,   (Ai, +, ·)    (
ip , +, ·)  

i. -

                              = 
1

i
i I

A
3

i
i I

A
4

i
i I

A                      (2.2.7)

  (2.2.6).  
         -   ( 1 , 1, 3 , 4 )

( 1 , 1A , 3 , 4 ) , -
.

         1) 1  = 1 ;

         2) - 1 1A ;

         3) 3 3 , -

4 4 -
, .   2.1.1  

.
            1. -

, ,
- .

         , -   (2.2.6), -
- ,

, - -
- .
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2.3. -

           2.1.2   1.3.4  ,
m- . , –

m-

                                            A = i
i I

A –                                  (2.3.1) 

  {Ai }i I m- .
, m-   ( p , +, ·, ),

  ( p , +)  –  p · p = 0 =
= p p .  : 

          I1 = { i I | Ai  –  m- , m- j,
j I {i} }. 

           I2 = { i I | Ai  – m- , m- j,
j I {i} }. 
         i I2   

                      i –   (Ai, +),  = { i}
2i I .         (2.3.2)

k {1, 2} 

                          k = 
, ,

0, ;
k

i k
i I

k

A I

I

  
 
 

                 (2.3.3) 

  (2.3.1)    (2.3.3)   : 
                                             = 1 2.                                    (2.3.4) 

m-

                                        (I1, {Ai }
1i I , I2, ),                               (2.3.5) 

:
          1).  I1 I2 .

          2).  I1 = ,   {Ai }
1i I  – . I1 ,

{Ai }
1i I   –  m- ,

m- i i I2.
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          3). I2 = ,  – . I2 ,    
 = { i}

2i I   –  ( ) .

           (2.3.5)  -
- -

  (2.3.1), , m- - -
  (2.3.5)  .

(2.3.5)  –  - ,
m- . I2 ,

i I2, Ai – m- i.  = 
1 2, m- 1 2   (2.3.3). 

, m- - -
  (2.3.5). 

         -   (I1, {Ai }
1i I , I2, )

( 1I ,
1

{ }i i IA , 2I , ) , -
:

         I1 1I , I2 2I , -
- ,  ( I1) -

m-   {Ai }
1i I 1

{ }i i IA -
,  ( I2) -

.
            2.1.11  .
            1. m-

, ,
- .

         , -   (2.3.5), -
m- ,

,
-

m- .

2.4.
-

          ,

-
- - - .
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         - - -
 ( ), -

 ( , ).
. . .- - ,   –  . . .- - .

          1. - . -
- .

          ) -  ; 
          ) - -

 ; 
          ) - ,

- .
           . ,

, -
,

1.1.1. , a a 0. ,
: a, x K (x) = x a, -

- - a.  1.3.5  

- . a =  
= i

i I
A ( i ) -   {Ai }i I -

. , i I Ai 0, Ai –
- . ,   0  Ai = i ( a) = i (a) i (a)  –  

.
         . . .- - .   –  

- . . 1.3  -
-

                                                                = i
i I

A                                     (2.4.1)

  {Ai }i I .
Ai Ai, Ai - - - , -

  ( , +, ·). 
, Ai -

  ( , +, ·). , Ai –
- ,   –  ,
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  (Ai, +, ·)  – ,   (Ai, ·)  –  
. , Ai – - ,

 9.4.1   [39]. 
        - , -

- .
         1.   –  - .

 : 
           ) - -   –  ,   ( , +)  

  (Ai, ·)  –  , -
;

           ) - -
S,   ( , ),

G(0) ,    
                                G = H  × He   –                                (2.4.2) 

, -
  ( , ), He -

e . s S
f (t) [t]t , f (s) G.

        , ) ) ,   –  -
- .

         . .
) ) -  9.4.1 [39].  

        . ),   | K | = p, p
– , - -

.
        , ). ,    

  –  - .   9.2.1 [39] 
, - , ,

- .
S,

  ( ) S.
- .  = G S.

a S, S a = 0.
a G.   (2.4.2)   
                                                    = a ha                                          (2.4.3) 

a ha He. b – . -
 = b ha

–1, ha
–1  –  ha He. ,

  (2.4.3)  , a – -
  ( , ), b = b  = b ha

–1 ha = b ha
–1

a ha = b ha
–1 a a.  



157

,   –  - ,
.

        , . . .- - .
- ,

. 2.2. 

                                                 = 1 2 = 1 3 4.                       (2.4.4) 

1 – , 2  = 3 4 – - .
  ( 1 , 1, 3 , 4 ) –  - .

.

         (i). 1 = 0, 1 = 0,  = 3 4  – - .

         (ii) 1 = 1, 1 = 1  –  -
- .

         (iii) 1  > 1,

                                     1 = 
1

i
i I

A   –                               (2.4.5) 

- -
1, 1  = | I1 |. 

         2 = 
3 4

i j
i I j I

A A   –  

Ai i, 3  =
= { i | i I3 } I3 , Aj j,

4  = { j | j I4 } I4 . 3 4  = , 2 = 0. 
          2. 1   (2.4.4)  

-   (ii)  - .
         . - - 1

- -
, 1   ( , +, ·). -

, 1 - , ,
1 , . . 1 1. , a 1

b – . -
  (2.4.4)  b = b1 + b2 b1 1 b2 2.

- , 2 – - ,
a b = a (b1 + b2) = a b1 + a b2 = a b1 + 0 = a b1 1.

, 1 (K).  
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         1 = 1, 1 – - ,
  ( 1, +, ·)  -

-   ( 1, +, ·, ). 
          (iii)  

.
           (A, +, ·)  –  , {Ai }i I – -

. i, j I i , j
Ai Aj , i = j, i , j = IdAi. ,

                                           = i
i I

A –                                     (2.4.6) 

  (Ai, +), i I. -
  ” “ :  = 

1

i
i I

a d =  

=
2

j
j I

b , I1, I2 FinI i I1, ai Ai, j I2, bj Aj. -

                                d = 
2j I

(
1

i , j
i I

(ai)bj),                        (2.4.7) 

 j I2 j-   –  -
Aj. , .

,
          3.   ( , +, )

.
         .
{Ai }i I A,

,
I, -

. ,
. -

, MI (A).
, . -

, M I (A). -

I IA
A I. ,
  ( , +, ), , I IA .



159

           (iii)   (2.4.1). 
 2, 1 - -

  ( 1, +, ·, ) - . -
  (2.4.5)  ,   –  , -

. , 1 1 = 0
-   ( 1, +, ·, )   ( 1, +, ).

          4.   (iii)    ( 1, +, ) . -
Ai   (2.4.5)  -
  ( 1, +, ),   (Ai, +, ) .

( 1, +, )   (Ai)
1 1I I .

          .  (2.4.5)  -
i I1. Ai StA = Su , Ai Ai 1 Ai

Ai = Ai. , Ai
( 1, +, ),   ( , +, ). , Ai – - -

, , a, b, c Ai a (b + c) = 
a (b + c) = a b + a c = a b + a c. ,   ” “ -

, , -
  (Ai, +, ) . , -

(Ai, +, ·, ) , . . Ai-
iA Ai -

. , a Ai, (Ai a) = (Ai a) = ( Ai) a  Ai a,
Ai a - Ai,

Ai a = Ai  Ai a = 0. , -
(Ai, +, ·, )  1. 

, S = 0. , -
S   [27]   (Ai, +, ) -

  (Ai, +,·). )  1  , S = 0.
, Ai = G(0)   (Ai, ) .

, , -

,   (Ai, +, ) .
, e, f . a Ai , ,

 f   (Ai, ),  0 = a – a = a e – a f = 
= a (e – f ). , e – f S = 0 e = f. ,   (Ai, +, )

. , Ai –
  ( 1, +, ).

        ,
(A1)

1 1I I . ei   (Ai, +, ).    
i, j J1.  1.3.5  ei ej
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- Ai Aj , -
Ai = ei Aj = ej. a

                                          i , j(a ei) = a ej.                                 (2.4.8) 
, i , j   (Ai, +, )   (Aj, +, ).  

,  2.2.1  i , j
- Ai - Aj. , i , j -

  (Ai, )   (Aj, ). -
, a, b Ai, a ei = a, b ei = b, b ej Aj, ej b ej = = b ej.

  (2.4.8)  

i , j(a b) = i , j (a b ei) = a b ej = a ej b ej =  
= i , j(a ei) i , j(b ei) = i , j(a) i , j(b).

, i , j . , i = j i , j=
= IdAi.
         , a, b 1.   (2.4.5)   

,    a = 
1

i
i J

a b = 
2

j
j J

b J1, J 2 FinI1,

i J1 ai Ai, j  J2 bj Aj.

                                       a b = 
2j J

(
1

i , j
i J

(ai)bj).                           (2.4.9) 

,   (2.4.8), -

a b = (
1

i
i J

a ) (
2

j
j J

b ) = 
1i J

 (
2

i
j J

a bj) = 
1i J

 (
2

i j j
j J

a e b ) = 

=
1i J

 (
2

(i , j i
j J

a ei) bj) = 
1i J

 (
2

(i , j i
j J

a ) ei) bj) = 

=
1i J

(
2

( )i , j i
j J

a bj),

.   (2.4.7), ,
  ( 1, +, )   (Ai)

1 1I I   (Ai, +, ). 
         - - ,

- , . .  = 0. 
          1. - -

, , -
:

          ) -
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  –  -
(0, 0, 3 , 4 ), 3   –  , 4   –  -

;
          )

- - , -
);

          ) -
- , -

).
           . .   –  

- . - -
 (2.4.4)    (i), (ii), (iii). 

  (i)  - ,
  (0, 0, 3 , 4 ). 

) 1 – - ,
 2 - . , 2 0

i, i I2,  –  - 2. ,
i - ,   (2.4.4)  -

- . , i -
- , i

  ( , +, ·). 
. , a i, b .   (2.4.4)  -

 c 1 d 2, -

                                                 b = c + d.                                      (2.4.10) 

1 - 2 ,    
a b = a (c + d) = a c + a d = a c + 0 = a c = a c 1.

, a c 0. c : i 1, x i

c (x) = x c, - -
- 1 i c = c ( i) = 1 . -

, - i ,

1 = ( i c) = i c = 0 c = 0,
- 1. -

, a b = 0 i. , i StA
  (2.4.4)  -

.
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         )  4.
         . -

), ), ). 
         ) -
(0, 0, 3 , 3 ),  1.3.4  - -

- .
         ) - 1

2, 1 - 1- -
, 2 2-    

(0, 0, 3 , 3 ). , 2 1 = 2 1 = 0, 1

- , 1 2 = 1 2 = 0, 
2 - . , 1 2

  ( , +, ·), -
1 2   (1, 1, 3 , 4 ), . .

  (iii) . . . - . , - -
.

          ). , - -
1 2, 2

-   (0, 0, 3 , 4 ). 
, - 1

(( 1)
1 1J J , +, ),   (A1, +, ) 1  = | J1 |> 1 ,

- 1

1

i
i I

A

{Ai }i
1J

- 1. , 1 , ,
. - -

  ” ” .
i J1 ia A1.   (A1)

1 1I I , -
-

, , b = ( jb )
1j J , jb A1.

b. i J1 ja A1. ja

ia  = ( ja )
1j J

, ja  = 0, j i . Ai

iaM . -

b (A1)
1 1I I b iaM  = b iaM  = 

i ib aM . ,
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Ai 1- , , -
- . - -

.   (Ai, +, ) , -
Ai Ai = Ai . Ai -

- . , 1 Ai,
, b -

iaM . ,

-   ( 1 , 1, 3 , 4 ), 
- .

           1. 
- , ,

.
         , -

- .
          1.  = ( 2) 2 2

2 = {0, 1}   = { (0, 0)  , (1, 1)}. ,
- . ,   (2.4.7)  

(1, 1) + (1, 1) = (0, 0) , (1, 1) (1, 1) = (0, 0) , (0, 1) (1, 1) = (1, 1) ,
(1, 0) (1, 1) = (1, 1) , - - -

- . , (1, 1) (0, 1) = (1, 1) (1, 0) = (0, 0) ,
. ,

(1, 0) ( (1, 1) + (0, 1)) (1, 0) (0, 1) = (1, 0) (1, 0) (1, 0) (0, 1) = 
= (1, 0) (0, 1) = (1, 1) , (1, 0) ( (1, 1) + (1, 0)) (1, 0) (1, 0) = 

= (1, 0) (0, 1) (1, 0) (1, 0) = (0, 1) (1, 0) = (1, 1) ,
(0, 1) ( (1, 1) + (0, 1)) (0, 1) (0, 1) = (0, 1) (1, 0) (0, 1) (0, 1) = 
= (1, 0) (0, 1) = (1, 1) , (0, 1) ( (1, 1) + (1, 0)) (0, 1) (1, 0) = 

= (0, 1) (0, 1) (0, 1) (1, 0) = (0, 1) (1, 0) = (1, 1) .

, - , -
, , - .

§ 3. - -
-

         
Sub , – - .
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3.1. - -

         - - -
- ,   1.3.2, 

,
          1. - -

, , -
- - .

         .
          1. , Sub

                                                = .                                      (3.1.1) 

                                       Mi Ma .                             (3.1.2) 

         . Mi ,    
 D < . - - D. D 0,

 = D  D.   (3.1.1)  
 =  +  D + D D , . D = 0. 

 6.2.1  I - - -
,  = D. , Ma .

, Ma ,   (3.1.1)    0 < D 
.  + D   =  + D,

+ D = . D ,  (3.1.1). 
,   (3.1.1)   6.2.1   I - -

,  = D. , Mi .
  (3.1.2)  .

         2. -
- .

- - .
         . -

Mi .

B  = {  |  = 0 }. 

, B , -
, D.  =  + D. , -

- - Ma , . -
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, . .
G ( ) ,

                                                 = G.                                    (3.1.3) 

, G = 0, G B . , D   (3.1.3)  
,

                                               D G = 0.                                     (3.1.4) 

, D B

                                                D  = 0.                                       (3.1.5) 

,

                                           (D + G) = 0.                                 (3.1.6) 

, b (D + G). ,
d D   g G b = d + g. g =  b – d  + D =  

= .   (3.1.3)  g G = 0. g = 0 -
  (3.1.5)  b = d D  = 0. ,   (3.1.6)  .

, D + G B D
D = D + G G  D.   (3.1.4)  G = 0

(3.1.3).
            

                                                 + D = .                                       (3.1.7) 

, D Ma . , D Ma, D . ,
- - Ma , D.

, , - -
. 0, -

,   (3.1.7), 
 =  + D + , . -

 = 0 B . -
D B , D = Ma .

         - - G Sub    
,

                                              = D G.                                      (3.1.8) 
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 1 G Mi .   (3.1.7)    (3.1.8) -

⁄ 0 = ⁄ (D ) (  + D) ⁄ D = ⁄ D = (G + D) ⁄ D 
 G ⁄ (D G) = G ⁄ 0  G.

,  G. D :  D G  :  G – -
  (3.1.8). G = G |  :  G –

- -  G. G = 0, D  + G  = Id
b

b = G (b) + G (b) = D (b) + G(b) = D (b) D  = 0,

. , Im G 0, -
G G( ) = G. , , -

, G – - - G. -

D= D |  :  D. Ker D = 
0, Ker D = . D ,  = D( ) + 

G( ), D( ) D( ) = 0. . -

D = 0, b b = D(b) +
+ G (b) = D(b) + G(b) = G(b). ,  = G. , -

.
          3.  2  - .
         . ,

- - - - . ,
 = < b >  b .    

b  = {  |  < b >  = {0}. 

, b , -
, D.  (3.1.7)  2  

 = < b >,
                                             < b >+ D = .                                       (3.1.9) 

, D
Ma , D, G S b ,

                                                = G .                                       (3.1.10) 
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 1 G Mi .   (3.1.10)  , b = g + h,
g G, h . g 0, b = h ,   (3.1.9)  = < b >+ 
D  + , . h = 0, b = g G,

G   < b > = G, . .  < b >  -
. , g

h .   < b > D = 0, D ( )   (3.1.9)  ,  = 
= < b > D.  2.3.1  I -

- , Im  = < b > Ker  = D.

  ( , +)    (< b >, +), 
  (< b >, +)   (D, +). ,   (3.1.9)  , -

b1 < b >  d D
                                              g = b1+ d.                                     (3.1.11) 

b1 = (g). , b1 = 0,   (3.1.11)  -
, g = d G D = 0, , g  0. -
, |G : G < b >  – , , - G

, Ker |G = 0, |G – ,
- -   < b >.

            4.  2 - -
-

                              { Sub | }= .                      (3.1.12) 
          . , Sub  0. 

, - -
  < b >  .

- - < b >.  = < b >,   (3.1.12)  
. < b >. ,

 2 D ( ) ,
                                              = D.                                  (3.1.13) 

, b = + d d D, d 0. 
 = 0, b D,   (3.1.13)   < b >  = 0, .

, 0  = <  >.
,   (3.1.13)  , ( ),    <  > + < d >  Sub .

, d = b – < b > + (– ) < b > – < b > < b >,
<  > + < d > < b >. ,   (3.1.13)  ,

- , b, d, -
  < b > <  > + < d > , , < b > = <  > + < d >.
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< d > < b >, . 1, d
d1, d1 , b. -

2 d2 ,   < d1 > = 
= < 2> + + < d2>, < 2> Mi , d2 0. ,

b, d1,
d2, …, d , d 1 , … - , 1, 2, … , 1 , … 

,   < b > =   + < d1 >, < d1 > = 1 + < d2 >, …, < d  > =   +

+ < d 1  >, ….  , -
, ,

  < b >. , < b >  - -     
, 1, 2, … , 1 , … - ,

- -  . ,   (3.1.12)  .
          1. 
         . - -

. - - -
. - .

Sub .  1.3.1  - ,

  A =  i
i I

A - -

  {Ai }i I , - .

  1.3.3  J I,  A = i
i J

A .

i0 J, - -      = 
0\{ }

j
j J i

A .  = 

0i
A , ,  1 Ma . ,

- - - - -
  , . . Sub .

        . - -
- - .  2  

- -
- .  4  ,

- - - - , ,
. , – - ,

 4 - -
, ,  1.3.2, , –

- .
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3.2. - - -

            1. – - . -
Sub – .

.
        ) Sub – = -Mod

;
        ) Sub –

;
        ) Sub – ) ). 
         . – - -

. . 1.1  Sub – .
 1.3.1 - , Sub  = ( ), 

 1.1.1   I Sub – . ,
 1.3.1  - , . .

                                          A = i
i I

A  –                                  (3.2.1) 

  {Ai }i I   - - , -
. .2.2, 2.3  -

.  1.3.8  Sub .
- Sub ,

Sub – , , Sub  = ( ),
Sub , , –

 (  I.14 [5]). , Sub – -
. -

, ,
.

3.3.

            1.   (3.2.1)  
, Sub  = -Mod

. .
          . ,   (3.2.1)  -

Ai . ,
Sub – . ,
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, , D Sub , , D – . ,
.

                                     =  = D.                            (3.3.1)
 ( . 3.6  . I), D

 3.6.6  ibid., . , -
 = D. ,  1.3.1  - - ,

, D ,

                  = j
j J

B ,  = l
l L

C , D = k
k M

D          (3.3.2) 

- -    
{ j }j J, { l }l L, { Dk }k M - - .   (3.3.1)  
(3.3.2) -  :   

             = j
j J

B l
l L

C = j
j J

B k
k M

D .   (3.3.3) 

 2.1.1  ,
  { j }j J   { l }l L,   { j }j J

{ Dk }k M . k M -
,   0 d Dk. Dk Dk = < d >.

(3.3.3) , J1 FinJ, L1 FinL bj j,

l l, j J1, l L1, d = 
1

j
j J

b +
1

l
l L

c .
1

l
l L

c =

= 0, d ,   (3.3.1)  - .

1

l
l L

c 0 l L1 l 0

d l - Dk

l.
1

j
j J

b 0, , , j J1

bj 0, d  bj - Dk j.
, - l j

.
1

j
j J

b  = 0, Dk = < d > .

k M, , D .
 D , ,  D  

 = D, . , Sub
 – -

 ([5], [30],…)  -
. ,  = -Mod ,
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, . 2.2., -
  {Ai }i I

- , 3

, 3 4 -
.

3.4. -

         , -

- - .  = -Mod
– - . ,

(2.2.6) 1 > 1, 3  = 4  = . . 2.1  -
-   (3.2.1)    {Ai }i I

- 1, -
  ( , +, ·). 1  > 1  

1 –  - , . .
 : 

              x, y , z (( xy T ) & ( x y x z – x ( y ± z) )).    (3.4.1) 

. 9.4 [39] ,  ( , +, ·)  
.

         1) ;
         2)   –    ( , +, ·), , . .

 : 

                          ,a T x b  ( x (a + b) – x b  ),                   (3.4.2) 

, . .
                                         x  ( x – x  );                               (3.4.3) 
         3)   –  , . . FT  = (  ÷ ) =  
= { x  | x  T}   ( , +, ·), -

T;
         4) - - ,

, . .
                                                 T,                                       (3.4.4) 

  (i), (ii), (iii)   9.4.1 [39]  , . .
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         (i) -
  ( , +, ·), 

         (ii) -
  ( , +, ·). 

         x + ,   x ,
x , ⁄ – Ê ,

 { x | x  } -
: ⁄ X . x, y , -

x y Ê  : 

                                   x y  = x y  = x y + .                            (3.4.5) 

        ,  1.3.5  
- , , -

- Ê ,

                                  x  ( x =  ),                         (3.4.6) 
,

                           y z  ( z x – y ).                   (3.4.7) 

  (3.4.3)  
                                x  ( x e x e = x  ).                          (3.4.8) 

  (3.4.4)  
                                          e .                                                (3.4.9) 

  “~”,  : 
x, y

                        x ~ y z  ( z x  z y  ).               (3.4.10) 
,   “~”  . -

,
.

          1. x, y . .
          ) x ~ y  ( x y );                                           (3.4.11) 

          ) x  = y  x ~ y;                                                             (3.4.12) 

          ) x ~ y z  ( z x ~ z y ).                                          (3.4.13)
          . ) x ~ y. , x .
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y ,   (3.4.7) z , , z y  = = e , -
  (3.4.9)  z y  , x ~ y,   z x . -

  (3.4.4)  , x . , y . -
x y, , x  y ;

         ) x  = y z . x – y  (10.4.4)   
z (x –y) .   z x ,   (3.4.2)  

z y  +  = z (x – (x –y)) +  = z x – z (x –y)) +  +  + ,

  z y . x y , ,
z  ( z x  z y  )  , ,   (3.4.10)  x ~ y;

        ) x, y, z x ~ y,   (3.4.10)    
(z x) = ( z) x  ( z) y = (z y) ,   z x ~ z y.

          ,   “~”  
Ê ,   “~”, 

. .

                                 ,x y ( x ~ y  x ~ y ) .                        (3.4.14) 

  (3.4.13)  

                                 ,x y ( x ~ y z x ~ z y ).                     (3.4.15) 

                                    1 = {x  | x  T}.                           (3.4.16) 

           2. 1 - - - , -
  “~”

  0, . .
                                     1 = {x  | x ~  x ~ 0}.                      (3.4.17) 
           .   (3.4.17). x 1

, x dverso., x 0.   (10.4.12)  x 0 , . .
x . ,   z   z x .
z .

                                  = { u  |  , x = 0 }.                      (3.4.18)

  z x  = z x  =, { 0 }. , . ,
u ,   (3.4.18) x   (3.4.4)  x .

. ,



174

, , – - ,
 = .

(3.4.18) , x .  1.3.5, -
x .

,   z .   (1.4.3)  ,   z . ,
z  ( z x  z ). ,   z

  z .   (3.4.3)  ,   z , ,
x 1 1   z x . ,

z ( z x  z ), . . x ~ , . -
, 1   (3.4.17). 

         , x , x ~ 0  
x ~ . -   (3.4.11)  x   (3.4.4)  x  T

, , x 1.   z ,   (3.4.3)  z ,
x ~   (3.4.10) ,   z x . -

, x  T x 1.   (3.4.17)  .   (3.4.9), 
, ,

                                     ( 1 ) & ( 1 ).                             (3.4.19) 
         , 1 - - - . -

, x, y 1   z ,   (3.4.16)    (3.4.1)   
z x, z y, z x ± z y – z (x ± y) , ,   z (x ± y) .

, x ± y 1. ,   (3.4.1)  x y 1.
(3.4.16) (x y) = ( x) y y  , x y .

, 1 - - - .
           ( . 1.1 [39]), x x :
y y x   ( , +, ·). , ,

x   –  - . x 1,

x -  : 
y

                                        x( y ) = ( )x y  = y x .                            (3.4.20) 

, x ,   (3.4.16), y1,

y2 1y  = 2y , y1 – y2 , x 1, y1 x –

y2 x = (y1 – y2) x , 1y x  = 2y x . , x -

- , x  – - .
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          , : 1 End ,

x 1 (x) = x.
.

            3. x, y 1.

           ) x = y x  = y ;                                                (3.4.21) 

           ) x ± y = x y ;                                                                               (3.4.22)

           ) x y = y x.                                              (3.4.23) 

           . ) x, y 1. ,
x = y.   (3.4.20)   

x = y z ( z x  = x(z) = y(z) = z y  )

z (z x – z y  ). 
  (3.4.1)  ,

z ( z (x – y) .), . . (x – y)  .   (3.4.6)  
(3.4.4) , x – y , ,

, x  = y . ) .
         ) ) , x, y 1. -

 2  x y , y x 1.   z
(3.4.20)    (3.4.1)  

( x ± y)( z ) = z x ± z y  = ( ) ( )z x z y  = ( )z x y  = 

= x y ( z ), y x( z ) = ( )z y x  = ( )z y x  = x( z y ) = 

= x( y( z )) = ( x y)( z ). 

,   (3.4.22)    (3.4.23)  .
         ) ) ,

                                             U = { x | x 1 }                                 (3.4.24) 

  ( , +). -
)  2  , : 1 U, x 1

                                           ( x ) = x,                                 (3.4.25) 

. ) ,
  ( 1, +)  (
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  ( 1, +)   (  , +))   (U, +). , -
 1    ( 1, +, ) ,

  (3.4.2)    (  , +) . -
  (3.4.1)   ( 1, +, )   ( 1, +, )

.
           4.   ( 1, +, )

  (U, +, ). 
          . x, y 1. -

, ,

                                  ( x ) ( y ) = ( y x ).                         (3.4.26) 

,   (3.4.25)    (3.4.24), ( x ) ( y ) =  

= x y = y x = ( y x ), .
           5. U -
Ê . .

 : 

     x 1(( x 0 ( x ) Aut )&( x  = 0 ( x ) = 0c ).    (3.4.27) 

  (U, +, ) ,   ( 1, +, ), .
         . x 1. x  = 0   z ,
(3.4.25), (3.4.21)    (3.4.25)  

( x )( z ) = x( z ) = 0( z ) = 0z  = 0  = 0c  (z), 

( x )= 0c . x 1  .  2  x ~ .
  z   (3.4.25), (3.4.20), (3.4.10)    (3.4.8), -

( x )( z )= 0 x( z ) = z x  = 0 z x z

z z = 0 .

, Ker ( x ) = { 0 } ( x ) .

, x 0 ,   (3.4.6), (3.4.25)    (3.4.20)  
( x )( ) = x( ) = K x  = x = . , ( x ) , -

- .
          , -
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- x x 1. -
, End .  : 

u, v K

         1)  ( u  ± v ) = ( u ) ± ( v );

         2)  ( u v ) = ( u ) ( v );

         3)  (u v ) = u ( v ).

x , x  = ( e ), , x 1. ,
3)    (3.4.8), t T

(t e ) = ( t ) = ( 0 ) = 0  = t ( e ) = t x  = t x .

, T x   (3.4.16)  x 1. -
z   (10.4.16), (3.4.20)    (10.4.24)  

( z ) = ( z e ) = (z e ) = z ( e ) = z x  = z x  = x( z ) = 

= ( x )( z ).

,  = ( x ). , End  = Aut 0{ }c  = U.

,   (U, +, )   ( 1, +, ),
.

            ( 1 , +, ) , - -
.

           1. 
, . . - , 1 =

= {x  | x  T } = 1   = .   ( , +, )

, End .
            2. - , -

  (3.2.1)  
, . 2.2    (Ai, +, ·)  –  

,   (Ai, +)  
(

ip , +) i.  = K 0 -

, . 2.3, 
-   (3.2.1)  -

- - ,    
(Ai, +, ·, )  –  - , . . ,
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  (Ai, +)    (
ip , +) -

i. -
  (3.2.1)  

(
ip , +)  3   ( )

- , - -

ip .

 (
ip , +). ,

k : z  zk, z, k p

  ( p , +,  )  . ,

End p   ( p , +, ) ,
, - p .

  ( p ,  ) p   0-  [24], . . -

  ( #
p , ·)  p  : {0}  #

p .
          
Aut

- . u, v u v , u v
  (Aut , ), . .

                  u v x 1  ( u  = ( x )( v ) = v x ).        (3.4.28) 

          [23, 34]…, G X -
, X -

G, . . . -
.

         1.

                                ,u v ( u v u  ~ v ).                       (3.4.29) 

,   (Aut , ) { 0 } -
, , -

, 1 = , ,   ( , +, ) -
.

         . u, v , x 1 u  = v x .
z , ,

( x ) Aut ,
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z u z u  = 0  z u  = 0  z ( x )( v ) = 0

( x )(z v ) = 0  z v  = 0 z v  = 0  z v .

  (3.4.14)  , u  ~ v . Ergo,  (3.4.29)  .
            (Aut , ) { 0 }

.   (3.4.29)  , u 1 u  ~ e . -
  (3.4.17)  1 = ,  1

. -
.  1   ( , +, ) -

. Aut -
  ( { 0 }, ),   ( , ) -

  0-  , . .   ( { 0 }, ) -
 : {0} { 0 },   ( { 0 }, ) -
{ 0 }  [16], 

[34],…, . , -
- p , -

 2.
         ,  = 1.
          1. -   ( , +,  , )

2( 2 )   2  2

 2,   “+”  – ,   “ ”  – , -
  “ ” . T

2( 2 ),
. , T –

( , +, ),   (3.4.1). , T –
2( 2 ),

( , +, ), .
(1). , T , ,   “ ”

-
T. ,   “ ”  –  

,   (3.4.1). ,
T , T

. , T – .
FT  = {  |  T} , FT  T.

, FT  T, FT = FT  T, –
. , T – -

 ( , +, ), T –



180

2( 2 ) -
 ( ., ,  2, § 5, . VI [14]). , T –

  ( , +,  ),   (3.4.1). -
, 1 .  1, -

T  (
2( 2 )).

3.5. - -
-

       

                                  A = i
i I

A ( i ),                           (3.5.1) 

  | I | > 1, –  -
  {Ai }i I - -

, 1, . . 1 = p   ( )
, , 1 -

-  = ⁄ , T –
  ( , +,  ),   (3.4.1). 

,   (*). i :  Ai –
. -

- - - . ,
. ,  = < >.   (3.5.1)  

,    

                                        = ( )
a

i
i I

a ,                                (3.5.2) 

Ia = supp( ). , – ,
, - -

, .
          1. , 0,  = < >,
(3.5.2). , - ,

,
                          , ( ( ) ( )).a i ji j I a a                         (3.5.3) 

         . . . -
i Ia i = i |  :  Ai . i ( ) 0,
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 Ker i =  0. ,
- Ai , Im i = Ai. , i –

- . i, j Ia i,, j = i
1

j  – - -
Aj - Ai. -

- 1, , i,, j -
- . i ( ) -

1 i, -
. i, j, k Ia

         1. i,, i = IdAi.
         2. 1

, , .j i i j

         3. , ,i j j k  = ,i k .
         4. i,, j ( j) = i.

, i j
Aut 1 1, , ,   (3.5.3). 

        .   (3.5.3)  . ,
i j Aut 1 1

*.
          ,   (3.5.2), 

i, j Ia i,, j Aut 1 , i,, j( j) = i.
,  = < > - . -

i0 Ia
0i
( ) = 

0i
|

- -
0i

A . ,
0i

.

,
0i
( ) = 

0i
( ) = 

0i
a 0,

0i
-

,
0i

A
0i
( ) = 

0i
A . -

,
0i

. -

,   ( ), . .
0i

A p

. ,
0i

x  –  

, 0ix  = 
0i

a , b

                                            b Ker
0i
.                                     (3.5.4) 

 = < >, (t) -
F(t) , b = ( ). ,   (3.5.2)    (3.5.4), 

                 0 = 
0i

(b) = 
0i

( ( )) = (
0i

( )) = (
0i

a ).         (3.5.5) 
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, i Ia. ,
-

0i
A i , (

0i
a ) = i. ). 

, - - -
K 0 (0) = 0.   (3.5.5), ( i) =  ( (

0i
a )) =  

= ( (
0i

a )) = (0) = 0. i Ia,   (3.5.2)  
   

b = ( ) = ( ( )
a

i
i I

a ) = ( ( ))
a

i
i I

u a = ( )
a

i
i I

u a = 0
ai I

 = 0.

, Ker
0i
 = 0

0i
. -

- - .
           1. - ,   ( , +)  

-
, -

- . , .
           1. - - -

.
           .

 1, ,
(3.5.1) .
            2.   (*)   1 –   

- . -
, -

  (3.5.2)  :
                                    ai I ( i 1( )a K ).                              (3.5.6) 

         . -  = – .
 1, i Ia ai = i ( )

xi  –  , ai = ix . , -

. i0 Ia. 0ix 0 ,
  (3.4.7)  z ,  = z

0i
x .

, b = z

         
0i
(b) = 

0i
(z ) = z

0i
( ) = z ix  = 

0i
z x  = e 1K .   (3.5.7) 

-  = b. -
 1 , ( ( ) ( )).b i ji j I b b   (3.4.28)  

0
( ( ) ( ) ).b i ii I b b e  3.4.2  bi I ( 1( )i b ).
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          , - -
  (3.5.6).  3.4.5  ( 1, +, ) ,

, i, j Ia y 1

( , , i j), , ix y  = jx .

. 3.4 , y( ix ) = jx , y Aut , ix jx .
 1, , - .

         - , -
  (3.5.6), . ,  2 -
, -

- A . ,
-

- A   ( 1
*, )

. , i I i   –  
  (Ai, +),  ( 1, +). , i  –  

. , -
  (Ai, +). = i

i I
C –   { i}i  I.

i I i : 1  × i i,

x K1 T yi K1 x i iy = x iy . -

                       x i iy  = x iy  = ix y  x iy .               (3.5.8)

,   ( 1 , ) i. -
 : 

x K1 T i I  yi K1,

                              x i
i I

y  = 
i I

x i iy .                      (3.5.9) 

 : x, y K1 T

                              x ( y ) = ( x )y ,                    (3.5.10) 

                                          e  = .                                (3.5.11) 
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  (3.5.8). ,
(3.4.1) , x K1 T , b K1

                             x ( )a b = x a x b .                  (3.5.12) 

,   ( 1, )   ( , +) -
, . . x x  –

( 1K , ) Aut( , +). -
  “ ”, ⁄ – W.

          1. - -
W MiA SuA ( -

- A). 
          . MiA. , –

- ,  2 ,
*. , , b #

                                        = b b.                           (3.5.13)

,  = 
a

i
i I

x b = 
b

j
j I

y , Ia, Ib FinI i Ia,  j Ib

xi, xj   K1 T.
         , b. , z K1 T -

, b = z .   (3.5.8)   (3.5.9) ,
Ia = Ib

                                          ( )a i ii I y z x ,                                 (3.5.14) 

b = z . , b , -
,

                                               = b,                                   (3.5.15) 
.

           (3.5.14)  , b *. -
z , b = z . , Ib  Ia.

b, , Ia  Ib Ia = Ib. , -
  (3.5.14). , z ~ e,   3.4.2  

z K1 T, z 1K   (3.5.8)    (3.5.9)  b = z b.
,  3.4.2 i Ia xi ~ e ~ yi. -

 (3.4.7)    (3.4.3)  
                                          e yi .                          (3.5.16) 
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  (3.5.14)  yi – z xi StKK, (yi – z xi)
.   (3.4.1)  yi – z xi – (yi – z xi) ,

yi – z xi . , , xi~ e   (3.5.16), 
yi z xi z e z .  (3.4.10), 

e ~ yi ~ z  (3.4.2)  z .
            2.   ( ) i I

i - p .   ( Ê 1, +, )

  ( p , +, ·),  = i
i I

A = .

  ( p , ·) , . .

x ð , , x  = ( )
a

i
i I

x a , Ia = supp( ) i : i  –  -

.
- -

SubA.
            (3.5.1)  -

-  (   | I | > 1)
L = Sub . . .3.2

3.3 ,  L  – -
. .

,
          2. L .
         .  1.2.2  . I

, L  ( . .
). -

- A. ,   | I | > 1    | MiA | > 1. 
, MiA . D = + .  1  

, , - - . -
H = { b + (b) | b  }.  1 , H

- A, , H = H = 0  + H =  +
+ H = D. D = A, , H -

. D  A.
- - - Sub ,

D  = 0 D +  = A. ,
(H + )= 0 = (H + )  + (H + )= A =  + (H + ). 

, H + A.
          1.2.6    1.2.7  . I  
          2. ConL  . -
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 = (F ), F L, -
- - A.

          , F ?
F -  (  5, § 3, . III [11]) 

, L( D F  ( D ( ) = ).

,
           3. F L .
         . L -

, ,  10, 
§ 3, . III [11] , L ,

,  = (F ) . , F
.

            4. F -
L. L ,

A - - , . . | I | < .
           .  2 ,

ConL  -
L. -

 = (F )
F. , F

- - - - A.

3.6.  3.2.1 

           3.2.1. 

                                A = i
i I

A  ( i )                           (3.6.1)

- A
{Ai }i I - - , -

  ( 1 , 1, 3 , 4 )  = -Mod   (I1, {Ai }
1i I , I2, )

 = K 0. , , L = Sub . ,   | I | > 1. 
l I Jl  = { j I | Ai Aj }. 

J(1) = { l I |  | Jl | = 1 }, J(2) = { l I |  | Jl | > 1 }. l J(2),
  3.5.2  F l L, Ai,



187

i Jl, .
Jl, l J(2), J(3).

, -
3 4 , , -

  {Ai }i I 1 > 1. 
, F (1) L, Ai,

i J(1).  3.3.1  F (1) -
. J(1) = -

F (1) = {0}. 
          , L

  { F (1), F l }l J
(2)

. . -
 (  1.2.3 . I). L -

MiA,
,

 6 , §3, .IV [11] .
l J(2)   {Ai }

li J

 3.5.2. , - -
L,

D L A = D = D, D ⁄ D = D ⁄ D .
, Ai li J Aj    

j I \ Jl, Ai, i J(1),
.

L   {F (1), F l }l J
(2)

, -
 3.2.1.

3.7. - -
-

           - A   (*)    ( ) -
. . . 3.4  

  3.5. L = Sub ,
1.2.2  . I  . -

- A -
. L , -

 1.2.6  . I -
  ( , ),  = MiA
L ( - - - A), -
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- -  + , -
- - -   A. -

 3.4.2  L , -
 1.2.8  . I

, . .   ( , )
. , - A -

, Sub  = ( ),  1.2.5  . I  L
. ,  1.2.7 ibid., -

.  1.2.8  ibid. -
,   | I | > 2,  ( -

) D m , L
L(D, m)

V(D, m) D m. ,
. 3.4, - A   ( 1K , +, )   (*)  
- A   ( p , +,  )   ( ). -

, D
A   ( 1K , +, )   ( p , +,  ), m   | I |.

.

        1. A = i
i I

A ( i ) ,   | I | > 2, –  

-   {Ai }i I
- , , 1. D   –  -

-  ( . . ,  = -Mod –
- ,   –   ( 1K , +, ), . 3.4, 

- ,  = K 0,   –    ( p , +,  ), 
 =  | 1 |. , L = Sub L(D, m)

V(D, m) D -
m. | I | = m D D.

           . . 1.2  . I -
D L

l
,

,   | I | = 3, . . , A = A1 A2 A3, A1, A2,
A3 - - -
A.   (*), A1 = -

- . A1 = p -

e p .  3.5.2  ,
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- A
  ( x , 0 , 0 ), ( 0 , x , 0 ), ( 0 , 0 , x ), ( x , y , 0 ), ( x , 0 , y ), 

( 0 , x , y ), ( x , y , z ), x, y, z K1 T.

0 = ( e , 0 , 0 ) = { (u e , 0 , 0 ) | u K } = { u e , 0 , 0 ) | u K } = 

= { ( u , 0 , 0 ) | u K }, 1 = ( e , e , 0 ) = { ( u , u , 0 ) | u K },  = 

= ( 0 , e , e ) = { ( 0 , u , 0 ) | u K }. 
l 0 + 1 = 0 +

+  = 1 + . D l , 
. . 1.2  -

D G   H, G  + H -
0 , ,

G = ( 0 , 0 , e ) = { ( 0 , 0 , u ) | u K }, 

H = ( e , 0 , e ) =.{ ( u , 0 , u ) | u K }. 
D.

 3.5.1  

xC = ( e , x , 0 ) = { (u e , u x , 0 ) | u K } = 

= { ( u , , 0 ) | u K }, 

                   yC = ( e , y , 0 ) = { u , u y , 0 ) | u K },       (3.7.1) 

x, y K1 T. ,  3.5.1   

                                     xC  = yC x  = y .                            (3.7.2) 

xC  + G = { ( u , u x , 0 ) | u K } + { ( 0 , 0 , v ) | v K } = 

= { ( u , u x , v ) | u K }, H + = { ( t , 0 , t ) |  t K } + 

+ { ( 0 , s , 0 ) | s K } = { ( t , s , t ) | t, s K }. 

R = ( xC xC  + G) ( H + ).

  ( u , u x , v ) = ( t , s , t ), , s  = u x , u  = t  = v .
,  R = { ( u , u x , u ) | u K }.  
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G +  = { ( 0 , s , v ) | s, v K }, H + yC ={ ( t , 0 , t ) | t K } + 

+ { u , u y , 0 ) | u K } = { t  + u , u y , t ) | t, u K }. 

S = (G + ) ( H + yC ) ,    

t  + u  = 0 , s  = u y , v  = t , S = { 0 , v y , v ) | v K }. -

R + S = { ( u , u x , u ) | u K } + { 0 , v y , v ) | v K  = 

= { ( u , u x + v y , u v ) | u, v K }. 

U R + S l

xC yC D,

xC  † yC . U = (R + S) l , u v  = 0 , u  = v ,
(3.4.1)

u x + v y  = u x  + u y  = u x u y  = ( )u x y  = u ( x y ) = 

= u ( x  + y ),

   

xC  † yC  = { ( u ,u ( x  + y ), 0 ) | u K } = ( e , x  + y , 0 ) = x yC . (3.7.3) 

          D 0, 1, , xC ,

yC , G H   l , 

, , ,

G = ( 0 , 0 , e ) = { ( 0 , 0 , u ) | u K }, 

H = ( 0 , e , e ) =.{ ( u , 0 , u ) | u K } 

G + 1= { ( t , t , s ) |  t, s K }, H + yC  = { ( u , u y  + v , v ) | u, v K }. 

R = (G + 1) (H + yC ).

t  = u  = u y  + v , s  = v v  = u u y ,   R =  

= { ( u , u , u u y ,) | u K }. 
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0 + R = { ( v  + u , u , u u y ) | u, v K }, 

G + xC = { ( t , t x , s ) |  t, s K }. 

S , v  + u  = t , u
= t x , u u y  = s . v  = t t x , s  = t x t x y ,

S = { ( t , t x , t x t x y ) | t K }. 

              H + S = { ( t , t x + s , t x t x y  + s ) | t, s K }    (3.7.4) 

V l . 
  (3.7.4): t x t x y  +

+ s  = 0 .

t x + s  = t x y V = ( t , t x y , 0 ) = x y xC C y .

. 1.2  V xC

yC D, xC · yC  = xC y .

(3.7.2)   (3.7.3)  , : x xC -

  ( 1K , +, )   (D, † , ·).   (3.7.1)  
, , -

, .
         ,  1.2.8  . I  L
L(D, m), m -

, m = | I |.
          1.   | I | > 1   | I |  > 2, 

-m-   m-
m- ,  = { b + (b) | b }

-m- .

§ 4. - ,
,

4.1.

.       
m- , , -
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,   [17],… , 
. m- .   (§ 4, § 1 . I),  

Ma -m- m-
, ( )  – -m- , Hom(A, B)  – -

m- m- B.

                                   U1 = { B  |  B },                          (4.1.1) 

 U2= { Ker | Hom(A, B), B – m- } (4.1.2) 

           U3 = { C ( ) | ⁄ C  – m-  }, (4.1.3) 

                           U4 = { C | C ( ) Ma }.                 (4.1.4) 

          1. U1 = ( )  U2 = U3 = U4.

          . ( ) = U1. , ( ). 
  6.1.3  . I  < > { B  |  B } = U1.

, { B  |  B }.
n   {B1, B2, …, Bn}  Subº -m-

   
B1 B2  … Bn   < >  B1 B2  … Bn.

 6.1.2  . I Subº
SuA, ,   < > ,

6.1.3  . I, , ( ). , ( ) = U1.
           U1 U2. HomK(A, B), B – m- .

, C . (C) B m- -
B (C) ( ). )   6.1.1  

. I , (C) B.  1.3.4  {0} 
-m- m- B.

(C) = 0 C  Ker . , U1 U2.
         U2 U3. U2.   (4.1.2) -

- A m- B

                                                 ( ) = 0.                                        (4.1.5) 

C (A) m- A ⁄ C ,
C = natC : A  A ⁄ C ,   (4.1.5)

, C. , U2 U3.
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          U3  U4. U3.   (4.1.3)  
C ( ), -m- A ⁄ C -

. ,   .C (A) Ma .
-m- A ⁄ C C.

, { C | C ( ) Ma } U3  U4.
         U4  U2. ,
C ( ), -m- A.
C = Ker , m- A
m- B.   1.3.1  m- (A)   .

, (A )  = i
i I

A ( i ) m-

 (C )   {Ai }i I -m- ,
i i I.

Ai A ⁄ (Ker( i ))  m- .
Ker ( i ) ,

-m- m- A
Ker( i ). i I, Ker . ,
U2 U4  U2.

         , U2 = U3 = U4.
         U2 = U3 = U4 m- A -

m- radA.
 : 

( ) = { B  | B } radA =

= { Ker | Hom(A, B), B – m-  } = 

= { C ( ) | ⁄ C – m-  }= 

                              = { C | C ( ) Ma }.                            (4.1.6) 

          , -m- -
m- .

          1. -   ( , +, ·, ), 
 1.3.8 [39].  = 15, ( 15, +, ·)

15,   ” “
                                       x, y 15 ( x y = x f(y) ),                              (4.1.7) 

k 15
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                      f(k) =

10 {2 5 7 10 14}
1 {1 4 8 11 13}
0 {0 3 6 9 12}

, y , , , , ,
, y , , , , ,
, y , , , , .

 
 
 
  

            (4.1.8)

, -  = 15 - .
,   (4.1.7)    (4.1.8)  ,   5 15 15

, ,   3 15
,   3 15 StA,  = .

- , Ma  = 
{3 15, 5 15 }, StA  Ma  = {3 15 }.   (4.1.6) -

( ) = 0 3 15 = radA.
         U1 = ( ) , Sub°A  

SubA  .
          1. m- . ( ) .
         . ,  < .

SubA -m-
Ma . ( ) +  = ,

 4.1.3  . I  = ( ) +  + , -
. -m-

Sub°A.
           1. B   m- Hom(A, B).    
                                      (radA)  radB.                             (4.1.9) 

          . b (radA).
a radA , (a) = b. m- B

m- .   (4.1.6)   0 = ( )(a) = 
= ( (a)) = (b) b Ker .

,   (4.1.6)  b radB. ,   (4.1.9)   
.

             1. m- B .
rad radA.
           1  ,

-m- B .
            2.  = i

i I
A m- -

  { i}i  I -m- ,. 

                                            radA = i
i I

radA ,                                 (4.1.10) 
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⁄ radA 
i I

(Ai ⁄ radAi).                          (4.1.11) 

          .

                                            =  i
i I

A ( i )                                 (4.1.12) 

i  :  i . a -

Ia = supp(a). i ,  1  rad i

radA, i
i I

radA  = i
i I

radA  radA. , -

 1 i (radA)  rad i,

a radA   = 
a

i
i I

(a) i
i I

radA . ,   (4.1.10)  .

            (4.1.11)  :

⁄ radA 
i I

(Ai ⁄ radAi) . -

R = radA  Ri = rad i  i I. a .   (4.1.12)  ,
 = 

a

i
i I

(a)       

                (a + R) = 
ai I

( i (a) + Ri)
i I

(Ai ⁄ radAi).        (4.1.13) 

, . ,
a, b a + R = b + R, a  b R ,   (4.1.12), 

i (a  b) = i (a) i (b) Ri i I.

(a + R) = 
a bi I I

( i (a) + Ri) =
a bi I I

( i (b) + Ri) = (b + R).

, ,
m- . , a

(a + R) = 0.   (4.1.12)  i (a) Ri i Ia,
  (4.1.10)  a + R = 

ai I

( i (a) + R = R . ,

, .
         )  1 

,
         3. m-    



196

m- B Ker .
                                             (radA) = radB,                                (4.1.14) 
                                            1(radB) = radA.                               (4.1.15) 
           .
1
                                              (radA) radB.                                  (4.1.16) 

, Hom(A, C)
m- C. :

B  C  : b B (a) = b
a ,
                                            (b) = ( (a)) = (a).                               (4.1.17) 

, . , m-
C , (Ker ) = C, (Ker ) = 0. ,

Ker   ( )  6.1.1  . I, 
, (Ker ) = C  C. -

C  0. (Ker ) = 0. b = (a1) = 
= (a2) - a1, a2 , a1  a2 Ker ,   0 =  (a1  a2) = 
= (a1) (a2) (a1) = (a2). , ,

- . b radB, -
  (1.1.6)  b Ker , a 1(b)   (4.1.17)  

(a) =  (b) = 0. , a Ker .
HomK(A, C),   (4.1.6)  a radA. ,

                                         1(radB)  radA.                               (4.1.18) 

,   (4.1.16)    (4.1.18), 
radB = ( 1(radB)) (radA)  radB. ,
(3.1.14).   (4.1.18)  1(radB) radA 1( (radA)) 
= 1(radB). ,   (4.1.15)  .
          4. m-  : 
          ) rad(A ⁄ radA) = 0; 

          ) C ( ) (rad(A ⁄ C) = 0 radA  C).

         . ) radA
R. , HomK(A, B), B - .

  (4.1.6) R = radA  Ker , -
R, R:  A ⁄ R ,
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, Hom(A, B) ,  = R.
a , a + R  rad(A ⁄

R).   (1.1.6)  a + R . -
, (a) = ( R)(a) = (a + R) =  0  a Ker . -

  (4.1.6)  , a radA = R  a + R. = R. -
, ) ;

         ) C rad(A ⁄ C) = 0. -
  :  A ⁄ C  1  C(radA)

rad C(A) = rad(A ⁄ C) = 0, radA  C.

4.2.

        
.

m- .

                                      V1 = { B  | B },                                (4.2.1) 
                                                           V2 =

      = { Ker | Hom(A, B), Im  = B, B – --  }, (4.2.2) 

                 V3 = { C (A) | ⁄ C  – -   },      (4.2.3)  

                                            V4 = { C | C Ma (A) }.                        (4.2.4) 

          1. V1 = V2 = V3 =. V4.
         . V4  V1. , V4

  << >>  i- .
6.1.4  . I  Ma ( ), -

m- ,   (1.2.4)  -
V4  = { C | C MaStA }. ,

<< >>   (4.2.1)  V1.
,  V4 V1.

         V3 = V4. V3.   (4.2.3)  ⁄ C – -
, C Ma (A). -

,

V3 = { C (A) | ⁄ C  – -  } = 

= { C | C Ma (A) }= V4.

       V2 = V2.   (4.2.2)    (4.2.3), 
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.
        V1  V2. m-

m- .

                                             ( )                                         (4.2.5)

)  6.1.2  

                                             ( ) .                                       (4.2.6)
  (4.2.6) m- , ( ) = 0, 

( ) = . , -  (1.2.6) -
i-  = 0, m- -

. , (A)  Ker ,
  (1.2.1)    (1.2.2)  V1 V2.

        , V1 = V2 = V3 = V4.
        V1 = V2 = V3 = V4 -

m- i-radA.  1  

i-radA = { B  |  B }  =
= { Ker | HomK(A, B), B – -   } =  

= { C (A) | ⁄ C – -   } =  
                                = { C | C Ma (A) }.                            (4.2.7) 

.
           1.

         i-radA = { C | - A ⁄ }. (4.2.8) 

          . U
(4.2.8). - ,
(4.2.7)   (4.2.8)  U  V3 = i-radA. .

, C m- A ⁄ . -
 1.4.2  

                                        A ⁄   = ( )i i
i I

A                                 (4.2.9) 

m-   A ⁄   {Ai}i I .
i I i = Ker( i i ),  = natC :  A ⁄ . -

A ⁄ i Im( i i ) = Ai.
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  (1.2.9) ,  = i
i I

C . ,   (4.2.7)    (4.2.3), -

U = {C | m- A ⁄  } = 
C

i
C M i I

C

      { C (A) | ⁄ C  – m-  } = V3= i-radA. (4.2.10) 
, i-radA = U.

          1. - .

a A ( << a >>  a i-radA ). 
         .   (4.2.10)    6.1.4 . I. 
           2. m-
                                        i-radA  radA.                               (4.2.11) 

         . (A) Ma Ma (A), -
  (3.1.6)    (3.2.7)

i-radA = { C | C  Ma ( ) } { C | C ( ) Ma } = 

= radA.
         , m-

  (4.2.11)  .
          1.  ( , +, ·) = ( 2 × 2, +, ·) 

  ( , +, ·, ) ,
, S = {(0, 0), (0, 1), (1, 1)}. -

-  = .
9.5.3    [39]  - -

, S, , ,
B = {(0, 0), (0, 1)} = {(0, 0), (1, 1)}. , -

, - S
, + S = S. -

 = {(0, 0)}. , Ma ( ) = { }, ( ) Ma  = 
= .  (1.1.6)  (1.1.7)  i-radA = {(0, 0)} 

 =  radA.
           1. -

- B.
                                       (i-radA)  i-radB.                             (4.2.12) 

           . -
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m-
m- B.   (4.2.7) 

(i-radA) =  ( { C | C  Ma (A) })

{ (C ) | C  Ma (A) } { D | D  Ma ( ) }= i-radB.

           2. m- (A). 

                                            i-rad  i-radA.                                 (4.2.13) 

         . Ma (A) = ,  (4.2.7) i-radA 
 = i-radA. , Ma (A) . Ma (A)

.
(A) –< , –< . ,  Ma ( ). 

  (4.2.7)

(i-radA) = { C | C Ma (A) }= { C | C  Ma (A) }=

= { C | C  Ma (A), }

{ C | C  Ma (A), C } =

= { C | C Ma (A), C –< }

{ D | D  Ma ( ) } = i-rad .

,  (4.2.13).
          3.   =  i

i I
A m- -

  { i}i I -m- .

                                          i-radA  = 
i I

i-rad i,                            (4.2.14) 

                                 ⁄ i-radA  
i I

( i ⁄ i-radAi).                     (4.2.15) 

         . i I i ,

 2  i-rad i  i-radA. ,
i I

i-rad i = 
i I

i-rad i

i-radA. ,  1 i (i-radA)  i-rad i, -

a i-radA   = 
a

i
i I

(a)
i I

i-rad i, Ia = supp(a). -
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,   (4.2.14)  .   (4.2.15)  
  (4.1.11)  

4.1.2.
         4. i- -

- B.

                                            (i-radA) = i-radB,                               (4.2.16) 
                                          1(i-radB) = i-radA.                             (4.2.17) 

           .  1   (4.2.12). 
. , ( ),

D ( ) D .
1(D) . ,

                                             1(D) +  = .                                 (4.2.18) 

 =  ( ) = ( 1(D) + ) = ( 1(D)) + ( ) = D + ( ).

D ( ) = . -
,  + Ker  = , i- -

Ker  = . ,
(4.2.18)  ,  = . , 1(D) .

  (4.2.7) Ker
,

1(i-radB) = 1( { D  |  D }) { 1(D) |  D } + Ker

{   |  } = i-radA.
1(i-radB)  i-radA, ,

(4.2.12)  :

i-radB = ( 1(i-radB)) (i-radA)  i-radB.

,   (4.2.16)  .   (4.2.17)  -
,  (15)   4.1.3.

           5. m- .

           ( ) i-rad(A ⁄ i-radA) = 0; 

           ( ) C  (i-rad(A ⁄ C) = 0 i-radA  C).
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           -
 4.1.4  -
m- m- ,

  4.1.1  1.
          2. -

m- :
         ) m- , i-radA = 0; 
         ) m-  ( ,

m- ), i-radA ;
         ) - , a A ( (i-rad )

i-rad( ).
         . ) m- . -

, -
i- .   (1.2.7)  i-radA =  

= { B  | B } = 0; 
           ) (A) -

i-radA +  = . (A)
Ma (A), .

  (4.2.7)

 = i-radA +  = { |  Ma (A) }+  + ,

. , radA . ,
(A) = (i-radA)  1; 

         ) . : x x , x
- -

.  1  (i-rad ) = (i-rad )
 i-rad( ).

            1. , B ,

(B + radA) ⁄ B  rad(A ⁄ B))&((B + i-radA) ⁄ B  i-rad(A ⁄ B)).

4.3. -

          [39, § 9], I  m- -
, -m-  / I

, , -
. m-
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Rad m- .
m- , -

, Pr ( )

                                   ( ) = { I | I  Pr ( ) }                         (4.3.1) 

,   [43], ( ) m- .

                                            Rad ( ),                                    (4.3.2) 

  (4.2.7)  
                                           i-rad ( ).                                    (4.3.3) 

          
                                     Rad  + i-rad ( ).                          (4.3.4) 

        ,   (4.3.4)  
.

         1.   ( , +, ·, ) = ( 2 2 , +, ·, )
m- ,   ( 2 2 , +, ·)  -

, : , b, , d 2

                     ( , b) ( , d) = 
(0, ), 1
(0,0), 0

b d ,
d .

 
 
 

             (4.3.5) 

-
.

          1. m-    
( , +, ·, ).   “ ” : , b
                                      b = ( b).                               (4.3.6)

  ( , +, ·, ) m- -
, m- .

          . , b, .   (4.3.6)  

( b)  = ( ( b) ) = ( ( ) (b)) ( ) = ( ( )) ( (b)) ( ) = 
= ( ) ( (b)) ( ( )) = ( ) ( (b) ( )) = ( ( (b )) = 

= ( (b )) = (b ).
,   “ ” . ,

, ,
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  ( , +, ·)  -
  “ ” . ,  ( , +, ·, )

m- .
           (4.3.5). ,   “ ”, -

, -
. -

  “¤”  S = 2  × {0}. , b,
, d 2

                       ( , b)¤( , d) = 
( , ), 1
(0,0), 0
a b d ,

d .
 
 
 

                (4.3.7) 

  ( , +, ·, ¤)  -
m- . : ( , b)  (0, b)

. ,
- .   (4.3.5)    (4.3.7), 

  (4.3.5)    “ ”   “ ”   “ ”   “¤”, 
 1 ,   ( , +, ·, ), -

, m- .
         I = {0} 2   ( , +, ·)  ,

m- . -
,   (4.3.5)  I,

I. I
m- ( , +, ·, ), ,   | I | = 2. -

   S = 2  × {0}  , -
  (4.3.5), Ma ( ) = {I } i-rad  = 

= I. , S
- . , , b, , d 2 ,

( , b) (( , d) + (1, 0))  ( , b) ( , d) =( , b) (( + 1, d))  ( , b) ( , d) = (0, 0), 
,  (4.3.5)  -

-
. , S   ( , +, ·)  . ,

, b 2

( , b)  ( , b) (0, 1) = ( , b)  (0, b) =  ( , 0) S,
S . , d 2

, b 2   ( , b) ( , d) S, d = 0, . 9.4 [39]  
FS = (S ÷ ) = S, S - . ,
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S   ( , +, ·), 
 9.4.1, S -

. I m- , S  = 
= {0} ( - , S), -

, Rad  = {0}. , I ,
FI = , I - ,

Pr ( ) = ( ) = . , Rad  + i-rad  = I  = ( ).
         ( ).
          2. m-
m- L. I (L)

                            I Pr (L) 1(I) Pr ( ).                        (4.3.8) 

          .    
I Ma (L) 1(I) Ma (A). ,   (L, A, )

I = Ker ,   ( , A, ) -
1(I ) = Ker . I Pr (L), 1(I) Pr ( ).

, I (L) 1(I ) Pr (L), 
( , A, ) 1(I) = Ker . -

Im ⁄ 1(I) 1
( )

( )
Ker

( I ) Ker L / I,

  (L, A, ) I. ,
I Pr (L)   (4.3.8)  .
         1. m- m- L.
                                     ( ( )) ( ( )).                               (4.3.9) 

          .   (4.3.1)    (4.3.8)     

( ) 1(I) I Pr ( ( )). I Pr ( ( ))
( ( ))  I ( ( )) ( ( )). 

         2. m- :
           )  (K ⁄ ( )) = 0; 
           ) I  ( ( ⁄ I) = 0 ( )  I). 

          . )  = nat ( ): K  K ⁄ ( ) -
. L = K ⁄ ( ).   (4.3.1), (4.3.8)  

,



206

1( (L)) = 1( { I | I Pr (L) }) = 

= { 1(I) | I Pr (L} = { J | J Pr ( ) } = ( ). 

, (L) = 0; 
        ) I Pr ( ) ( ⁄ I) = 0.  = nat I: K  K ⁄ I.

 1  ( ( ))  ( ( )) = ( ⁄ I) = 0, ,
( ( )) = 0  , , ( )  I.

           m- , - -
 [4], . .  = , -

,  = .
         3. m- .

     
                                            ( )  rad .                                     (4.3.10) 

       . , m- -
I Pr ( ) Ma . -m- ⁄ I

- . , m-
( , , ), x, y (x)(y + I) = x y + I. I

-m- m- , I -
-m- m- ,

- - . ,
Ker  = I. , I

I  Ker . - I
I = Ker ,  = Ker .  I, -

m- . , I = Ker
, . -

, I Pr ( ).   (4.1.6)    (4.3.1)  

( ) = { I | I Pr ( ) } { C | C ( ) Ma } = rad .

4.4. -

         (§ 4  . I), Mi -
-m- m- , . . Mi = { B | B }. -

. ,
m- .

                                  W1 = {B  |  B  },                          (4.4.1) 
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                             W2 = 
0, ,

, .
B A

MiA
B

  
 
  

                   (4.4.2) 

W3 = { Im | Hom(B, ), B
                                             m-  }.                                  (4.4.3) 
         1. W1  W2 = W3.
        . W1  W2. B . B  0, 

m- B B  = B B .
B  = 0, -m-

B = 0, . B {  |  } = V1 ,
,   (4.4.1)    (4.4.2)  W2  W1.

         W3  W2. m- B Hom(B, ). -
 1.3.4  m- Im

-m- m- . -
,   (4.4.1)    (4.4.3), W3  W2.

        W2  W3. Mi  = ,  (4.3.2)  (1.4.3)  W2 = {0}  W3.
Mi B Mi . : B m-

B m- ,    
Im  = B

{ Im | Hom(B, ), B -  }= W3.

W2 = 
B A

 W3. , W2= W3  W1.

          m- -m- W2 = W3. -
Soc .  2 ,

Soc  = { Im | Hom(B, ), B    m-  }

                                {B  |  B  } }.                                   (4.4.4) 

        , Soc  = W1
.

           1.  = 2

2  2. -
  ”  ”  (3.6.10)  

 3.6.3, 

                               S = (  × {0}) ({0} × 2 )                        (4.4.5) 
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x, y

                          x y = 
, ,

0,
x y S

y S.
 
 
 

                (4.4.6) 

- - .
  (1.3.6)  , x

                                     x  = 
0
x, a S ,
, a S.

 
 
 

                         (4.4.7)

       9.5.3   [39], -
-   ( ,+ , ·), -

S, , -
 + S = S.

            = {0} × 2  = × {0}. -
,

- .
. ,  <

,   (4.3.5)   9.5.3 [39]  × {0}, 
× {0} , -

= × {0} = . -
, Su -

Su 1,   ( 0, | )
, ,   {0, 1}. -

, MiSu  = {  } Su× = { }.   (4.4.1)  
  (4.4.4)  , Soc  =  W1 = .

        
W 1.

. 2.1  . V. 
          1. B   m- HomK(A, B).    
                                          (Soc )  SocB.                               (4.4.8) 

          . -
m- m- , ,

  (4.4.4)  Mi ,

(Soc ) = ( { C  | C  }) { (C) | C  }

{ D | D  B } = SocB.
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Mi  = , (Soc ) = (0) = 0  SocB.
(Soc )  SocB.

           2. m-
          ) Soc(Soc ) = Soc ;
          ) C A  ( Soc  = C  C  Soc  ). 

           . ) V = Soc . B  V, B .
, B , B Soc  = V  B V,  (4.4.4)  

Soc(Soc ) = SocV = { B | B  V } = { B | B  } = Soc .
, Soc  = 0 = Soc(Soc ). ,

Soc  = 0, Mi  = Soc  = 0 = Soc(Soc ). ) ;
          ) C Soc  = C. Mi C = , C = Soc  =
= 0  Soc . Mi C   (4.4.4)  

C = Soc  = { B | B  C } { B | B } = Soc .

           3. 
- - .

                                             (Soc ) = Soc ,                                    (4.4.9) 
                                               1(Soc ) = Soc .                                   (4.4.10) 
          . )  1 -

                                              (Soc ) Soc ,                                   (4.4.11) 

. Mi  = ,   (4.4.4)  
Soc  = {0} (Soc ). , . -

( )  : 
( ) = ( ), ( ) = 0. -

, ( )  0. , -
  (4.4.4)   

                         Soc  = { |  } ( ).               (4.4.12) 

,
D A ( D (D)  ( ), 
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(Soc ) = ( { D | D  }) = { (D) | D  } = 

= { (D) | (D) ( ) } = { | ( ) } = Soc ( ).
 2   (4.4.11)  

Soc  = Soc(Soc )  Soc( ( )) = (Soc ).

,   (4.4.9)  . -
Soc  = 1( (Soc )) = 1(Soc ).

           4.   =  i
i I

A m- -

  { i}i I -m- ,. 

                                         Soc  = i
i I

SocA ,                              (4.4.13) 

         . )  1  ,
Soc i  Soc i I,

                                    i
i I

SocA  Soc .                           (4.4.14) 

. Mi  = , Soc  = {0} i
i I

SocA .

 m-
. i I, , i

i
i I

A i. -

, i = 0 i I. b b  0. Ib = 
= { i I | i (b)  0 }. b = 

b

i
i I

(b). i Ib -

i |  : i i. -
m- i, , -

. i = i(b).
 = < b > i = < i (b) > Mi i. ,

 = < b > = < 
b

i
i I

(b) >
b

i
i I

=

 = 
b

i
i I

B
b

i
i I

SocA i
i I

SocA .               (4.4.15) 
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, i i I. -
Mi i  Soc i. ,   (4.4.15), ,

Mi i
i I

SocA . ,

Soc  = { B | B } i
i I

SocA ,

.
          1. , - -

. :
          1)  -

                                                  Soc ;                                      (4.4.16) 
          2)  -

                                                Soc ;                                       (4.4.17) 
          3)  -
                                                 Soc 0.                                      (4.4.18) 
           . 1)  2). .
           2)  3). -  0. , . .,
Soc  = 0.  0,   <  >  0 -

  (4.4.16)  Soc<  > <  >, , Soc<  >  0. 
-   <  >, 

- .   (4.4.4)  
Soc  = 0.   (4.4.18) 

           3)  1).  0.   (3)  Soc 0. Soc
, Soc -

                                                Soc  = 0.                                       (4.4.19) 
  (3)  Soc  0, -

.   (1.4.19)  Soc  = 0, -
 (3.3.4). , (1.4.16)  .

           1.  , B
-m- m- , B = Soc .

4.5. -

         m- , rad  = 0, i- ,
i-rad  = 0.   4.2.2  ,
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m- i- . ,   (4.1.6), 
(4.2.7)   2.4.3 . I, 
          1. m-

, m-
, i- ,

m- .
           2. m-

m- i- .
         m- -

          1. m- , -
,

-m- , -
.

         . .
- .  (  1.3.1) -

 2 . , -m-
m-

6.2.1 . I , m- -
.

          . , , m- -
-m- ,

. Sub . . ,
( ). ,

                                               = 
. .

.                                     (4.5.1) 

)  6.2.1  . I, , , -
,   (3.1.6),   3.1.3  m-

,    

{ D  |  D } rad rad  = 0.

,  = 0   (4.5.1)   = C. , -
D ,  =

=
. .

 D,. , , D = 0.
2.3.1  . I    :
                                               = D.                                      (4.5.2) 
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  (1.5.1)  

                                             D .                                         (4.5.3) 

, b .
  (1.5.2)    c   d D , b = c + d. -

,   (4.5.3), c = b – d D
c  = 0,  c = 0, b = d D. b

D , , = D
(4.5.2)  = . , -

, .
          2. m- ,

i- i. . . .
          . ) . ,
m-   i- i. . . .

( ), ( ), i. . .
, ,

                                             +  = .                                       (4.5.4) 
)  6.2.4  . I

             D ( ) ( (( ) )).D C B C D C D C (4.5.5)

,

                                            .                                     (4.5.6) 
, ( )

                                         + = .                                (4.5.7) 
( ) + = , -

,   (1.4.5), D ,
 = . , . ,   (1.5.7), 

 = + + , ,  = . ,
(3.4.6) . , i-  (1.2.7), 

{ D  |  D } = i-radA = 0.
,  = 0,   (1.4.4)   2.3.1  . I -

 = . ,
, m- .

         . m- .
i-  2. ( ).
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m- ( ) ,  =
= .  6.2.1  . I i. . . .

4.6. -

          - ,
- .

           1. - .
                                                    <<( radKK)  >> rad .                        (4.6.1) 
          . , -

: KK , x (x) = x , -
- .   4.1.1 -

(rad ) = (radKK) rad . , rad StA,
  (4.6.1).

          radKK
- Rad -  [39] -

.
           1.  
                                           radKK = Rad .                                    (4.6.2) 
          . radKK R.

,    

                                               R ( ),                                         (4.6.3) 

. ., R - . ,
R StKK,   R    ( , +, ·), . -

, . . R R -
  (4.6.1)   = KK. R  = 

(radKK) K  radKK = R. , (4.6.3) .
         ,  [39], 

Rad -
- ,   9.4.3    [39] 

Rad  = {(T: )  | T
  ( , +, ·)  T =  }.  (4.6.4) 

T   ( , +, ·)  
. 3.4. , , T

- KK. ,
  9.4.2   [39] T    
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( , +, ·), T  = ( T: ), T - ,
T.   [67]…, J2( )

- .
         

                                   radKK Rad  = J2( ).                            (4.6.5) 

,  9.4.1[39]  KK ⁄ T
  ( , +, ·),   (4.1.6)  

(4.5.3) R T .   (4.6.4)   

R {(T: )  | T   ( , +, ·)  T =  } = 

= Rad  = J2( ).

, Rad
, , ,

J2( ) -
.   –  ,

Rad  = J2( ). ,   (4.6.5)  . -
, StKK MaKK = .

  (4.1.6) Rad  = radKK. StKK MaKK
StKK MaKK. KK ⁄

Rad .   (4.1.6)  

Rad { StKK | KK ⁄ – -  } = radKK.

        ,   (4.6.2)  .
        ,

- - , . -
.

          1.   ( , +, ·, ) - .
i-rad KK ( ), .

         1˚. MaStKK Ma KK.
         2˚.   ( , )   [4, 75]…, 

-

                               a  ( { }).                      (4.6.6) 



216

         . 1˚. MaStKK MaKK, MaStKK =  
= St KK Ma KK =,   (4.1.6), (4.2.7)    (4.5.3) 

i-radKK =   { C | C MaStKK } = { C | C St KK Ma KK } = 
= radKK ( ).

        2˚. MaStKK= ,   1˚, -
, MaStKK   (4.6.6). , MaKK

.   (4.6.6)  - ,
,

- . ,   (4.2.7) 

i-radKK = { | MaStKK } ( ).

          1. -
-   [15, 44, 57, 61]…. -

  ( , )

,a b ,x y k ( ( b)k = x  = b y). 

,a b ,x y ( b = x  = b y.

 [25, 57] ,…. 
         ,

 [17,  9.6.3], rad -
- .

- .
           1. -  ( , +, ·, ),  = 0. -

  9.6.2  [39]  Rad  = . -
FK(X) X = {x}.  = x

- KK. - FX , -
: FK (X) , (x) = x.

Im  = . -
 5.2.1   I - . ,

 1 J2- - , rad  = 
= rad( x) radKK = Rad  =  KK x = . rad  = .
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  III 

-

§ 1. -

1.1.
-

        
.

, m-  ( -
), -m- -
 ( , )  ( -

, , , -m- ). m- -
 ( , i- ),

. m-
 ( , i- ), -

. m- -
( ), - -

 (  ( , ). ,
                                             1 2 …                                  (1.1.1) 

-m- m- ,
.

. m-  [17], 
-m-

.
          1. ( ). -

        1)  – m- ;
        2)  ⁄ – m- ;
        3)    (1.1.1)  -m- m- -

;
        4)    {Ai }i  I -m- m- -

0
{ }i i IA , i

i I

A  = 
0

i
i I

A ;

,
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         5) -m- m- .
        . 1) 2). – m-

. , Sub -
. ,

Sub( ⁄ ) Sub
. ⁄ – m- -

.
           2) 3). ⁄ – m-  (2.1.1) –  

-m- .
1 2 … -m- m- .  –  

m- , - -
n , n , . .

                                     n =  n + 1 = ….                           (1.1.2) 
           (  + 1) ⁄  …  (  + 2) ⁄ …

-m- -m- ⁄ .  – m- -
,

 (  + m) ⁄ , m , . .

                            (  + m) ⁄  =  (  + m + 1) ⁄  = …                   (1.1.3)
, , m = n.

:  +  + n -
  (  + n) ⁄

n ⁄ ( n). n + 1 n, ((  +  
+ n + 1) ⁄ ) = (( n) + n + 1) ⁄ ( n).

n + 1 ⁄ ( n)   (2.1.2),   (2.1.3)   

n ⁄ ( n) = ((  + n ) ⁄ ) = ((  + n + 1) ⁄ ) = n + 1 ⁄ ( n).
, n = n + 1. n + 1 = n +2 . ., . .

(1.1.1) . 3)  .   
          3) 1). Sub -

, -
, 3)  .

      , 1), 2), 3)  .
        3) 4).   {Ai }i I  – -
m- m-   = i

i I

A . , . .,

. -
i1 I 1 =

1i
A . 1 . -
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i2 I {i1}, , 1 3i
A 1. -

2 = 1
2i

A . i3 I {i1, i2},

2 3i
A 1  …    , 3 = 2 3i

A . . -
-m- 1 2 3 …, -

3). 4) .
        4) 3).   (1.1.1)  -m- m-

. 2  = 1 2, 3  = 1 2 3,…, n =
=

1

n

i
i

A n . 4)  n

1

n

i
i

A  = 
1

i
i

A  , ,   (1.1.1)  

. 3) . ,
1) – 4)  .

        4) 5). – m- ( ). 4)  
-m- ⁄ – .   {Ai }i I  – -
-m- m- , ( i

i I

A ⁄ ) = 0. 

, i
i I

A  = .

4) I0 I
,

0

i
i I

A  = . ,
0

( i
i I

A ⁄ ) = 0. , m-

⁄ .
           m- G ,

i- m- Gi , m- -
G , i- m- Gi .

            1  
           1. G -

.
         m- ,

.
 1. 

         2. m- ( ). -
:

        1)  – i- m- ;
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        2) 1 2 … m-
;

         3)    {Ai }i I m-

0
{ }i i IA ,  . i

i I

A  = 
0

i
i I

A ;

          4) -m- m- -
.

         
i- .
          3. m- ( ). -

:
         1)  – m- ;
         2)  ⁄ – m- ;
         3)     
                                             1 2 …                                     (1.1.4) 

-m- m- .
          4)   {Ai }i I -m- m- -

0
{ }i i IA ,

i I
i = 

0i I
i.

         5) -m- m- .

         . , 1) 2) 3)
, 1), 2), 3)  -

 1. 
         1) 5).   {Ai }i I  – -m- -

m- .  2 , –
m- , . ,

1 1 = < 1>. 1 , 2 1. -
2 =  < 1, 2> . ., , , -

n n ,
1 2 … n  … , 3). , -

n n = , m- .
        5) 3). 5)   (1.1.4)  –  

-m- m- . n
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                                                   = 
1

i
i

A .                                         (1.1.5) 

, Sub 5)  n
1, 2, …, n , < 1, 2, …, n > = . (1.1.5)  

, i1, i2,…, in 1
1i

A , 2
2i

A ,…, 

n
ni

A . , ,
ni

A –

1i
A ,

2i
A ,…,

ni
A .  = < 1, 2, …, n >

ni
A ,  =

= ni
A , ,   (1.1.4)  .

        , 1), 2), 3), 5) .
         5) 4).   {Ai }i I  – -m-

m- . -m-  = 
i I

i. 5)  -

, n 1, 2, …, 
n , < 1, 2, …, n > = . j {1, 2,..., n}

Ij I , j
ji I i. ,  =  

= < 1, 2, …, n >
1

n

j ji I i = 
i J

i, J =
1

n

j
j

I . ,

i I
i  = 

i J
i J. 4)  .

         4) 3). 4)   (2.1.4)  –  

.  = 
1

i
i

A .  = 1i
i

4)  n ,  = 
1

n

i
i -= n. -

,  (7.1.4)  . 3) . , -
1) – 5) .

         G
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           2. G -
.

         3
          4. m- .

:
         I1)  – i- m- ;
         I2)     

                                                      1 2 …                                          (1.1.6) 

m- ;
         I3)   {Ai }i I m-

0
{ }i i IA , i

i I
A =

0

i
i I

A ;

         I4)   m- .
          

          3. Gi Gi -
.

        
 1.

          4.  m- -
:

         1) m- ;
         2) Sub .
         . 3 3  1  3 -

,
. , Sub ,

m- .
        
          5.  m- -

;
1) m-   i- i- ;

          2) ( ) .
         1. m- .
         2. m-   i- i- .
         1. m- . -m- -

. .
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        . – m- . -
= { Sub  |  +  =  }. , .

m- -
, .

           1.  2  3.
           2. -

 4.
           3.  4  

  6. 

1.2. -

          m- , End
  “ ” , -

Aut m-
(End , ). End . 2 = , 3 = , … –  -

, n Im( n) Sub , Ker( n) ( ). 

                               Im Im( 2)  Im(  3) …                      (1.2.1) 

                              Ker Ker( 2)  Ker ( 3) …                     (1.2.2) 

          1. m- EndK .
:

         1) – , n0 ,

                            0n n (  = Im( n) + Ker( n) );                      (1.2.3) 

         2) – m- ,
Aut ;

         3) – i-  m- , n0 ,

                            0n n (  Im( n) Ker( n) = 0 );                   (1.2.4) 

         4) – i- m- ,
AutK .

         . 1) – m- End .
-m-   (1.2.1)   1.1.1 

. n0
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Im( 0n ) = Im( 0 1n ) = … = Im( 02n ) = …. 

, n  n0 Im( 0n ) = … = Im( 02n ),
n( ) Im( 2n ) b -

n( ) = 2n (b). , n( – n(b)) = 0,  
– n(b) Ker( n)  = n( ) + ( – n(b)) Im( n) + Ker( n). –

, ,   (2.2.3); 
        2) , n – ,
Ker( n) = 0    (1.2.3)  , Im( n) = , n -

, . , Aut ;
        3) – i- m- .
(1.2.2)  1.1.4, -

n0 Ker( 0n ) = Ker( 0 1n ) =

=… = Ker ( 02n ) = …. . , n  n0 Ker ( n) =             
= Ker( 2 ). Im( n) Ker( n), b -

 = n(b),   0 = n( ) = 2 (b). ,
b Ker( 2 ) = Ker ( n)  = n(b) = 0. , Im( n) Ker( n) = 0 -

  (2.2.4). 
        4) , n   (1.2.4)  

, Ker( n) = 0  n , -
AutK .

          1. – i- m-
EndK . :

         1) n0 , 0n n (  = Im( n) Ker( n) ); 

         2)  , , ,
, .

         . 1) – i- m- -
, 1) 3) , n0

n  n0  = Im( n) + Ker( n)    
Im( n) Ker( n) = 0. Im( n) Sub Ker( n) ( ), -

 = Im( n) Ker( n);
         2) 2)  4).
          1. . – -

i- m- ,
( )  [18] -

.
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1.3. -

         R  –   1 -
 ( . . ) .

-  (
6.1.3[17]). m- m-   (R[x]x, +, ·, )

x R [39]. 
, m- - . -

  (R[x], +, ·)  R
(R[x]x, +, ·)  , f

 g - -
:

                                                 f g = f g.                                         (1.3.1) 
.

         1. J –  = R[x]. J
- , , - .

        .   (1.3.1), ,
f, g R[x] h R[x]x, f J,    

                             h (g + f ) – h g = h (g + f ) – h g J.                    (1.3.2) 
, , -

  1.4.2   [39] , R – ,
, R  – .

, J - .
             1. -  = R[x]x -

  ( , +, ·)  - . ,
R = – , J = x + [x]x2

, - -
. , ,   (1.3.1)  

( x) x = ( x) x = x J.
         
          2. J –  = R[x]x. J

- , , J
R[x]. 

         . . J – -
R[x], R[x]x. J

R[x]x. , f J, h ,   (1.3.2)  -
 g R[x] g R[x]x. , J

- .
         . J –  = R[x]x

- . , J R[x]. 
R[x]J J. f J g R[x].



226

g(x) = h(x)x + h R[x] R. J –
R[x]x, h(x)xf(x) J, J - ,   ( x) f(x)  = 
= ( x)  f(x) =  f(x) J. , g(x)f(x) = (h(x)x + ) f(x) = h(x)x f(x)+
+  f(x) J + J  J. f g ,    
R[x]J J.
        ,
          1. J – ,  = R[x]  = 
R[x]x. J - , -

, J R[x]. 
         1. R  –

 1  = R[x]  = R[x]x - -
,  = R[x]x – m- -

x R. –  i- - .
         . J – - .

 1  J R[x]. -
, J ,  1.1.4  

, - .
, J 0. f(x) R[x] deg(f(x)) -

 ( , (x) -
), s(f(x))  –    ( 

s( (x)) = 0). ,
                                        J0  = { s(f(x)) |  f(x) J }.                                (1.3.3) 

, J – R[x], 
 6.1.3[17] , J0 R.

J0 ,
  (1.3.3), 1, 2,…, m R,

m , f1(x) , f2(x),…, fm(x) J ,

                                      J0 = 1R + 2R +…+ mR                             (1.3.4)

                                     {1,2,..., }i m ( i = s(fi (x)).                            (1.3.5) 

fi (x) x,
, , ,

n , J -
  (1.3.5). 

                                             = 
1

( ) [ ]
m

i
i

f x R x .                                     (1.3.6) 
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J R[x] fi (x) J {1,2,..., }i m ,
(1.3.6) , J  R[x]x. ,

R[x] ( R[x]x).
 1 , – - ,

fi (x), {1,2,..., }i m .
- .

         f(x) J. ,
                                             f(x) = g(x) + h(x)                                      (1.3.7) 

g(x) h(x) ,  deg(h(x)) n.
f(x). 

deg(f(x)) n, . , deg(f(x)) =  
= l > n.  = s(f(x)).   (2.3.3)  J0   (1.3.4)  

 = 1 r1 + 2 r2 +…+ m rm, r1, r2,…,rm – - -
R.

                                    ( )f x = f(x) – 
1

( )
m

l n
i i

i
r f x x .                            (1.3.8) 

J R[x] ,
l, ( )f x = g (x) + h(x)

g (x) h(x) ,  deg(h(x)) n. ,

  (1.3.8)  f(x) = ( g (x) +
1

( )
m

l n
i i

i
r f x x ) + h(x)

(1.3.6)
1

( )
m

l n
i i

i
r f x x , g(x)   (1.3.7)  

g  (x) +
1

( )
m

l n
i i

i
r f x x . , -

  (2.3.7). 
                                = (R + R x + R x2 + … + R xn) J.                     (1.3.9) 

R-  ( ). -
R- R + R x +     + R x2 + … + R xn R-
, ,  6.1.3  6.1.2  [39]. 

k  { q1(x), q2(x), … qk(x) } – R- .

                                             = 
1

( )
k

j
j

q x R .                                     (1.3.10) 
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,

                                J = 
1

( ) [ ]
m

i
i

f x R x  + 
1

( )
k

j
j

q x R .                      (1.3.11) 

J . -
fi (x) qj(x), {1,2,..., }i m , {1,2,..., }j k J, -

R[x], 

                                                 J J                                          (1.3.12)

 1  J -

R[x], .
 (1.3.12). , f(x) J. -

  (1.3.7), g(x) h(x) ,  deg(h(x)) n.
h(x) = f(x) – g(x) J –  J – J  J,   (1.3.9)  h(x) . -

,   (1.3.6), (1.3.7), (1.3.10)    (1.3.11), 

f(x) = g(x) + h(x)  +  = 
1

( ) [ ]
m

i
i

f x R x  + 
1

( )
k

j
j

q x R

1
( ) [ ]

m

i
i

f x R x  + 
1

( ) [ ]
k

j
j

q x R x  = J .

, J J   (1.3.11)  , J
- . .

§ 2. 
-

2.1.
-

        . 1.3    II, 
m-

        1. – m- . -
.

           1˚. , -
-m- .

           2˚. -m-
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           3˚. .
           4˚. ..
           5˚. – m- .
           6˚. – m- .
           7˚. – i- m- .
           8˚. – i-  m- .
           9˚. .
         10˚. .
         11˚. .
         12˚. .
        . 1˚ 2˚. ,

1)  1.3.4    II .  

           2˚ 3˚. n  = 
1

n

i
i

A   –  m-

-m- . -m-
                      0 = 0 1 1 + 2 … 1 + 2 + …+ n =              (2.1.1)

  –  ,

(
1

)
l

i
i

A ⁄ (
1

1
)

l

i
i

A l, l {2, …, n},  m- -

, .
.

        2˚  4˚. – m- ,
 1.3.1    II , Sub = (A)

(2.1.1) . , -
.

        3˚  5˚, 3˚  6˚. m-
n. , Sub -

  2.1.5  – m- .
, , Sub .

, , , n.
    Sub = (A), -

,   1.4.1   I -
, n,

.
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         4˚  7˚, 4˚  8˚. -
 2.1.6 ( )   1.4.2   I. 

         5˚  10˚, 6˚  9˚, 7˚  12˚,  8˚  11˚.
  1.1.1, 1.1.3, 1.1.2, 1.1.4  .

         9˚  1˚. – m- -
 = i

i I
A   –  m- -

  {Ai }i I -m- .  =
i I

i. ,

5) 4)   1.1.3, -
, ,

J I ,     = 
i J

i. -m-

{Ai }i I   –  ,  = i
i J

A , .

         10˚  1˚. – m- -

                                             = ( )i i
i I

A   –                                    (2.1.2) 

  {Ai }i I -m-
, i I i  : i  –  . -

I , . , I
. J FinI J =

=
\

j
j I J

A . ,

                                               J
J FinI

B  = 0.                                       (2.1.3) 

, ,

J
J FinI

B .   (3.1.2)  ,  = ( )i
i J

a -

L I.  ( i
i L

A ) J
J FinI

B ( i
i L

A ) L = 0, 

. (2.1.3)  . -
- , n -
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J1, J2,…, Jn FinI ,
1 2

...
nJ J JB B B  = 0, 

1 2
...

nJ J JB B B =
1

n

i
i

J
B I.

, -
m- .

         11˚  1˚   9˚  1˚
         12˚  1˚   10˚  1˚.
          2. m-

, , -
, .

          . . m-
.  4.5.2 . II 

.  1.3.1  . II  
. ,  1. m- .

         . m- ,
rad  = 0. , .

 = {C |  =  C }. 

, . m- -
, -

, m- -
.   4.5.1  . II  ,

m- .  1  -
, , m- .

           2. m- , -
. .

         .  2 ,
m- .

-m- m- .   4.1.1  . II 
rad rad  = 0, m- .   1.1.1  

  1.2.1  . II , m- -
.  2, ,

.   1.1.2  m- .
           3. m- ,

-m- ⁄ rad .
         . R = ⁄ rad .
1.1.2  -m- R,
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  1.2.2 . II R m- .
 4.1.4  . II  R ,

 2 m- R.
         3. m- -

, i- i- .
         . . m-

.
4.5.2 . II i- ,   1.1.2  i- .
         . , m-   i-
i- ( ).  = { | +
+  =  }. , . i- -

, , D. , D i. . .
.   4.5.2 . II , , m-

. , ,
1.1.2.
           1. , m-

:
           1˚. ,
m- .
           2˚. m- .
           3˚. ..
           4˚. – i- m- .
           5˚. – i- m- .
           6˚. .
           7˚. .

2.2. -
- -

         1. m-
:

         ) radA ;
         ) m- ⁄ radA  .

m- .
          . ) ) . -

R = radA. ) n 1, 2, …, n
,   < 1 + R, 2 + R , …, n + R > = ⁄ R.. ,
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< 1, 2 , …, n > + radA = .   ( )  < 1, 2 , …, n > = . ,
m- .
           1.1.2  .
           1. -m-     m-

  ( )   ( ) , m-
.

          1  -
.

          1. m-
, :

         ) i-radA ;
         ) m- ⁄ i-radA  .
         . . m-

. i-radA )
 4.2.2   . II.  , -

m-
, ) .

          . , ) ) -
. i-radA  R. n

1, 2, …, n   << 1 + R, 2 + R , …, n + R >> =  
= ⁄ R., 0, ,   << 1, 2 , …, n >> + i-radA = ,

, i-radA ,  = << 1, 2 , …, n >>, 
m- .

         2. m- :
         ) ;

         ) m- Soc Soc .
        . ) ) m-     -

. , 0. ,
-m- .                 

 = { | 0}. 0, .
, . . 1, 2 1 2 2 1.

 = { j | j J } -
D = j

j J
. , D .

D , , , , D .
,  = j

j J
= 0, -
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, j
j J

 = 0 -

J0 J. -
, , -m- .

,   ( , ) -
, , 0.

, 0 -m- m- .
0 Soc 0. ,

B À ( Soc  = 0  = 0 ). ,
Soc . , m-  Soc ,

, SubSoc Sub ;
         ) ) ,   { j | j J }

-m- m- ,

                                                   j
j J

= 0.                                           (2.2.1) 

, -m-
Soc  = Soc ,   (2.2.1)    0 = ( j

j J
) Soc  = 

( )j
j J

SocA . m- Soc

,   0 = (
0

j
j J

) Soc

J0 J. Soc ,

0

j
j J

= 0. , m- .

            2. m- ,
 : 

         )  Soc( ⁄ ) ⁄ );
         ) m-  Soc( ⁄ ) .
         . .
m- Sub .  1.1.1  m- ⁄ -

m- ,
) )  2. 

         .   m- -
) ).  3 -m-
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m- ,   1.1.1  
m- .

        m-  ( .1.3 )  -
, Soc  = W1, W 1 = {B  | B  }. 

 1.3.   
          2. m- . -

Soc  = W1.
        1˚. m-    .
        2˚. m- .
        3˚. m- , , .
        4˚. m- .
         . 1˚. , -
m- -m- ,    
W2  W1.  1.3.1  W2 < W1. ,

 6.1.6  . I Sub
Sub , -m- W2.

-m- , W2  = 0. 
-m- , , W2  =

= 0. W2 =
A

.

         2˚. m- .   0 Sub ,
( )  {0}  m- -

, , , m- . , -
Sub W2 = W1.

         3˚. , m- .
-m- , W1  =  

=
A

 = W2 W2 = W1.

         4˚. m- . , m- -
W1 . , W1.

 6.2.1  . I -m- D,
. . .

2.2.2  . I D =  + D = D. -m-  + D
, . (A) = SubA  -

, D i. . . .
)  6.2.5  . I  , , .

W1 W1 =  + D.
( ), W1 = W1 (  + D) = 
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=  + (W1 D) = (W1 D). ,
. ,

W1  m- .
1.3.2  . II, , W1 m- .
: W1 -m- W1 .   (3.3.1), 

(3.3.4)  1.3.1  

(W1) { Im | Hom(B, ), B m-  } = 

= Soc (W1).

, W2 = Soc = W1.

2.3. -

         ( .1.2), , Sub –< ,  Ma .
: , ( ) Ma .

          1. m-  0. m-
, Sub -

 ( . 1.2). 
         . . rad  = 0 m- -

.   (1.1.6)    0 = rad  =  
= { C ( ) | ⁄ C  – m- }. -

{C1, C2,…, Cn}, n , m- ,
i {1, 2,…, n} m- i = ⁄ Ci ,

                                                  
1

n

i
i

C = 0.                                       (2.3.1)

 (  2.4.1 . I), m-
m-   { i} 1

n
i , . . ,    

1

( )
n

i i
i

B , i
1

( )
n

i i
i

B i,

i ( ) = i i {1, 2,…, n}. n, -
Sub .

          n = 1,  = 1, Sub , ,
. n > 1 -

, -
-m- . -

, i ( )  0. , -
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, i = 1. Ker 1  = 0, 1

,
. Ker 1 0.

-m- ⁄ C1 C1 -
-m- . , C1, C2,…, Cn -

Ma . i {2,…, n}

                                                  C1 + Ci = .                                           (2.3.2) 
, C1 m-
2,…, n.   (2.3.1) ,

                                          1
2

n

i
i

C C =
1

n

i
i

C  =0. (2.3.3)

i {2,…, n} ,
(3.3.2) i = ⁄ Ci (C1 + Ci) ⁄ Ci  C1 ⁄ (C1 Ci). , -

-m- C1 ⁄ (C1 Ci)   (3.3.3)  m- C1

  { i} 2
n
i

m- , SubC1 -
. Sub { }. , -

m- . , C1,
m- C1 -

                                            0 = D1 –< D2 –< … –< D = C1                                      (2.3.4)

m- C1, . C1 ( ) Ma , C1 , -

0 = D1 –< D2 –< … –< D = C1 ,
m- , .
           , C1. D = 
= C1. D C1, SubC1 -

D   (2.3.4)  m- C1, -
, D = Dj j {1,…,  1}. ,

C1 SubA Ma , D ( ) C1 +  = . -
1 = ⁄ C1 = C1 ⁄ ( C1) = ⁄ D. ,

D .
                                   0 = D1 –< … –< Dj = D ,                         (2.3.5) 

  0 .
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          , Sub , . .
Ma  = Sub { }. , (Sub ) { }. C1,

Ma . -
m- m- . Sub

0 < 1 < … < l < l + 1 < …,  l    

l  C1 l . ,    

l C1 l. l C1 l C1.
C1 l C1,   (3.3.5)  l C1 < l

, l C1 l. SubC1 -
, C1 l C1.

, , l C1

l+ 1 C1, . . SubC1
, -

. , Sub .
         , , -

  0  , . C1,

SubC1. C1 -
,

                                  0 = 0 –< 1 –< … –< l  1 –< l =                     (2.3.6)
,

                                                  l > l( C1) + 1.                                        (2.3.7) 
-m- Gi = i C1 i {0, 1,…, l}. , Gi

Gi + 1 i {0, 1,…, l  1}. , Gi Gi + 1

i, . , , C1, ,

j {0, 1,…, l  1} j C1 j + 1 C1

, Gj + 1 = j + 1 C1 j + 1. , j

C1 j j + 1, j  Gj + 1 j –< j + 1 Gj =
= j C1 = j = Gj + 1. i < j, Gi  = i C1 = i i+ 1 =
= i+ 1 C1 = Gi + 1. j < i  Gi = Gi + 1, Gi + 1 i –< i+ 1, -

, Gi + 1 i+ 1. ,   0 = G0

G1  … Gl = C1   (3.3.6)  ,
  1,   (2.3.7). , , -

  0  , l(C1). -
-m- .
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Sub , ,   0  
, l( ) m-

Sub .
       , < ,

, .
l( ) m- . l( ) = 1  
= 0 –<  = – , .
l( ) > 1.  = , , -

,   0  , . ,
-m- Ma , ,

l( ) < l( ),
, , (2.1.9), .   0 = 0 –< 1 –< … 

 –< l  1 –< l = –< – ,
. , , Sub – .

        . Sub – , , -
, m-   2.1.1  

. .
           1. m- -

, , .
         , m-

  “–<”   “ ”, -
.

            2. m- -
, ,

-m- .
          . . m-

.   3.1.1  
, ,

2.1.1  .  1  
 Sub .

         . m- ,
Sub .  1

.  1 -
, m- . ,

  ( )   2.1.1  
m- .

2.4. 0-

          x
- , x[n] = ...

n

x x x  = 0 -
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n . I ( ) - , -
,   0- , - n

I[n] = 0. - - -  (0- -
- ) .

n [n + 1] = 
1

...
n

 = 0 [n] -0, m-

  0- n + 1.

           1. - KK -
. Rad -   0- .

          . R = Rad  = KK. -
  4.6.1 II  R = rad . n

                                                 R<n> = K<R[n]>.                                        (2.4.1) 
, R[n+1] R[n] R<n+1> R<n>. ,

R = R<1> R<2> … R<n> R<n+1> …,
-

(  2.1.1), . . n

                                                  R<n>= R<n+1> = …                                    (2.4.2) 

R[n] = 0, , ,
                                                       R[n] 0.                                              (2.4.3) 

                                       = {  R | K<R[n] > 0 }.                         (2.4.4) 

  (3.4.1), (3.4.2)  (3.4.3) R . -
, , 0. -

  < R[n]
0 > 0, , , a0 0    

                                                                      K < R[n]
0 >  0                                         (2.4.5) 

  < R[n]
0 > 0,   (2.4.4)  < 0 > , -

0

                                                   0 = K< 0 >.                                            (2.4.6) 

                                                               K < R[n+1]
0 > = K< R[n]

0 >.                                (2.4.7) 
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R[n+1] R[n] , K<R[n+1]
0> K <R[n]

0>.
, 1, 2,…, n R.

 (3.4.1)  (3.4.2)  1 2 … n R[n] R<n>= R<n+1>. -
, u(t1, t2,…, tk), k , -

F (X), X = {t1, t2,…, tk }, b1,1, b2,1,…, bn + 1,1, … , b1, k, b2, k,…, 
bn + 1, k R , 1 2 … n = u(b1,1 b2,1,… bn + 1,1, … , b1, k b2, k … bn + 1).  

,
0a : 0

- , ,
u(b1,1 b2,1 … bn + 1,1 0,……, b1, k b2, k …, bn+ 1 0) K<R[n+1]

0 >. 

1 2 … n 0 = 
0a ( 1 2 … n) = 

=
0a (u(b1,1 b2,1 … bn + 1,1, … , b1, k b2, k, … bn + 1) = 

= u(
0a (b1,1 b2,1 … bn + 1,1),…,

0a (b1, k b2, k …, bn+ 1))  K<R[n+1]
0 > 

,   (2.4.7)  .
         R = Rad
R 0 R,

0a - , R 0 = 
0a (R)

 R.   (3.4.7)    (3.4.5)   K< R[n] R 0 > =
= K< R[n+1]

0 > = K< R[n]
0 > 0.   (2.4.4)  R 0 . -

0, , 0 0, -
R 0 0.       

                                                        R 0 = 0                                          (2.4.8) 

0.   (2.4.6), 

0 = R 0  R  K< 0> = R 0 = R R 0  R 0 = 0.

,
                                              0 = R 0 = K< R 0 >.                                   (2.4.9) 

  (2.4.8)  0, 0 =
= R 0 0 0 0, , 0 = 0, 0

- - ,  1.3.1  . II
St 0 = Su 0 .

 4.2.2 . II,   (2.4.6)    (2.4.7)  ,
   

                                           rad 0 = i-rad 0 0.                                    (2.4.10) 
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,  4.6.1 . II,   4.6.1  . II, -
  (2.4.9), 

0 = < R 0 > = << R 0 >> = << Rad 0 >> = << (rad ) 0 >>
rad 0 = i-rad 0 0.

, i-rad 0 = 0,   (2.4.10)  ,
0 0. R[n] = 0, Rad  0-
.

            4.6.1 . II, ,
, -   “ -

”  [17] § 9, , - ,
-   (4.6.1) . II 
.

           1. -
- ,   ( , +, ·) –

  ( , +) = ( (2 ), + )  –  .
Ma  = , rad  = {0} = <<(radKK)  >>.
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