JINXOJIE/T H.A.

METO/TbI

PACITAPAJIJIEJIUBAHNS
THE3/I ITUKJIOB

Kypc aexuyud

MUHCK
BI'y
2008



OI'VIABJIEHUE

BBEIAEHUE .. ... .o it ittt ienenneanannn 5
Imaa 1 MATEMATUYECKUN AIIIAPAT W MO/JIE-
JIN IIAPAJIJIEJIBHBIX BBIYUCJEHUN............ 8
1.1 OcHOBHbIE OLIPEAECTEHUS . . . . . . . . . . . . . . . . .. 8
1.1.1 ®ynxmuun, 3a7a501me THIEKChl MaCCUBOB
JAHHDBIX . . . v v v o e e e e e e e e e e 8
1.1.2  3BaBUCUMOCTH . . . . . .« o v oo 9
1.1.3 IlpencraBienue 3aBucuMocTeit . . . . . . . . . . .. 12
1.2 Twumbl 3aBUcUMOCTEil. YCTpaHeHUE AaHTU3AaBUCUMO-
CTell U 3aBUCHUMOCTEN IO BBIXOAY . . . . . . . . . . . . 15
1.2.1 Ilepeobosnavenue . . . . . . . . . . ... .. .. .. 16
1.2.2  VYBenudeHHe PasMEPHOCTH . . . . . + « « o o o o . . . 17
1.2.3 Pacmenyienne onepatopoB . . . . . . . ... ... .. 17
1.3 Taimupyromme pyHKIAA . . . . . . . . . . ... 21
1.4 Adduaable npeobpa3zoBaHMHA THE3]] BJIOXKEHHBIX
MUKJIOB . . . . . . o o i e e e e e 20
1.4.1 IIpeoOpa3oBanusi TECHO BJIOXKEHHBIX ITUKJOB . . . . . 26
1.4.2 IlpumeHeHue K He TECHO BJIOXKEHHBIM IUKJIaM . . . . 31

iaBa 2 IIOJIVUEHUE TAMMMPVYIOIIINX ®YHKIIUN

" TIPEOBPA3OBAHU HUKJIOB .................. 33
2.1 PacnapaJjuieinmBaHWe, MCIOJIb3YIOIIlee YPOBHU 3aBU-
CUMOCTEM . . . . . . . . . . . . . . . . . 33
2.2 llomydyenme TaiiMmupyomux (pyHKIUA IJI9 OTHOPO/I-
HBIX THE3 IMUKJIOB . . . . . . . . . . . . e v et oo 38
2.3 HeobxomuMble M JOCTATOYHBIE yCJIOBUS JJIs COXpa-

HEHUd 3aBUCUMOCTEM . . . . . . . . . o o v i i i s . 45



2.4 llomydyenme rtaiimupymommnx dyHKImii ajada adpdpuH-

HBIX THE3 IMUKJIOB . . . . . . . . . v v v e it 49

2.4.1 VYcioBus u ajroputm rnojiydenus t-gpynxkmuit . . . . 49
2.4.2  Tlonydyenue HaubOJIBIIEIO YUC/IA HE3ABUCUMbBIX Taii-

MHUPOBAHUM . . . . . . . . . o o 02

2.0 TeHepamms KOIA . . . . . . . . . . . . . v v oo o7

Tnasa 3 PACHPEJAEJEHWE OIEPAIIUN U JIAH-
HBIX MEXK/IY TIPOIIECCOPAMM. JIOKAJIN3A-

HUA JAHHDBIX . ... .o it ittt ieeanannn. 64
3.1 IIpocTrpaHcTBeHHO-BpeMeHHOe oTobpakenme. O6006-
IIEHHBbII KOHBENEPHBIN Mapajulejiu3M . . . . . . . . . . 64
3.2 @dyHKIUMU pacupeaeeHnsd MacCUBOB MeXK/1y ITPOIec-
COpaMy U MTEPALUAMUT . . . . . . . . . o o o o oo 67
3.3 OpraHmsaiug oOMeHa JAHHBIMM . . . . . . . . . . . .. 75
3.3.1 Opranumzanus OPoJIKACTA . . . . . . . . . . o o . . . 75
3.3.2  Opranuzanust TPAHCJANMA JAHHBIX . . . . . . . . . . 7
3.3.3  YcranosjieHue cxeMbl OOMEHaA JAHHBIMU . . . . . . . 79
3.4  VYaydiiieHue JIOKAJbHOCTU THE3 IIUKJIOB . . . . . . . . 85
3.5 Bbuaokunur. Taigauar . . . . . . . . ... ... ... 92

3.5.1 3Bajiaum, cBsizaHHBIE ¢ pa30MEHUEM ONepalnii

aJrOpUTMa Ha 3epHa BBIUYUCJIEHUN . . . . . . . . . . 92
3.5.2 Pasbuenue npocTpaHCTB uTepaluii Ha 6J0KK

WTalJabl . . . . .. 94
3.5.3 Bnibop napamerpos Taiijia U JIOKAJbHOCTH

JAHHDBIX . . . v v o v e e e e e e e e e e e e 95

3.5.4 Tlonyuenue 3epHa BBIYUCICHUN . . . . . . . . . . . . 95

3.5.5 Ilpumepb! pazdueHus: HUKJIOB . . . . . . . . . . . . . 97
JINTEPAT Y PA .. i e ittt eetaeennnns 99



BBE/IEHUE

[Toji pacnapasuiesMBaHueM ajropuTMa IMOHUMAETCs BblsiBieHUe (yKa-
3aHKe) TMapaJjule/IbHbIX MHOMKECTB OMepaluii aJropuTMa WK MOCTPOCHUE
napaJiieJibHbIX (POPM aJITOPUTMAa, UM OpraHu3allds KOHBeliepa, BbIIIOJIHSI-
IOIIEro oepanuyu ajropurma. Haiitu nmapaJsiiesbabie MHOXKECTBa onepalnii
AJITOPUTMa — 3TO 3HAUUT Pa30UTH Olepalny Ha TPYIIIbI, KOTOPbIE MOLYT
OBITH BBIIOJIHEHBI MTapaJiiejbHO, He3aBUCUMO JAPYr oT jpyra. IlocrpouTsb
napaJiebHyio (hOPMY aJropuTMa — 9TO 3HAUNT Pa3sOUTH OTepaIu aJIro-
pPUTMa Ha TPYIIIbI, B KaXKJIOH M3 KOTOPBIX ONEPAIUU MOXKHO BBIIIOJIHATH
apaJsiieJibHO, ¥ YKa3aTh OUePEIHOCTD BBIIOJHEHHS STUX IPYIIIT Ollepaluii.
ByjieMm cauTaTh, 9TO aJrOpUTM 3a/1aH I0C/Ie/I0BaTe/IbHOM mporpammMoii. Oc-
HOBHOE BHUMAaHKE OyIeM yIessITh paciapasenBaHiiO He3/l [UKJI0B, TaK
KaK UMEHHO ITUKJAMU YaCTO OIMUCHIBAETCSI OOJIBINASA YaCTh BHIUUCICHUN, 1
OCHOBHOII pecypc MnapaJiiejn3Ma OTHOCUTCS K ITUKJIAM.

[les1eBbIM KOMIIBIOTEPOM, T. €. KOMIIBIOTEPOM, Ha KOTOPOM TpPeOyeTcst
peaJin30BaTh NapaJleIbHYI0 BEPCUI0 aJropuTMa, OyJIeM CUUTaTh MHOIO-
IIPOTIECCOPHBIII KOMIILIOTED C PaCIpeJieIeHHON naMsaThio. Takue KOMIIbIo-
TEPbI, B YaCTHOCTH, KJIACTEPHBIE MYJIbTUKOMITLIOTEPHBIE BHIUNCIATEILHBIE
CUCTEMbI, SIBJISIOTCS B HACTOsIIEe BpeMs HauboJjiee IOMYJISSPHBIMU U J10-
CTYIHBIMHY [TaPaJIebHbIMU BLIUACIUTEIbHBIMU cucTeMaMu. OTMETUM, U4TO
paccMaTpuBaeMble HUXKE MOJEIN U METOJIbI, KPOME CBSI3aHHBIX C PacIpee-
JIeHHeM U OOMEHOM JIAHHBIMU, PUTOIHBL U JIJIT MHOIOIIPOIIECCOPHBIX KOM-
ILIOTEPOB C ODINEH MaMSIThHIO.

st orobpaskeHust aJIrOPUTMOB, 3aJ1aBAEMbIX IOCJEI0BATEILHBIMI
IporpaMMaMy, Ha, [MapaJLIeJbHbIE KOMIILIOTEPDHI ¢ PACIPEICJICHHONR aMSsI-
ThIO TPEOYETCsT PACIIPEIC/INTD OllepaIlii U JIaHHbIE AJITOPUTMa MEXK/Iy IPO-
IIECCOpaMU, a TaKKe YCTAHOBUTbL IIOPSJIOK BBIIOJHEHUA olepaluii u o0-
MeHa JIaHHBIMU. [Ipy BBINOJHEHWM AJITOPUTMOB Ha TAKMX KOMIILIOTEPAX
SHAUNTEJLHOE BPEMS 3aHUMAIOT KOMMYHUKAITMN (Tlepejiada U MPUeM JIaH-
HBIX) MeXK/JIy TporeccopaMu. [losTomy pacrpejesienue omnepaiuii u JaH-
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HBIX MEXK]Iy MPOIECCOPAMHU CJIeIyeT IMPOU3BOJIUTH TaKUM 00pa3oM, ITOObLI
YMEHBIIUTH KOJMIECTBO 1 00'beM OOMEHOB JIaHHBIMM;, KPOME TOT'O, CJIE/IyeT
ONITUMU3UPOBATH CTPYKTYPY KOMMYHWKAIIWHA.

Bosnukaer psiz 3amad. Boinennm HanboJiee BaXKHbIE U3 HUX.

e [louck mHGMOPMAIMOHHBIX 3aBUCUMOCTEl, MOJIydeHrne NHMOPMAIHOH-
HOI CTPYKTYPHBI ajropurMma. JIobbie npoleypbl paciapaJsijie/iBaHus
JIOJIKHBI OIIMPATHCS HA, TOYHOE MJIM U30BITOYHOE OIKCAHKE 3aBUCUMbIX
oneparii aJropuTMma.

e OOHapyskeHue (BBISIBJICHUE) MOTEHITMATLHOTO MapaJiieau3Ma. [Ipex e
geM MapaJijieJIi3M HCIOJb30BaTh, €r0 HY?KHO BBISIBUTD, KEJATEJTHHO
KaK MOYKHO 0OJIbIe, 9TOOBI 3HATH BO3MOXKHOCTH BBITIOJTHEHWST OTIepa-
it anropurma ojHOBpeMenHo. OJIMH U3 OCHOBHBIX CIIOCODOB OOHa-
py2KeHHsl TTapaJie/Ii3Ma — BPeMEeHHOe 0TOOpakeHre (TailMupoBaHue,
scheduling) — nostyyenne napaJiiebHBIX MHOYKECTB Ollepalliil Wl Mo-
CTPOEHUE TTaPaJJIETbHBIX (DOPM AJTOPUTMA C OMOIIBIO TaK HA3bIBAE-
MBIX TaiMHUPYIONUX (DYHKIIMIA.

e BrigBienne He3aBUCUMBIX JacTeil MPOrpaMMbl — CAMBbIN BayKHBIH IS
KOMIIBIOTEPOB C paclpeieJIeHHON aMAThIO CIydail oOHapyKeHusI I1a-
paJuieJim3Ma.

e [IpocrpaHncTBeHHO-BpeMeHHOe oTobpakenue (space-time mapping) —
pacmIpejieJieHIe olepanyii MexK1y BUPTYAJbHBIMHU IIPOIECCOPAMHE 1 3a-
JlaHne MOPSJIKa BBITOJHEHHS OIepalnii.

e CoryacoBanue pacupe/leseHus Oepanuil ¥ JaHHbIX [0 IPOIECCOPaM
(alignment). Leabto cormacoBatusi pacipejiesieHus: onepauii 1 JaH-
HBIX TI0 MPOIECCOPAM SIBJIACTCS MUHAMU3AIUSA IUCIa 1 00beMa oOMe-
HOB JIAHHBIMU.

e Biokunr (blocking) — orobpaxkenue onepanuii Ha dbusndecKne mpo-
1eccopbl. BJIOK BBIMMCIEHUIT — MHOYKECTBO OIEpallnil aJropuTMa, Bbl-
IIOJIHSIEMbIX Ha OJIHOM IIPOLIECCOPE.

e [[puBaTuszanusa JaHHBIX — BBIJIEJCHUE MAaCCUBOB, JIOKAJBHBIX JIJIS
Ka KJJ0TO TIPOIECCopa.



3ajjaHne ONTUMAJBLHOTO TOPSIKA BBITOJTHEHWS ONEpaIyii; yIydIieHme
JIOKAJTbHOCTH JAHHBIX — OBICTpOEe, JI0 WCYE3HOBEHUs] U3 MaMATH C
OBICTPHIM JIOCTYIIOM, UCTIOJIb30BaHKe JlaHHbIX. [IpuBaTusamuio u yiyd-
HIEHUE JIOKAJIBbHOCTH JIAHHBIX HA3bIBAIOT €lle JOKaJIn3aluei JaHHbIX.

o Taitnmur (tiling) — BBIOOP 3epra Bbruncienuii. [lojg 3epHOM BbIUC-
JICHU A (I/I.HI/I TaﬁJIOM) IIOHUMAETCsA MHOXKECTBO OllePalluii aJropuTma,
BBITIOJIHAEMbBIX aTOMAaPHO: BLIYUCJICHUS, TTIPUHA/IJICXKAIINE OTHOMY 3€P-
HY, HE MOI'YT IIPEPbIBATHCA CUHXPOHUBAIMEH I 0OMEHOM JIaHHBIMH,
TpeOyeMbIMU JIJIsi BBIIIOJIHEHUSI STUX Ollepallnii.

o Munumuzanus ducia 1 00beMa BpeMEHHBIX MaCCUBOB.
e CTpyKTypupoBaHUE KOMMYHHKAIU, opranu3alnsg oOMeHa JaHHBbIMHU.

e [enepanus Koja.

ABTOMaTu3aus paciapaJiie/nBaHus.

Mbu1 paccMOTprUM HEKOTOPHIE TIOJIXO/IbI K PEIIEHUIO 3TUX 3ajiad. KoHed-
HO, 1IPEJIBAPUTEIbHO HEOOXO/IMMO BBECTH OCHOBHbIE TEPMUHbI U HOHSTHUS,
MaTeMaTUIeCKNi almapar U MOJIEIN MapaJuleJbHBIX BBIUUCICHUR. ABTOD
cTapaJics HalTH KOMIIPOMECC MEK]Iy TOJIHOTON W3JIOKEHWs MaTepuasia n
€ro JIOCTYITHOCTBIO JiJIsi 11ePBOI0 3HAKOMCTBA C METOJIaMU CTaTUYECKOrO,
T. €. OCYIIECTBJISEMOI0 JIO HavaJ/ia BbIIIOJHEHUs 1IPOI'PAMMbl, paciiapaJijie-
quBanudg. B 1endax TeXHUYIecKoro yHpoIIeHus U3JI0XKEHUs paccMaTpuBa-
I0TCS THE3JIa IMKJIOB HEe caMoii 00Ieil CTPYKTYPhl BJIOXKEHHOCTH, B (op-
MaJibHbIN allllapaT He BBEJIEHbI B sIBHOM BU/JI€ BHEIIHUE IEPEMEHHbIE [[K-
JIOB, aJTOPUTMBI PEIIeHU 3329 MapaIebHbIX BLIUYACIECHNN HOCIT JacTO
yIpOIenublit XxapakTep. He cTraBuiach 3aj1ada TpakKTUIeCKOTO TOJYYeHUT
napaJijieJibHbIX BEPCHil 11OCJIe/I0BATEIbHBIX ITPOIPAMM, U3yUeHUs CIIOCOOOB
pactapaJiiesimBanns 60JbIIMX (COTHU OLEPATOPOB) IPOIPAMM.

Bumecte ¢ TeM nziioxkenue JIOCTATOTHO MOJTHOE U CTPOTOE JIJIT TOTO ITO-
OBl BBECTH YUTATEJIS B MPODJIEMATUKY CTATUUYECKOIO paciapaJiie/InBaHus,
OCHOBAHHOI'O HA& 3HAHUU TOHKON MH(OPMAIMOHHON CTPYKTYPbI IIPOrPpaAMM,
JIATh TeOPEeTHYECKNe OCHOBBI pacrapaJsijieIMBaHus aJrOPpUTMOB U Mpeodpa-
30BaHMS MOCTETOBATEbHBIX MTPOTPAMM B TapaJijie/ibHbIE.



I'maBa 1

MATEMATUYECKNN AIIIIAPAT 11 MOJEJIN
ITAPAJIJIEJIBHBIX BBIYMCJIEHUN

B smoit riiaBe paccmarpuBaeTcst popMaJibHbIH allliapar, UCHOJIb3yeMblil
B MeTOoJaX CTaTUIeCKOro paclapaJsiieIMBaHus IIPOrPaMM.

1.1 OcnooBHBIE oHnpeae/IeHUd

1.1.1 @PysHKnum, 3aJa00ie NHIEKChl MacCuBOB
JTAHHBIX

Bysiem paccmarpuBarh apduHHbIE THE3/IA [IUKJIOB; B 9TOM CJIy4ae Bbl-
pakeHusI WHJIEKCOB JIEMEHTOB MACCUBOB U TPAHUIBI M3MEHEHUs TTapaMeT-
POB IUKJIOB SBJIAIOTCA adpOUHHBIMU (DYHKIUAME OT MapaMeTpOB ITHKJIOB
¥ BHEIHUX TIePEMEHHbIX; KPOME OINepaTOpoOB MPUCBAUBAHUS JIOTTYCKAETCS
UCIIOJIb30BAHKE YCJOBHOIO Wi 0e3ycJoBHOIO 1epexoja. Ilycrh B ruesje
ITUKJIOB MMeeTcs K orepaTopoB U UCHONB3yeTcsd L MaccuBoB JTaHHBIX. [Ipo-
CThIE TIepeMeHHbie OyjiemM cauTarh MaccuBamu pazmeproctu (. Obacth us-
MEHEeHHUsI 1apaMEeTPOB I'HE3/1a IUKJIOB JIJIst ollepaTopa Sz OyJieM Ha3bIBaTh
obJacTbio uTepanuil u obosHauars Vj.

UnjieKkchl 971eMEeHTOB [-I'0 MacCuBa JAHHBIX, BCTPEYAIOIerocs B onepa-
TOope Sz M OTHOCSIIErocs K ¢-My BXOXK/JIEHHIO 3JIEMEHTOB 3TOI'0 MacCHBa B
otieparop, byjem Bbipaxkarb adpduuHol pyHKIUed

Fl,ﬁ,q(J) = Flpqf + f(l’ﬁ’q): J € Vg,

riae Fjp, € 2", v; — pa3MepHOCTbH [-I'0 MaccuBa JIAHHBIX, 13 — YHCIIO
IIUKJIOB, OKPY2KAIOIMX onepatop Sg, f (L5:9) € 7V, Ecau I-it Maccus umeer
pasMepHocTh 0 (T. €. siBJsiercst MpOCTOii MepeMeHHoit), To ByjeM cauTaTh
Fy5,(J) xoncranroit. O6nacTh M3BMEHEHUs WHIEKCOB [-r0 MaccuBa Gyjem

obosmadats Wi (W, C Z").



IIpumep 1. PaccMoTpuM caeyomuit uKJI:

do 1=1,N
Sli c(i):a+3
Se:a=1+1 (1.1)
Ss: b(i) =c(i)+a

enddo

[lukn comepxkuT Tpu omeparopa Si, S, S3 U TpU MacCUBa JTaHHBIX a, b, ¢;
n1:n2:n3:1, V1:O, V2:V3:1, ‘/1:‘/2:‘/3:‘/:
:_{(Z) € Z| 1 E 1 < N}_, Wy = H/g =V, F17171(i> = Fl,?,l(i =
= F173’1(7;) =0, F27371(7;) = F37171(2') = F373’1(Z') =1, 1€V ]

IIpumep 2. Paccmorpum 3a1a1y yMHOXKeHsT MaTpUIlbl A mopsijaka N
na N-mepublit Bektop b. Ilycrb a;; — snementst marpunst A, b; — snemen-

N
TBI BeKTOpa b, ¢; = Y, a;jbj, — smemenTsl N-MEpHOTO BEKTOpa €, PaBHOTO
j=1

Ab. AnropuT™M BBIUKCIIEHNS 9JIEMEHTOB BEKTOPa ¢ MOXKHO 3alliCAThL B BUJIE
JIBYMEPHOTO THe371a ITNKJIOB

do i=1,N
Si:c(i)=0
do j=1,N
Syt eli) = cd) + afi. j)b(j)
enddo
enddo

(1.2)

B ruesze mwmkioB JBa omeparopa Si, So M TPU MaCCHBa JAHHBIX
a,b,c;ny=1,ny=21n=2 1n=1=1 Vi={>0) €Z|1<i< N},
‘/2:{<Z',j)€z2‘ 1<i7j<N}7 Wy =Va, WQ:{(])EZ‘ 1<]<N}7
Wi = Vi, Fi21(i,7) = E@(i §)*, e E® — epunnunas Marpuia
BTOPOrO 1OpPs/IKa, F2’2,1(Z',_j) = (0 1)z 5)*, (i,4) € Vo, Fs11(1) =
i, 1 €VI, F321(i,7) = F322(i,5) = (1 0)(i j)*, (4,5) € Va. O

1.1.2 3aBucmMocCTH

Onpepesienne (oneparust, urepaius). Pearusayua (cpabamoieanue,
suInOANENUE) ONepamopa S NPU KOHKPEMHLL 3HAYEHUAT GEKIMOPAL NAPQ-

mempoe yukaa J nasweaemea onepayueid® u obosnanaemcs Sz(J). Boi-

LOnepamuto Sj(J) unorna naspisaror urepauueit Sg(.J).
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noanenue ecex onepayuli, 3asucawur om J, nazveaemes J-i umepayued
(umepayuet J ).

Onpepesierne (3aBUCHMOCTb  Mexjly —omneparusivu).  Onepauus
Ss(J), J € Vs, sasucum om onepayuu Sy(I), I € V,, (obosnauenue:
Sa(I) — Sp(J)) ecaus:

1) So(I) evnoanaemes panvwe Sg(J);

2) Sa(I) u Sa(J) ucnosvsyrom odun u mom e IAEMENM KAKO20-
aubo maccuea (m. e. Fio,(I) = Fip,(J) das nexomopwx 1,p,q), u, no
Kpatineti, mepe 00HO U3 ucNoAL306anuUl ecmb nepeonpedesenue (usmene-
nue) anemenma;

3) meorcdy onepavuamu So (1) w Sg(J) amom saemenm ne nepeonpe-
dessemca.

Hasuune sasucumocru S, (1) — Ss(J) osnadaer, 4ro Hesb3s (63 ana-
32 GyHKIMOHAILHOTO COJICPYKaHKst O1epaTOPOB?) Nepeynopsi0uuTh olle-
palny THe3/1a IUKJIOB TakuM 00pa3oM, 4To0bl Sg(.J) BBIIOJIHSIIACH DAHbIIE
Sa(I).

Ormernm, 1T0 Mexay oneparusvmu S (1) n Sg(J) Moxer 6uITH 60-
Jlee OJIHOl 3ABHCHMOCTH, ecii paBencTso Fiq,(I) = F)5,(J) Bomomnms-
eTcst Oosiee deM jyisi ojiHoro Habopa [, p,q. B arom ciyuae mMoxKHO HC-
110JIb30BaTh CJIEJYIOIMe 0003HAYEHUsI 3ABUCUMOCTH MEXK Ly OlePallisiMU:
Sal1) 2 S5(J), Sa(I) 2 S4().

Omnpenenenne (jiekcukorpaduueckuii mopsjok). [lycmo umeromes
di-meprorti sexmop (1, -+, xq,) U do-meprot sexmop (Y1, ,Yd,); 060~
anavum d = min(dy, dy). Bexmop y aexcukozpaduuecku boivuie 6exmopa
x (0bosnauenue: Y > 1o X ), €CAU NEPEAA HEHYALEAA KOOPOUHAMA GEKIMO-
pa (Y1 — 1, -+ ,Yd — Tq) noaoscumenvua. Bexmop y aexcuroepaguuecku
pasen eekmopy T (Y = 1ex2), ecau (Y1 — T1,- -+ ,ya — xq) = 0. Bexmop y
AeKCUK02PaPuUUECKY D0AbULE UM PABEH 6EKMOPY T (Y Zlex T), €CAU Y >
> ez UAU Y = [egT.

[TycTb nMeeTcst THE3J10 BJIOXKEHHBIX [IUKJIOB. 3aBUCHMOCTD MEXK /Ty Olle-
parmsimu S, (1) n Sz(J) HasbiBaeTcst BHYTpUATEPAIMOHHOI (He BHI3BAHHOI
nukJoM, loop independent dependence), eciu I = i, J; ecam ke I < jep,
TO WMeeT MeCTO 3aBHCHMOCTH 1o 1Ky (loop carry dependence). Taxum
00pa3oM, B CJIydae BHYTPHATEPAIMOHHON 3aBucuMOCTH So(l) — Sg(J)
3HAYEHUS MAPAMeTPOB BCeX O0IMX Jyist onepaTopoB S, u Sg(J) 1mukion

2MoOKHO, HATIPEMED, HEePECTABATD CTOSIINE PAAOM OHepaTophl m =m + 1 um = m + 2.
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HE€ OTJIMYalOTCsA; B ClIy4dae 3aBUCHMOCTHU IIO IHUKJIY 3HaAYCHHA IIapaMeTpa

(pUKCHPOBAHHOTO TUKJIA OTJNYAIOTCH, a 3HAUCHUs IIapaMeTpoB Bcex OoJiee

BHEITHUX [UKJIOB (€CJIM OHU MMEIOTCsI) HE OTJIIMYAI0TCS .

IIpumep 1 (nmpogosmkenue). Haiijilem 3aBUCHMOCTH MEXK/Ty OMEpaliu-

simu asroputma (1.1). PacemorpuM mepBbie Tpu urepanuy mMuKJIa;

s c(l)=a+3

c(2)=a+3
a=3

b(2) =c(2) +a
c(3)=a+3

L b(3) = ¢(3) +

Vcnonb3yst onpeiesienne 3aBUCUMOCTEN CIeaeM BBIBOJ: MACCUB ( TIOPOZK-
naer sapucumoctu S1(i) — So(i), Sa(i) — S3(i), 1 < i < N, Sy(i —

- 1) — Sl(l), Sg(Z - 1) — SQ(Z), SQ(Z - 1) — SQ(Z), 2 < 1 < N,

MaccHB b 3aBUCUMOCTEIl He MOPOXKJIAeT, MACCUB C MOPOXKIAET 3aBUCHMOCTD

S1(i) — S3(7), 1 < i < N. Tpu 3aBUCUMOCTH SIBJISTIOTCSI BHY TPUUATEDAITH-

OHHBbIMU M TPHU — 3aBUCUMOCTAMU 1O ITUKILY.

L

IIpumep 2 (mpomosxkenue). Pacemorpum wrepanuu @ = 1, @ = 2,

73:3:91(1) . ¢(1)=0
So(1,1) : ¢(1) =¢(1) + a(1,1)b(1)
Sal,2): ell) = ell) +all,26(2)
So(1,N): ¢(1) =c(1) + a(l, N)b(N)
51(2) . 6(2) =0
S9(2,1) : ¢(2) =¢(2) + a(2,1)b(1)
522,2) : e2) =c(2) FalZ26(2)
S9(2,N) : ¢(2) =c(2) +a(2,N)b(N)
S13):  ¢(3)=0
S9(3,1) 1 ¢(3) =¢(3) +a(3,1)b(1)
S9(3,2) 1 ¢(3) = ¢(3) + a(3,2)b(2)

........

............................



Ananuz urepaiuii TO3BOIAET CAENATh BBIBOJ, UTO MUMEIOTCS 3aBUCHMOCTH
S1(i) — S9(i,1), 1 < i < N, So(i,j — 1) — S5(i,7), 1 < i < N,
2 < 7 < N. Bropast 3aBUCUMOCTb $IBJISIETCS 3aBUCUMOCTBIO 110 IUKJIY C
napamMmeTpoMm Jj. O

1.1.3 IIpeacraBjieHue 3aBUCUMOCTEM

Omnpenenenme  (passephyrbiii  rpad 3aBucumocreii, extended
dependence graph). Passepnymoim epagom  3asucumocmeti  as2opum-
MG HA3VIBAEMCA  OPUEHMUPOSAHHOIT  2padh, NOAYUEHHBIT  CAeIYIOULUM
obpazom: wasicdas onepavyus Sg(J) nopoowcdaem eepwuny vs(J) epada,
kaoicdaa sasucumocmy So (1) — Sg(J) nopooscdaem dyey (vo(I),va(J)).

PazBepnyTolit rpad 3aBECHMOCTEl AT TOJHYIO KOJUIECTBEHHYO HH-
dopmMaImio 0 3aBUCUMOCTSIX aJITOPUTMA.

[Tycrn

P={(a,B)| 3T €V, JE Vs, Sa(I)— Ss(J)}

— MHOXKeCTBO Takux nap (a, ), uro jyisi kakux-yubo I u J cymiecrsy-
et qayra (va(l),vs(J)) B passepryToM rpade 3aBucumocteit. MuOXKeCTBO
P onpenenser mapbl 3aBUCAMBIX OIIEPATOPOB. Ecam Mexky oneparopamu
Sa(I) u Ss(J) cymecrByer Gosiee 0/HOI 3aBUCHMOCTH, TO OYJIEM PACCMaT-
pusarb napwl (o, 8)1, (o, 3)2, ... Ilapy 3aBucumocreil, HOpoXKjIaeMyIo
paserctBoM Fq,(1) = F)5,(J), 6yaem takxke obosnauars (o, 3)1p.q-

st xaxkioit mapsl (o, ) € P oboznaunm 1depes Vi, 3 MOIMHOKECTBO
takux J € Vj, uro s kakoro-ymbo I cymecrsyer gyra (vq(1),vs(J)) B
pa3BepHyTOM Tpade 3aBUCHMOCTEI:

Va,g = {J € Vg‘ = Sa(f) — Sﬁ(J)}.

Onpenenenue (bynkius sapucumocreit). Oyuxyuro Do 1 Vi g —
Vi makyro, umo ecau So(I) — Sg(J), I € Vo, J € Vog C Vi, mo I =
— @, 5(J), bydem nazveamnv dynryuet sacucumocmed.

DOyHKIMKU 33BUCUMOCTEH ONUCHIBAIOT 3aBUCUMOCTH AJTOPUTMA: 3HAsI
D, 51V, 5 MOxHO 17151 mo6oit omeparmn Sg(J) naiitu Bee oneparmm Sy (1),
OT KOTOPBIX Sg(.J) 3aBHCHT.

B jasbheiiiem npejnosiaraercsi, 4to (hyHKIUKE 3aBUCUMOCTEN sIBJIsI-

forest appuHHbIMU:

Bog(J) = Dot — @ JeV,s (a,f)eP,
D, 5 € Zroxms plWP) g Zna,
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B sToM ciydae 3aBUCHMOCTH Ha3bIBAIOTCS adOUHHBIMIA.

[Tycrs 3aBucumoctb S, (1) — Sg(J) MOPOKIAETCs HJIEMEHTOM MACCH-
Ba @; (TaK 9TO MMeeT MecTo paBeHCTBO F' o, (1) = F 5 4(J) nist HeKOTOpBIX
p,q), u cymecrsyer marpuna F, ' . Torua Fropl + flhap) — Figq.J +

Layp
+ fO8a) [ = Ffalp(F}”g,qJ 4 fUBa — flea)) Takum obpasom, dbyHKIAR
saBuCHMOCTell onuchiBaiorcst dyukimamu suja P, 5(J) = l_alngﬂg,qJ +

+ﬂ7_a1’p(f(l’ﬂ W) — fUaP)) Cacin Fy ., ABISETCH HEBBIPOXK ICHHOM KBaJIPATHOT
MATPHIIE.

3aMeTnM, ITO BO MHOTHX CJIyUasX Moaydenne (pyHKIHil 3aBUCHMOCTEN
SIBJISIETCSI TPY/IHOM 3aa4eil 1 TpedyeT IpUMEHEHHs CIIeINAIbHBIX METOI0B.

Omnpeaenenne (Bekrop 3asucumoctn). Ilyems (o, 5) € P, 1,J —
BEKMOPHL 00UHAKOBOT, PAZMEPHOCTIU MAKUE, YMO CYULECMEYEM 3a6UCU-
mocmv So(I) — Sg(J). Bewmop d %) = J — I nasweaemes cexmopom
306UCUMOCTIU.

Ecan npun pukcnpoBanubIX o 1 3 BEKTOPLI 3aBucuMocTeit J — I oguna-
KOBBI J1J1s1 Beex [, J, TO 3aBUCHMOCTD Ha3bIBAETCSI OJHOPOIHOM. B aTom ciry-
qae ®, 5 — eannnanas marpuia, J — I = @9 Eciu gis seex (a, 3) € P
BEKTOPBI 3aBucuMOcTel J — [ SBJISIIOTCS OJIHOPOJHBIMU, TO THE3JI0 ITUKJIOB
HA3LIBAETCS OJHOPOIHDLIM, a COOTBETCTBYIOINIUI aJTOPUTM — AJTOPUTMOM
C OJIHOPOJIHBIMHU 3aBUCAMOCTSIMHU.

OTMeruM, 9TO B Cilydae THE3/1a BJIOXKEHHBIX IUKJIOB JIIO0O0# BEKTOP
zapucumMocteit J — I sBjsiercss JieKCUKOrpapuuecku HEOTPUIIATEThHbBIM,
T. €. TIepBas OTJIMIHAsT OT HYJIsi KOOPJAWHATA BEKTOPA €CTh YUCJIO TTOJIOXKU-
TeJIbHOE.

Onpepesierne (ypoBeHb 3aBUCHMOCTH). [Tycmub cyuecmeyem 3a6u-
cumocmo So(I) — Sp(J). Homep | nepsoti nenyaesoti komnonenmo: eerk-
mopa 3asucumocmets AP = J — I nasweaemea yposnem 3a6ucumocmu.
Ecau J — I =0, mo npunumaemcs [ = 00.

B ciydae raesja BJIOXKEHHBIX ITUKJIOB YPOBEHb 3aBUCHMOCTH yKa3hIBa-
eT MUKJI, TI0 KOTOPOMY HMEETCsI 3aBUCUMOCTL. JIJIsT BHYTpUATEPAIMOHHOI
3aBUCHMOCTH YPOBEHD 3aBUCHMOCTH IIPUHUMAETCS OECKOHEUHO OOJIBLIIM.

Onpepesienne (pejaynupoBanubiii Tpad 3aBucumocreii, reduced
dependence graph). Pedyuyuposannovim epagom 3asucumocmetds arzopum-
MG HA3BIBAEMCA OPUEHTUPOBAHHYIT 2Pad, NOAYUeHHVIT cAeYr0UUM 00Da-
30M: Kaoicdomy onepamopy Sg CMABUMCA 6 COOMBEMCMEUE BEPULUNA Vg,
cywecmeyem dyza (Va, vg), ecau daa kaxuz-srubo 1, J cywecmeyem 3a6u-
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cumocmv So(I) — Sp(J) (m. e. cywecmeyem dyea (vo(I),v3(J)) 6 pas-
geprymom epage 3asucumocmeti). yeu mozym 6vimbd nomeveno, @yri-
UUAMY  306UCUMOCTIET, BEKMOPAMU 3ABUCUMOCTMEN, YPOBHAMU 306UCU-
Mocmel U OPY2uMU BEAUNUHAMUY, TAPAKMEPUSYOUUMU 3AEUCUMOCTIU
AN20OPUMMA.

PeaynupoBanublii rpad 3aBUCHMOCTEH JIaeT C2KATOe IIPEJICTABJICHIE
pa3BepHYTOroO rpada 3aBUCUMOCTEIR.

ITpumep 1 (upogosnkenue). Bee nosiyuentbie paHee 3aBUCUMOCTH AJl-
roput™ma (1.1) ABIAIOTCS OTHOPOJHBIME U XaPAKTEPU3YIOTCsT OJHOMEPHBIMU
sekropamn @12 = p23) = 13 = (0), 1) = B2 = P22 = (1), Pas-
BepHyThiit (N = 4) u pejyupoBantblii rpadbl 3aBUCKMOCTE H300PaKEHbI
Ha puc. 1.1.

OO RO RO C) m—— CYDIC
T T ©

2 99 M@(O) W)

=1 1= 1=3 1 =4

2

7
Puc. 1.1

Ha puc. 1.1 Bepinnbl pazsepHyToro rpada nomedeHbl TOJbKO HOME-
POM OIlepaTopa, COOTBETCTBYIOINIEro onepalnui. BepimuHbl MOYXKHO TOMETHTD
obosnauenneM omneparmn (puc. 1.2). O

e

-~

/ /
S(1) @ ~(S5(3) .
l/ l/ |

Puc. 1.2

64

IIpumep 2 (npojoikenue). 3aBUCHMOCTH MEX/Iy ONEpalusMu aji-
roputma (1.2) MoxknHo omucars yHKIuAME 3aBucumocteil P 9(i, 1) = 4

(D15 = (1 0), o1 =0), (i,1) € Voo = {(i,1) € Z?| 1 < i < N},
14



Dos(i,j) = (1,5 — 1) (P22 = E®, 9?2 = (0,1)), (i,4) € Vag =
— {(i,j) € Z*| 1 < i < N, 2 < j < N}. Paspepnytniit (N = 3) u
pelylnPOBAHHBIN rpadbl 3aBUCUMOCTEH M300parkeHbl Ha puc. 1.3. O

(V]

—~
~.
—_

N

17 = —
1<’L<N (DQ,Q(iaj):(i?j_l):
1<i<N,2<j<N

Puc. 1.3

1.2 Tunel 3aBUCHMOCTEll. YcCTpaHEHHEe
AHTU3aBUCUMOCTEI " 3aBUCUMOCTEN
II0 BBIXOOY

B pasjeinie 1.1 Obuio JaHO Olpejie/ieHre 3aBUCUMOCTH MEXK/1y oliepa-
MUSIMHA aJIrOpuTMa. Pasimuaor 3aBHCUMOCTH HECKOJIBLKUAX THIIOB.

Omnpenenenne (MCTHHHAS 3aBUCHMOCTb, AHTHU3ABUCHMOCTD, 3aBH-
CUMOCTb 110 BBIXOJY). 3asucumocmsv nadweaemca: ucmunnot (flow
dependence), ecau snemenm MaAccusa CHAAAL ONPEIEAAECMCA, & 3AMEM €20
BHAYEHUE UCTOALIYEMCA 6 KAUECMBE AP2YMEHMA; GHMUSAEUCUMOCTIDIO
(anti dependence), ecau 3nauenue 4eMEHMA MACCUBE CHAYNAAL UCTION-
3YEMea Kak apeymenm, a 3amem Nnepeonpeieisemcs; 3a6UcCUMOCbIO No
evixody (output dependence), ecau anemenm maccusa onpedeasemca, a 3a-
mem nepeonpedeisemea.

Ecmu dbynknus F (1) (cM. onpesenenie 3aBUCHMOCTH B TPEJIBITY-
meM pas/iesie) BeTpedaeTcs B JieBoil yactu onepatopa Sy, a Fy 54(J) Berpe-
4aeTCsl B IIPABOIL YaCTH OLLePaTOPa S3, TO 3aBUCUMOCTD SIBJISIETCSL MCTHUHHOM.
Ecmu F () Berpeuaercs B npasoit wactu S, a Fy,(J) — B sesoit ua-
ctu S, TO IMEeT MeCTO aHTH3aBHCHMOCTh. Ecm obe dynxmmn F, (1) u
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Fi5,(J) BeTpedatoTest B JIGBBIX HACTSX ONEPATOPOB, TO 3aBUCHMOCTD sIB-
JISITCS 3aBUCUMOCTBIO IO BBIXOJLY.

uoria paccMaTpuBaiOT 3aBUCHMOCTH 1o Bxoiy (input dependence):
1) So(I) Bemmonnsiercs panbiie Sg(J); 2) So(I) u Sp(J) ucnonb3yror Kak
apTyMeHT OJ[MH W TOT JKe 3JIeMEeHT Kakoro-mmbo maccusa, (T. e. Fj o (1) =
= Fi1p4(J) nnsa nexoropuix [, p,q, npuuem obe dbynxinun Fi, (1) n
Fi54(J) BeTpedatoTess B MpaBBIX YaCTAX ONEPATOPOB); 3) MeXKJIy omepa-
nuamu So (1) u Sz(J) 9TOT BsMEMEHT He UCHOJb3yercs. 3aBUCHMOCTH IO
BXOJly He 00s13aTeJIbHO YUUTHLIBATH TPH MEepeyopsaS0ueHny onepanyii aJ-
rOpuTMa, HO MX HAJI0 MMETh B BUJY IIPM PACIPEIEJCHUN JAHHBIX MEXKLy
IIPOIECCOPAMU U IPH YJIYUIICHUU JOKAJLHOCTH THE3/a [UKJIOB.

AHTU3aBUCUMOCTY U 3aBMCUMOCTH 110 BBIXOJY SBJISIOTCH JIO2KHBIMMU,
MCKYCCTBEHHBIME (COJIepyKaHue OOIeil sTIeifiku MaMsITH, UCIOJIb3YeMOil 3a-
BUCUMBIME OIIEPATOPAMH, IIPU UCIOJIL30BAHUY OIIEPATOPAMU BOOOIIE TOBO-
psi pasnoe). Ouu 00yCJIOBJIEHDI YKOHOMHBIM XDAHEHUEM DE3YJIbTATOB Bbi-
YUCJICHNI 1 MOTYT OBITH MCKJIIOUEHDI 38 CYeT MCIONL30BAHUA OOJIbIIei 1ma-
MATU. YCTpaHEHHUE JIOXKHBIX 3aBUCAMOCTEH MOXKET OKA3aThCs OYCHb IIOJIE3-
HBIM MDY pacnapaiieMBaHiM aJdrOPUTMa, TaK KaK 4eM MEHbIIe 3aBHCH-
MOCTEH MEeXK/ly OlepalusaMu, TeM OOJiblie MOTEeHIUAJbLHOR BO3MOKHOCTH
BBIIOJIHATD ONEPAIUN APaJLIILHO.

PaccMoTprM HEKOTOPBIE CIIOCOObI YCTPAHEHU s JIOXKHBIX 3aBUCUMOCTEN.

1.2.1 Ilepeobo3nadeHne

[Tycrs sement maccuBa (Wi epeMeHHast, KoTopasi, HAITOMHUM, CUH-
TAeTCsT MACCHBOM pasMepHocTH () JIOKAJIBHO UCTIONB3YeTCsT HECKOJIBKO pa3
B pa3HbIX olepaTopax. Kciam 3ToMy 3J1eMeHTy JaTh B Pa3HbIX JaCTIX IIPO-
I'paMMbl pa3Hble UMeHa, TO JOXKHbIe 3aBUCUMOCTU UCYE3HYT.

do 1=1,N @ flow @
S1: a(i) =sing

(
Sy b(i+ 1) = a(i) + c(i)

' l
Ss ¢ a(i) = cosi anti. | flow

542 C(Z—l- ) (Z) @ .
enddo flow @

Puc. 1.4

out
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Ha puc. 1.4 nzobpakeH IUKJ ¥ COOTBETCTBYIONINI €My PeJIyITNPOBAH-
HBII rpad 3aBUCUMOCTEl, Ha Jyrax KOTOPOI'O YKas3aH TUII 3aBUCUMOCTEIN.
Eciu B oneparopax S u Sy ssement a(i) nepeobO3HAUUTH, TO JIOXKHBIE
3aBUCUMOCTH ncHe3HyT (puc. 1.5).

do 1=1,N @flow@
S1 t(z) = sini

1) = 1(0) + () o

Sy : c(z+ 1) = a(i) @%‘
enddo flow @

Puc. 1.5

1.2.2 YBeJmm4eHune pa3dMepPHOCTU

ITycTh s/1eMeHT MaccuBa olpejessercs OoJiee, YeM Ha OJIHON HTepa-
1. Torja cymecTByOT 3aBUCUMOCTH 110 BBIXOJLY. DTH 3aBUCUMOCTH MOXK-
HO YCTPAHWUTD, €CJIM BMECTO JIJAHHOI'O MACCHBa, MCIIOJIb30BaTh MAaCCUB DOJIb-

meit pasmeprocru. B kauecrse npumepa pacemorpum 1uka (1.1) us pasje-
ma 1.1 (puc. 1.6).

anti
do 1=1,N @L ‘@out
Si:ocli)=a+3 / %w
Se:ra=1+1 flow anti

Ss: b(i) =c(i)+a
enddo

Puc. 1.6

Ecim BMecTO mepeMenHoi a MCMoib30BaTh OJHOMEDHDIH MACCHB, TO
JIOXKHBIE 3aBUCHMOCTH HCIe3HyT (puc. 1.7).

1.2.3 PacmiemieHue onepaTopoB

Pacmenienne omnepaTopoB MpUMeHsIeTCs JJis YCTpaHEHUs TUKJIOB C
JIOXKHBIMU 3aBUCUMOCTSIMU B PEJIyIIUPOBAHHBIX Ipadax 3aBucumocreii. Pac-
ITeNJIeHne ONepaToOpPOB SIBJISAETCS TIOJIE3HBIM TPeodpa3oBaHUEM JIJIs pacia-
paJuieJIuBanus IHe3 T IUKJIOB.
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Puc. 1.7

[Ipusenem cuadasa npuMep. PaccMOTpuM IUKJ U €ro peaylupoBaH-
Hbiit rpad 3asucumocreii (puc. 1.8). Pasobbem ornepatop S Ha JiBa onepa-
topa (puc. 1.9). Cmbicit 5T0r0 1peobpazoBaHus B TOM, 4TO UCYE3aeT IUKJI B
peypoBanioM rpade 3apucumocreit. Tereps Bee oneparun Sp(7) MoryT
OBbITH BBLINOJHEHDI pablie Ji000ii onepanuu So(i) 1 panbiie J0O0H onepa-
nun S1(2), a Bee onepainuu Sz(i) MOTYT ObITH BBITIOJHEHBI PaHbIie JH0007
onepanuu S1(7). OTMeTUM, 4TO IPUMEHEHUE IIPUEMOB 11epeoDO3HaYeH sl U
YBEeJNYCHNAsT PA3MEPHOCTH TaKyKe IPUBOJUIIO K YCTPAHEHUIO [IUKJIOB B pe-
JIyLIAPOBAHHOM I'pade 3aBUCUMOCTE].

do 1=1,N

St a(i) = b(7) + c(i) out

Sy a(i+ 1) = a(i) + 2d(q) @—'< :)
enddo flow

Puc. 1.9

Nzobpasum paspepHyTbie I'padbl 3aBUCUMOCTEl MCXOJHOTO U ITPEo0-
pazoBanHoro ajroputrmos (puc. 1.10, 1.11). Herpyaao 3ameruTs, 9To mpe-
00pa30BaHHBIN AJITOPUTM MOYKHO PaCIapaJlIe/IuTh.
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Puc. 1.10

<7
6
@

<7
@

-
@

Puc. 1.11

B obmem ciydae crocob paclielieHusi OIepaToOpOB 3aKJII0YaeTCa B
caemyiomem. Omeparop

S:oa(f(J)=...
3aMEHACTCsA JIBYyM:A OIIEPpATOPAMMU:
S t(f(J) =...

S:oa(f(J)) =t(f(J))
Ecin B npaBoii yactu Kakoro-aubo oreparopa BCTpedaeTcst 9JeMeHT Mac-
CHBa @, BCTPEUAONINNACS TaK»Ke B JIEBOH YacTu omeparopa S, TO OH 3aMe-
HSIETCsl Ha, COOTBETCTBYIOIIUI 3JIEMEHT MacChuBa t.

IIpu 3amene B peayrupoBannoM rpade 3aBUCHMOCTEH BEPITUHLI S Ha,
pepmunbl S’ u S : BXogdAnme J10 Ipeodpa3oBanusd B S JIOKHBIC 3aBUCAMO-
CTU TIOCJIe NTPEeoOPA30BAHMSI CHOBA, BXOJST B S, BXOAAIINME B S MUCTUHHBIE
3aBUCUMOCTH BXOAAT B S’ BLIXO/sIIUE J10 IPeodpa3oBanmst U3 S UCTUHHbBIE
¥ aHTU3ABUCHMOCTH BBIXOJAT TIOCJIE Tpeobpa3oBanusd u3 S, BLIXOIAIINE N3
S 3aBHCHUMOCTH TIO BBIXOLY BBIXOIST cHOBa 3 S. M3obpasum cxemarnd-
HO BCE BO3MOXKHBIEC CJIy4Yau, B KOTOPBIX CPEJM BXOJANUX WM BLIXOJSIIUX
3aBUCHMOCTEil €CTh JIOXKHbIEe 3aBucuMocTH (puc. 1.12).

3 npuBejieHHbIX CXeM BUJIHO, YTO IUKJbI B PEJYIIUPOBAHHOM I'Da-
e 3aBECHMOCTEll NCUE3aI0T B TMEPBLIX UETHIPEX CAYUAsAX U He UCUE3AI0T B
OCTAJbHBIX CJIyUasX; 3aMEeTHUM, UTO B CJIydae, KOTJa U BXOJAIAS U BBIXO-
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oy
O

anti flow 2) out flow
flow (new) flow (new)
flow anti flow out
anti anti 4) out anti
flow (new) flow (new)
anti antt anti out
flow flow anti 6) flow flow
flow (new) flow (new)
antt out out
anti 8) out
flow (new) flow (new)
ut antt out ut out out

Puc. 1.12

oS
-

(O
(s

o
.

JIAIIasT 3aBUCUMOCTH SBJSIOTCA UCTUHHBIMU, IUKJIHI TakKyKe He WCUe3aloT.
[Tosromy paciienienue oneparopoB HPUMEHSIETCS B Te€X CJIydasiX, KOIJa,
BXOJIHASI JIyTa OIpeJiesisieT JII0OYI0 JOXKHYI0 3aBUCUMOCTD, & BBIXOIHAS JIY-
ra onpeJjiesisgeT HCTUHHYO WA aHTU3aBUCUMOCTD.

OrmernM, 9TO He CJegyeT CTPEeMUThCST NCKJII0YATh BCE JIOYKHBIE 3aBH-
CUMOCTH, IIOCKOJIbKY IIPU KaKJIOM KMCKJIOUYEHUN TPeOyeTcsi JOIMOJHUTEIb-
Hasg MaMAThb JJId XpaHEHUsl OMOJHUTEJIbLHBIX MaccuBOoB. MeeT cwmbica
YCTPAHATH TOJbKO TaKHe JIOXKHbIE 3aBUCUMOCTU, KOTOPbIE MPEIMATCTBYIOT
paciapaJiieIMBaHuI0 aJIl'OPUTMA.

Ormeruwm erre, 9TO TPeodPa30BAHUsT KOIa MOTYT YCTPAHUTH HE TOJHKO
BBIXOJIHbIE, AHTU-, HO W MCTUHHbIE 3aBUCUMOCTH. TakuM MpeodpasoBaHU-
eM sIBJIIeTCs, HAIIPUMep, IOJICTAHOBKA IepeMeHHOoi. OcyIecTBUM B IUKJIE
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(1.1) moscTaHOBKY MepeMeHHOl a B TPeTHil omepaTop:

do 1=1,N
Si:c(i)=a+3
So:a=1+1
Sz b(i) =c(i)+i+1
enddo

AHTU- U UCTUHHDBIE 3aBUCUMOCTU MEXKY BTOPbIM U TPETbUM OIl€EpaTOPaMu
nCcyesin.

1.3 Taiimupytomniue QyHKIIN

Tycrs sobast u3 dynxuit t9) Ve — Z, 1 < [ < K, crasur B
coorBercTie Kaskoii oneparun Sg(J) anropurma nemsoe auciao t9 ().

Onpepesierne (taiiMupyrorue byHKIHN).

Dynruuu t(l), t(z), e ,t(K) nasviearomea madmupyrowumu (t-dymm-
UUAMU), €CAU

tO() =t ), JeVy I€V,, So(l)— Ss(J). (1.4)

Habop ¢pynruyut {t(l),t(2), e ,t(K)} HA3BLBALMCA MATMUPOSAHUEM U 000-
snavaemes t. Yeaosus (1.4) naszviearomes ycao8uAmMu COTPAHEHUS 306U~
cumocmeds.

Dynruuu t(l), t(z), ce ,t(K) HA3BIBAIOMCA PACULENAAOUUMY  ( f-Pyrr-

yuamu® ), ecau
tO() =t NI, JeVs I€V,, Sol)— Ss(J). (1.5)

Oynruyuu t(l), t(2), c. ,t(K) HA3BLBAOMNCA CNPO2UMYU MATMUPYIOULUMU
(cmpozumu t-pynryuamu), ecau

tD() >t (D), JeVy IeV,, SoI)— Ss(J).  (1.6)

Yeaosus (1.6) naswearomes cmpozumu Yeao8UAMY COTPAHEHUA 3A6UCUMO-
cmed.

U3 onpenenenus ciaejyer, aro f-pyHkiun u crporue t-pyHKIUHU siB-
JISTIOTCSL YaCTHBIMA CJIydasgMu t-pyHKImii.

3fission — pacmemnenue, fibering — paccaoenne
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Ecim 3aBucuMoctn asroput™a 3ajgambl dbyaknugamu Buga (1.3), To
yeaosug (1.4), (1.5), (1.6) npuMyT COOTBETCTBEHHO B

t(ﬁ)(‘]) 2 t(a)(q)aﬂ‘] o w(a,ﬁ))) J € Va,ﬁ, (CZ, ﬁ) < P7 (17)
tD()) =t (D, 5 — @), T eVas (a,8) €P, (1.8)
tD(T) > (@, 5] — o)), T e€V,s (a,8) €P. (1.9)

Omneparliusi, KOTOPOii IPHUINCAHO MeHbIIee 3HAaUYeHHe TaiMupyomei
(byHKIMY, HE MOXKET 3aBUCETh OT OlE€PaIlii, KOTOPOU IIPUIIUCAHO DOJIbIIIee
3HaueHue. ITobbl yOeIMThCs B 9TOM, ITPEJIIOJIOXKUM [TPOTUBHOE: t(m((] ) <
< t9(I) u Sz(J) saBucur or S,(I). Tak kax S,(I) — Ss(J), 10 u3
olpejieieHus TaiMUPYIOIMUX (PYHKITHI t(ﬁ)(J ) = t(a)(] ), 9TO MPOTHBOPE-
anr npegnosnoxennto t0(J) < t@)(I).

Eciin 3aj1anbl TaiiMupyromme GyHKIMn t(l), t(2), ey t(K), TO &JIrOPUTM
MOYKHO pa3dNTh Ha YACTH, OTHECS K OJJHON YaCTH OIEpaliy ajropuTMa C
OJHEM I TeM ke 3uadenneM dynkmuit: 1 (1) =t (J) ars mobbix onepa-
it So (1) u Sp(J) w3 ofuolt yacTu. DT YACTH AJTOPUTMA MOKHO BBIIIOJI-
HATH TTOCJIEIOBATEIBHO JPYT 3a JIPYTOM B MOPSIIKE BO3PACTAHUS 3HATCHU
dynknuu. Taiimupytomnue GYHKIUN OIPEJIEISIOT TaK Ha3blBaeMble HHMOP-
MaIMOHHBIE Pa3Pe3bl aAJITOPUTMA.

Eciu GyHKINN SBISIOTCS CTPOTUME TaWMUPYIONIMMU, TO BCE OlEpa-
Y B KaXKI0# U3 YIIOMSTHYTBIX JacTeil aJropuTMa MOTYT ObITh BBITIOJTHEHBI
napaJiiesibHo. JlecTBUTeIbHO, eC/ii Jijisi CTPOTUX TalMUpPYOMUX (DyHK-
it nveer mecro £ (1) = (), ro onepamun So(I) u Ss(J) ne mMoryr
ObITh 3aBUCUMbIMU. B 1iporuBHOM ciyudae u3 yciosuii (1.6) ciepoBasio 6bi
win H(1) > tO(T), uam tB(J) > t@(I). Takum obpasom, crporue
t-dpyHKIMM 3a1a0T napajieabHyo Gopmy ajaroputMma. K omgHOMY SIpycy
napaJiIesibHONM (POPMBI OTHOCSITCST ONEPAIMK C OJJHUM W TEM »Ke 3HAYCHUEeM
cTporux t-pyHKINI.

Ecim dbyHKINN ABAAIOTCS PACIICIUISIONUMEA, TO BCE YaCTH aJrOPUT-
Ma MOTYT OBITH BBITTOJTHEHBI MAPAJIETHhHO W HE3aBUCHMO JIPYT OT JPyTa.
HeiicrBuresbHo, coracho (1.5) Bce 3aBUCHMbIE OlEPAlMK UMEIOT OJ[MHA-
KOBBIe 3HaueHus f-yHKIMil, 1 TonaIaoT B OJIHY YacTh ajropurma. Takum
obpaszoM, f-pyHKIME pa3buBaloT oneparyuu aJropuTMa Ha MapaJjebHble
MHOKECTBA.

[Tapasrenusm, 3a1aBaeMblil TARMUDPYIOIIME (YHKITUAME, HA3BIBAET-
Csl CKOITEHHBIM. YacTHBIM CJiydaeM CKOIIEHHOTO TapaJsiieu3Ma, SBJIsSeTCs
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KOOPJMHATHBIN Mapasien3M. KoopauHATHBII MapaJsiein3M ONpeIe/IsaeT-
Csl MapaJiieJIbHbIM IUKJIOM, TapaMeTpPOM KOTOPOTO SBJISETCS OJUH U3 I1a-
paMeTpPOB MCXOJHOTO THE3/a MUKJIOB.

2), . ,t(K) MO2KHO pacCMaTpuBaTh KaK HO-

Buauenust t-pyukiuii t
Mepa uTepaluii HekoTopbix MukiIos (kaxoi dynknun t%) coorsercrsy-
eT OJUH IUKJI, HO IUKJIbL, coorsercryiomme asyM dynkuuam £ u ¢t
He 00st3aTesIbHO oTnuatloTes ). Takast MHTEpIpeTalys JOMyCTUMa: Kak Obl-
JI0 [OKA3aHO BBIILIE, OLEpalust, KOTOPO# IPUIKMCAHO MEHbLLICE 3HAYCHUE
t-pyukiuu (omeparust, BbIMOTHIEMAsT HA UTEPATIUE ¢ MEHBIITNM HOMEPOM ),
HE MOXKET 3aBUCETh OT ONEPalyh, KOTOPOi MPUINCAHO DOJIbINee 3HAUCHNE
(onepaiiysi, BbIIOJHsIEMAs HA UTEPAIMU € OOJIBIIUM HOMEPOM ).

IIpumep 2 (mpomosxkenue). [lpuBegem mpuMepbl TafiMUPYOMIIX
bynknuii s agroputma (1.2).

Crporumu  t-bynxmusvn  sipisiioress pyukmun (1) =0, i € 1],
t@(i,5) = 4, (i,5) € V. JeiicTBuTesbho, noKazKeM, 410 91i QyHKIUI
yaosersopsiior yeaosusim (1.9). Taxk kax P = {(1,2),(2,2)}, To ycnosus
(1.9) npumyr Bt 1 (J) > tW( @ 9]~ T = (i,1) € V1o, tP(J) >
> t2(Dgnd — ©2), J = (i,j) € Vay. Ecmm (i,1) € Via, 10
t(@5(i 1)) =t ((10)(i 1)") = tW (i) =0 < 1 = t@)(i, 1). Ecam
(i,7) € Vag, 10 t2(Ras(i 5)" — p*?)) = t2((i,§) — (0,1)) = tP(i,j —
—1)=j—1<j=1t®(,4). Takum o6pasom, Bce oneparun S;(i), i € VA,
MOrYT ObITh BBIIOJHEHbI HapaJlieibHo; Bee onepanuu So(i, j), (i,7) € Va,
C OJIMHAKOBBIM 3HAYEHUEM j, MOI'YT OBITH BBIIOJHEHBI HapaJsieabHo. Ajro-
putm (1.2), pacnapaJiieJeHHbIH ¢ TOMOITBIO CTPOTUX t-DyHKITHiL ﬂrxi)::
— 0, t@)(i,5) = j, MmoxnO 3ammcaTh B CeayomeM Buje’:

dopar 1 =1, N
S1:c(i)=0
enddo
do j=1,N
dopar 1 =1, N
Sy (1) = (i) + a(z, 7)b(j)
enddo
enddo

Oyuxmuu tW (i) =4, i € Vi, t2(i,j) =i, (i,j) € Vp apnsorcs

4 AsropuT™M Hpeobpas’oBaHUA THE3J IUKJIOB C IIOMOIIBIO TAAMUPYIOMNX (DYHKIMH PACCMOTPEH B
pazzaene 2.5
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f-pynkmusamu. eiicTBUTENHHO, TOKAaXKeM, UTO 3TH (PYHKIUHU YIOBJIETBO-
paor ycaopusaM (1.8): ecim (i,1) € Vi, 1o tW(®19(i 1)" — p1?2)) =
— W@ 0)E 1)) = tWE) = i = t2(i,1); ecin (i,§) € Vag, 10
t<2)(®2,2(i J)" = 90(272)) - t(2)((27]> —-(0,1)) = t(2)(i7j —1)=i= t(Q)(Zaj)
Takum obpasom, Bce oneparun S1(i), ¢ € Vi, u S9(i,7), (i,7) € Vs, ¢
OJIMHAKOBBLIM 3HAYEHUEM | MOI'YT ObITh BBLIIOJHEHBI HE3ABUCUMO OT JAPYIHUX
oneparuit. Asropurm (1.2), pacnapasuiesenubiii ¢ nomorpio f-yHkiunii
tW () =i, t(i,§) = i, MmoxkHO 3anUCATD B BUJE

dopar 1 =1, N
Sl . C(Z) =0
do j=1,N
Syt (i) = ¢(i) + a(i, 5)b(j)
enddo
enddo
O
Obo3naunm n = égigznﬂ.ITyCTbjuo6aﬂ HS(bYHKHHﬁ #ﬁ):‘&3—+ 7",

1 < B < K, craBur B coorBeTcTBHE KaxKoit omepanuu Sz(.J) BeKTOp
(tﬁﬁ)(J), e ,t%ﬂ)(t])) C IeJIOUYUCICHHBIMKM KOOPJMHATaMU. Byjiem npejino-
(8)

JlaraTh, 4To (PyHKIUN te ABIAIOTCH abduHHbIMU (U151 KaXKI0r0 PUKCH-
poBanHuoro (3 u £):

téﬁ)(J) =708 ] 4 age, J € Vg,
(B8 = (Tl(ﬁ’g), . ,T,Sff’f)) € 4", age € 1, (1.10)
I<SOS K, 1<E<n.

Papencrsa (1.10) MOXKHO 3amucaTh B MATPUYIHO-BEKTOPHOM BHUJIE:

N =TWT+dP, Jevs, 1<B<K,

rje TW — MaTpuIa, CTPOKM KOTOPON COCTaBJAEHbI W3 BEKTOPOB
ag1
SR IS X0 (R
agn

Onpepesierne (BekTopHble Taiimupytormue ¢yukium). Qyuryuu

f(l),f@, ce ,EU() HA3BLEANOMCA BEKTOPHOLMU TATMUPYIOWUMY DYHKUUA-

MU (8EKMOPHYMU t-PYHKUUAMU, N-MEPHUMU t-PYHKUUAMU), ecau
rank T =ng, 1< g <K, (1.11)
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() 2100 TI), T €V, TV, Sa(I) — Ss(J). (1.12)

Yeaosua (1.12) na3ui6aomes ycio6uaMUu COTPAHERUA 346UCUMOCTIET.

Onpenenenne (mHoromeproe Taiimuposatue). Habop eexmoprols

< (71 #(2) 7(K) .
t-pymruyua {7, 67, 0T} Haswsaemes MHo20MEPHBIM MATMUPOSAHU-
I . 1 2 K

em U obosnwavaemcs t; nabop Gynryul {té ), té ),. c té )} HA3bLBAEMCHA
E-1 woopdurnamoti (KoMnonenmot) MHo2omepro2o MaliMuposanua U 000-
snavaemcsa te. IIpumem 0003nauenus MHo2oMepno2o MaiMuposanua: t=
7)) #(2) (K 7

={t 07, T = (L, e, ).

U3 onpejiesienusi cjejiyer, 4To IepBas KOOP/MHATa MHOTOMEPHOI'O
TafiMUPOBaHUsl COCTaBJICHA M3 OJIHOMEPHbIX t-DYyHKIMil, OCTajibHbIE KO-
opJiMHATE — U3 (PYHKIMUH, He 00sA3aTe/IbHO SBJISIOMUXCA OJHOMEPHBIMU
t-pynxmmsmu.

(8)

OyHKIMK t¢ MOXCHO MCHIOJIB30BATH JJIs 1peodbpazoBaHus IUKJIOB, 110~

marasi, aro omeparus Sg(J), BoImosHsIeMas Ha uTepaliun oJ, OyIeT BBIIOJI-

HATHCA Ha UTEpalun Z(ﬁ)(J ). Takum 0O6pazoM, KOMIIOHEHTHI BEKTOPA f(ﬂ )

WHTEPIPETUPYIOTCS KaK MapaMeTphl TPeodpa30BaHHOTO IHE3/1a, IINKJIOB JIJIsT
oneparopa Sg : 1)’ — napaMeTp caMOr'o BHEIIHEro IUKJIA, t,(f ) apameTp
CaMoro BHYTPEHHEro IMKJIA.

Yenosue (1.11) dopmanuzyer tpeboBaHie HEBO3MOKHOCTH Hojiee dem
OJIHOKPATHOTO cpabaThIBaHUsI OJJHOIO ONEpaTOpa Ha OJHON UTEpAIH 1pe-
0Opa30BaHHOTO rHE3/a MUKJIOB. [leiicrBurensro, eciu (1.11) He BbIMOJTHS-
eTcsl, TO dim( ker T(ﬁ)) = ng—rank T > 1. ycrs v — Bexrop us ker T):

DT +u) =17(J), 1. e. oneparop S

cpabarbiBaeT 60Jjiee OJIHOINO pa3a Ha UTEPalliu f(m(J ).

rorna gist J, J +u € V umeem ©

1.4 Addunnbie mpeodbpasoBaHUSI
THE3J] BJIO>KEHHBIX ITMKJIOB

3BecTHO MHOIO pa3nvHbIX peobpazoBannii nukaoB. Haubosiee miu-
POKOe MPUMEHEHUE Ha [IPAKTUKE I[IOJYyUUJIM TaKue HpeoOpasOBaHust: pac-
npejiesieHne IUKJIOB, CIUSHUE IUKJIOB, YHUMOIYJ/IsIpHbIE IpeoOpa3oBaHusd
(mepectanoBKa, oOpaleHue, CKAIMBAHWE MUKJIOB), OJIOKWHT, Mepeyrnopsi-
JIOUEHWE OIepaTOPOB, PaCIIEeIIeHNe MPOCTPAHCTBA WUTEPAIWii, BbIJIe/JIeHNEe
CTaHIAPTHBIX ONEPAIUil, MOJTHASA WK YaCTUIHAS PACKPYTKA ITUKJIA IO UTe-
palysM, BbIHECEHHE 3a IPEJIeIbl UK/ HECKOJbKUX MEPBBIX WU MOCJE]-
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HUX UTepalnii. 3aMeTuM, 9To B pas3nesie 1.1 mpuMeHsiach pacKpyTKa, K-
JIOB 110 HECKOJIbKUM MTEPAIUIM JIJIs IOJYUEeHUs 3aBUCUMOCTE aJIrOpUTMa,
a B pazjuesie 2.1 OyneT NPUMEHSITHCS pacipejiesieHre IUKJIOB JIJIsI BhbISIB-
JIEHUST KOOPJMHATHOIO HapaJiiesn3ma. B 3ToM pasjielie paccMaTpuBaiOTCst
addunmble TPeodbpa3oBaHus THE3]T BIOXKEHHBIX MUKI0B. Addunmbie npe-
obpazoBanust 0000MAIOT HEKOTOPBIE W3BECTHBIC (B YACTHOCTH, YHHMOJLY-
JISIPHBIE) TPeodpPa3oBaHust [UKJIOB.

1.4.1 IIpeobGpa3oBaHus TECHO BJIOXKEHHBIX ITUKJIOB

PaccMmorpum cHadaJia 1opoOHO ciaydaii adppuHHOrO peodpa3oBaHusd
I'HEe3/1a TECHO BJIOXKEHHBIX IUKJIOB ¢ TJIyOWHON BIOXKeHHOCTH N. VHIeKcHy 10

(8) V. — Z" asngior-

06J1aCTh omepaTopos obozHadnM 4epes V. Ilycrn ¢
Csl TAKMMY BEKTOPHBIMU t-(DYHKIMAME, KOOPUHATHI KOTOPBIX UMEIOT B/
(1.10), mpudem npu GUKCHPOBAHHBIX & BEKTOPbI 704) omnaKoBbl st Beex
0
t(J) =70T +age, TV,
&) = (7'1(5), . ,T,ﬁg)) €Z", ape €Z, (1.13)
1<A<K, 1<e<n

B marpuuno-BekTopHOii dhopme 3anucu paserctsa (1.13) umeror Bu/g

NN =TJ+d?, JeV, 1<B<K,

re T — MaTpHUIA, CTPOKH KOTOPOH cocTasienbl u3 Bekropos 71, .. 7))

0,571
J — Bekrop-cronber, al?) =
agn

Omnpegenenne (Jonycrumoe npeobpasopatue HukKIoB). [Ipeobpasosa-
Hue 2ne3da YuKA06 HA3LEAEMEA JONYCTNUMBLM, ECAL OHO COTPAHAELT NO-
PAJOK 6LINONHENUA 3AGUCUMBIT ONEPAUT.

Badukcupyem d, 1 < d < n, u obozHaunM Zﬁ@ = (tgﬁ),--~ ,t&m).
Beejiem eme B pacemorpenne rpad Go(t) — ocrosublit nogrpad peynupo-
BAHHOIO I'pada 3aBUCUMOCTEl, B KOTOPOM OCTaBJIEHbI TOJHKO TaKue Jyru
(Va, v8), 9TO CymIECTBYIOT 3aBUCHMBIE omeparuu Sy (1), Sz(J), ana koro-
PbIX f(a)(] ) = f(ﬁ)(J ). Tpad Go(f) BolpaxkaeT BHYTPUATEPATIMOHHDIE 3aBH-
CHMOCTH TIPEOOPA30BAHHOTO THE3JIA TTHKJIOB.
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Teopema 1.1 ITycmo G - (t(lﬁ), . ,t%ﬁ)), 1 <0 < K, — sexmopnnie

matdmupyrowue GYHKLUL.

1. Dynxyuu 9 s0daom donycmumoe npeobpasosanue 2He3da
UUKN0G.

2. Ecau daa xaxozo-aubo d, 1 < d < n— 1, swnoaniemcsa

%gﬂcg(‘]> > lexzild) (]> UAU

mo n—d GHYMPEHHULT UUKAOB npeo6pa306a7m020 ene3da UUKN06 ABAANTCA

I,JevV, Sa(l) - Sﬁ('])v (1'14)

NAPAANENDHMU.
3. Ecau dasa xaxozo-aubo d, 1 < d < n— 1, pynruyuu té@l, e ,ty(f),
1 < 6 < K, asasromes odnomeprvimu t-ynkuyuimu, mo eexmoproie

n

I SOOI

Pymnryuu (t ¢ aty e tn ) AGAAIOMCA MATMUPYIOUUMU U 30~
E=d+1
darom npeobpadosanue ene3d yuKkA06, npusodiwee k¥ N — d napassesdHbIM

GHYMPEHHUM UUKALM.
4. Eeau dasa xaxozo-aubo d, 1 < d < n, evinosnsemcs

t) =11, 1,J€eV, SuI)— Ss(J), (1.15)

mo d eénewHur UuUKN086 ’fl,p606pa306&HH020 enesda UUKRN06 ABAANOMCA NA-
PAANEADHOIMU.

Jloxazameavcmeo. Bynem mojararh, 9TO ONEpaTOpLI, BBIIOJTHACMDIC
Ha OJHOM mTepanuy npeodpasOBAHHOIO THE3JA IUKJIOB, YIOPSIOYCHLI B
coorBercriun ¢ rpadom Go(t). TTokaskem, 4To Takoe ynopsjgodeHue BO3-
MOXKHO.

Jnst sroro gokaxkem, 9to rpacd Go(t) aBasgerca anukandeckuM. Ipes-
MOJIO’KUM [TPOTUBHOE, HATUIHE KOHTYDPA (Vay, Vay )s (Vans Vag)s - -« » (Vag, Vay )-
Tora cymecTByoT 3aBUCUMOCTH

Ser (IW) = Say(JW), Say(IP) — Soy(JP), ...,

Sar IM) = 8o, (JV)
rakue, aro TIW 4 a(*) = TJM 4 glee) 71 4 gle2) = 7@ 4 glas)
TI® 4glew) = T JF) 4 () Croxus sru pasencrsa, nonyaum T i (J(j) —
— IU)) = 0. O6ozuaunm T; — i-it cronben marpurer T, J(J, ]_1 cJn) =

k
Z( ) Torna 111 + ...+ T,J, = 0. Cronbus marpuns 1
j=1

(1.16)
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JIMHENHO HE3aBUCUMDbBI (E)TO CJeyeT U3 ONpeJIeJIeHUs BEKTOPHON TailMupy-
forteit byHKIUM), MOITOMY JIOJIKHO BIONHAThCA J; = 0,...,J, =0, T. e.
k

ST(JV) —16)) = 0. Tak xax JU) >, 1Y), 1o nomyuaum JU) = 1U); pee 3a-
j=1

prcuMocTd (1.16) sBJIsiIMCh BHY TPUUATEPAIIMOHHBIMHA U JIO TPE0OPA30BAHMST
ruesjia 1KJoB. [osyuniim nporusopeune: oneparopbl Sy, Says - - - » Oay, HE
MOTJIK OBITH YIIOPSIJOUYEHBI B MCXOIHOM I'HE3/Ie IIUKJIOB, TaK KaK OblLjia, BHYT-
PUUTEPAIMOHHAS 3aBUCUMOCTD OIEPATOPa ¢ MEHLIINM HOMEPOM OT OIepa-
TOpa ¢ OOJIBIUM HOMEPOM.

[TepeiiieM HEMOCPEJCTBEHHO K JIOKA3aTEILCTBY YTBEPXKJIEHUH TEO-
PEMBbI.

L. Ilycts So(I) — Sp(J). Tpebyercs mokazarh, 9To mocse mpeod-
pasoBaHus rHe3ja MUKI0B S, () Boimonusiercs panbine Sg(J). Oneparus
Sa(I) BBITIOMHSIETCST HA WTEpAIUU Z(a)(l ), omepanus Sg(J) — Ha uTepa-
N2} Z(ﬁ)(J). Tak kax £, . .., 7™ gpasiores n-vepbMu t-bysKIMAME, TO
Z(ﬁ)(J) >ler f(a)(]). Ecin f(ﬁ)(J) > gexf(a)(l), TO 3TO 03HAYaeT, 9T0 Sy (1)
BbinosiHgercs panpine Sg(J). Ecn f(m(J) = f(a)(l), 10 S, (1) BBITOMHSAET-
cst panbiie Sg(J), Tak Kak OlepaTopbl, BLIIOJIHAEMbIE HA OJIHON UTEpaIiHn,
yuopsiiouennl B coorsercrsun ¢ rpadgpom Go(t).

2. JTns napasiesbHocT 1 — d BHYTPEHHUX [UKJIOB MPEOOPa3OBaHHO-
ro THe3/Ia [UKJIOB TpedyeTcst J0Ka3aTh, YTO MOCe MPeodpasoBaHsl UKJIOB
HE CYNIECTBYET 3aBUCUMOCTel 10 1 — d BHyTpennuM nukaam. Popmanbo,
Tpebyercs mokazarh, 4ro ecau onepanus Sz(J) 3apucur or oneparyu Sy (1)
il Z@(J ) = fg?g([ ) (1. e. napamerpbl d BHEIIHUX IUKJIOB 110CJ€e 11Ppeobpa-
30BaHUsl COBIAJAIOT), TO f )(J ) = f(a)(l ). Herpyano sugern, aro Tpe-
Oyemoe siBJisteTcsi psiMbIM cJiefictBueM yesosusi (1.14). Takum obpasow,
BCe UTepalud 1 — d BHYTPEHHUX [UKJIOB MOLYT BBIIOJHITHCSI OJJHOBPE-
MeHHO; Jobast 3aBUCHMOCTh Sy (1) — Sg(J) Oymer nocie npeobpazoBaust
WJIM BHYTPUUTEPAIIMOHHON (ecsin f(m(J) = f(a)(l)), MJIV 3aBUCHMOCTBIO T10

KaKOMY-J100 13 d BHEIHUX [UKJIOB (€c/u f%(J ) > lexff)([ ).

3. s jokasaresbcTBa, TOTO, UTO BEKTOPHbLIE (DYHKIIUU (tgﬁ ) +
n
+ : ; 1 téﬁ ), téﬂ ), o ,t%ﬁ )) SIBJISTIOTCS TAUMUPYIOIIMMU, TOKAXKEM BbITIOJIHE-
=d+

nue st Hux yeaosuit (1.12) (cmpasemmmBocts yemosus (1.11) oveBumna:
IPH SJIEMEHTAPHDIX TPE0OPA30BAHIIX PAHT MATPHITHI He MemHsercs). [Iycern
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Sa(I) — Sp(J). Tak kak dyHKIUM tgﬂ), té@l, ce ) apnsores OJIHOMED-
HBIMY t-(DYHKIUAMHI, TO

tiiu) - t%( b (%) ) (1.17)
tyr (J) = toh (D), -t () = 67 (1)

Caenosarensio, £ (J) + >3 (1) = (1) + > t(1);

MO3TOMY, C YIETOM fW)(J) Zlen ta)(l), TIOJTY TUM (tgﬁ)(J) + > téﬁ)(J),
=dt1

0D, () 2w (1) + 5 > 1t<a><f>, £, ED(1).
=d+
,HJIH ,I[OKaBaTeJIbCTBa HapaﬂﬂeﬂbHOCTI/I n — d BHyTpeHHI/IX HI/IKJIOB T10-

KaKeM, 9TO 3T IUKJIbI TIOCJIe TTPeobpasoBaHus MOIYT MOPOXKIATH TOJBKO
BHYTPUUTEPAIMOHHBIE 3aBUCUMOCTH. JIeHCTBUTEIHHO, €CIM TPEJTIONOKHUT
nasmane sapucumoctu Sy (I) — Sp(J) no kakomy-nmbo nukiy &, € > d,

TO TIOJIyYUM TPOTUBOPEYUE: C OJHON CTOPOHBI, JOJIXKHO ObITh tgﬂ )(J ) +

+ > téﬁ)(J) = t(la)(l) + > téa)(l), C JIpyroii CTOPOHBI, t(lﬁ)(J) +
¢=d+1 E=d+1

+ 2 téﬂ)(J) > tga)(l) + > t(a)(l) BBUJLY CIIPABEIIMBOCTH HEPABEHCTR
§=d+1 E=d+1

(1.17) u ¢ (J) > t(1).

4. Tlycrs Boimosusitorest yesnosus (1.15). Torga sobbie jBe 3aBUCH-
Mble olepanuyu OyayT Mmocje npeobpasoBaHms IUKJIOB UMEThL OJMHAKOBBIE
3HAYEHUsI HapaMerpoB d BHENIHUX UKJOB. [10sToMy d BHEIIHUX HUKJIOB
SBJIAIOTCA MAPAJLICILHBIMIA. H

ITpumep 3. PaccMoTpum 1Hes3 10 1UKJIOB

do 1=1,N
do 7=1,N
Si1:oa(i,j) =1
Sy b(i,7) =0b(i,7 — 1)+ a(i,j)c(@ —1,7) (1.18)
S3 : C(Z7j> - Qb(27]) —|—CL(Z,])
enddo
enddo

1 t-pymxm 47 (i, 5) = (1,0)(,5), £, 5) = (0,1)(i,5), B = 1,2,3.
O1u TaliMupyionme (GpyHKIUU OyIyT MOJydeHbl B mojgpasene 2.2 CoriacHo
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TPETbEeMY YTBEepXKIeHUI0 TeopeMmbl 1.1, BeKTOpHBIE (DYHKIINN f(ﬂ)(i, j) =
= (((1,0) +(0,1))(z,5), (0,1)(¢,5)) = (i +34,7), B = 1,2,3, npusopar x
IHE3/ly IUKJIOB ¢ TMapaJlieIbHbIM BHYTPEHHUM ITHKJIOM.

[Tonyunm ipeobpazoBaHHOE THE3/0 UKJIOB.

Addunnoe npeobpazosanue nepesojut napy (i, 7) B napy (7, ] "), rue
i —2—|—],] —],1<Z]<N CJIG,ZLOBaTeJIbHO j=73, i=id—-75=
=7 -7, 1<V -7 <N, 1< 7 < N. BolpazuMm rpanuinsl u3MeHCHU
HOBBIX ITapaMeTpoB IIMKJIOB B siBHOM Buje. JlobaBuB K cucremMe HEpaBEHCTB
1 <7 —7 <N, 1< j <N cymmy arux nepasencrs 2 < i/ < 2N, u
npeacrasus HepapeHctso 1 < ¢/ — 7 < Nesume ¢/ — N < j/ < — 1,
nonmyunM cucreMy 2 < i < 2N, i — N < j/ <7 -1, 1 <5 < N.
Taknum obpasom, i’ uamensercs B npegenax or 2 1o 2N, a 7' B npenenax or
max(1,i — N) go min(i' — 1, V). [IpeobpazoBantoe rHesjo HUKJI0B uMeeT
CJIEIYIONINIA BU/T;

do i’ =2,2N
dopar j' = max(1,7 — N),min(i’ — 1, N)
S+ a(i — .5 = 7 —
Se: b(i' =45 =00 -4 — D+
+a(i' = 5" ") e =5 = 1,5)
Sy oc(i' = j',J") =2b( = 5, ") + ali" = 5, ')
enddo
enddo

['panuipl M3MEHeHKs HOBBIX APAMETPOB IUKJIOB MOYKHO TAKXKE TI0JIy-
UTh, I U300pa3UTh TPEOOPA30BAHHY0 MHJIEKCHYTO 00s1acTh (puc. 1.13).
[Tpu wmzobpaxkenun yureno, uro yriosbie touku (1,1), (1,N), (N,1),
(N, N) wunjekcHoii objactu mepexojisiT COOTBeTCTBeHHO B Touku (2, 1),
(N+1,N), (N+1,1), (2N, N). H

OTMeTUM OCHOBHBIE TAllbI 0JIyYeHUsI KOJA PEeOOPA30BAHHBIX I'HE3/|
IIMKJIOB: BLIPA3UTD MapaMeTphl UCXOIHOIO THE3/IA [IMKJIOB Yepe3 HOBLIE I1a-
paMeTphl IUKJIOB, BLIPA3UTh IPAHUIILI HK3MEHEHHSs 1apaMeTpoB IIpeodpaso-
BAHHOI'O THE3JIA [UKJIOB, 3aIIUCATh KOJI.

O6mwmit criocob renepaliny Koja npeodpa30BaHHBIX BJIOYKEHHBIX MHE3/T
IUKJIOB OyjleT paccMOTpeH B pazjiesie 2.5

Onpepesierne (creneddb mapaieau3ma). Jucio napaiiesbHols yuk-
06 HA3BIEAECTNCA CENEHBI0 NAPAANCAUMA BAONHCEHH020 2He30a LUKA0G.
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5 N1 oN i
Puc. 1.13

[IpuMeHeHre BEKTOPHBIX TaiiMUpYIONMX (QYHKIWA, yI0BJIETBOPSIIO-
X yeaousM (1.14) u (1.15), TpUBOANT K THE37AM IUKJIOB CO CTEICHBIO
napaJuiesin3ma n — d u d COOTBETCTBEHHO.

1.4.2 IIpumeHeHUe K He T€CHO BJIO2KEHHBIM ITUKJIaM

PaccMmorpuM ciydaii rHe3jia BJIOXKEHHBIX, HO He 00sg3aTesIbHO TECHO,
IMKJIOB. DByjeM mpejioJararb, 4TO KOOPJMHATHI BEKTOPHBIX t-pyHKIMi
umetor Buj (1.10), mpuueM npu GUKCUPOBAHHBIX & BEKTOPDI 738 onuna-
KOBBI JIJIsI BCEX OIEpATOPOB, PACIIOJOXKEHHBIX Ha OJHOM yPOBHE BJIOYKEHHO-
CTH:

7'<2J + agge,

1
)7 .,TCgQ)EZd, CL@gEZ, (1'19)
d=nys 1<H<K, 1<E<n.

B marpuuno-sekroproit (popme sanucu pasercrsa (1.19) umeror Bu
) =Tpad +aP, JeVycZl, d=ns 1<B<K,

rie Tig = TW — marpuna, ¢rpoks KOTOPOil COCTABICHBI U3 BEKTOPOB

) ap,1
7'1(:63, e 7'1(:72), J — Bekrop-crosber, al?) = e
ag,n

O6o3HauM Zg@ = (tgﬂ), e ,t&ﬁ)), Go(t1.q) — ocToBHBII noarpad pe-

JIyIIIPOBAHHOTO I'paa 3aBUCUMOCTEi, B KOTOPOM OCTaBJIEHbI TOJbKO TAKHe
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7yt (Va, Ug), ITO CYIIECTBYIOT 3aBucHMbIe onepattun Sy (1), Sz(J), s ko-
TOPBIX Zg?éd) (I) = fg@(J) I'pad Go(t1.4) BHIpaskaeT BHYTPUHUTEPAIMOHHBIE
3aBUCUMOCTH T10 d TIEPBBIM IUKJIaM TPeoOPa3OBAHHOIO MHE3/IA TIUKJIOB, TO-
9TOMY Ha YPOBHE BJIOXKEHHOCTH d OLEPaTOPhbl CJEJyeT YIOpsiJIouMBaTh B
coorsercrsun ¢ rpadpom Go(t1.4). Teopema 1.1 B paccmaTpuBaeMoM ciiydae
ocTaeTcs CIpaBeyinBoil (paBencTsa B yeaosusx (1.14) u (1.15) morumaror-
CsT KaK JIeKCUKOTrpaduIecKue).

PaccmarpuBaembie B 3ToM pazjiesie adguHHbIE IPE0OPA30OBaAHMST BJIO-
YKEHHbBIX [[UKJIOB 4aCTO IIPUMEHUMbI U JIJIs PHE3J| IUKJIOB ¢ 60J1ee CJI0KHOMI
CTPYKTYpOii BioxkennocTH. [IpuMmenenue mpeobpasoBanuii K He BJIOXKEH-
HBIM I[MKJIAM MOYKHO PaCcCMaTPUBATh KaK CIIOCOD MOJIyUEHUs] BJIOXKEHHDBIX
1ukJ0B. [TpuBejieM MIIOCTPAIMOHHDIN IPUMED CJIMSIHUS [[UKJIOB.

PaccMoTpum jiBa He BJIOXKEHHBIX UKJIA:

do 1=1,N
S1: x(i) = a(i)
enddo
do 7=1,N
Sy x(j) = z(j) + b(j)
enddo

MozH0 mokazars (cM. npuMep B pazsere 2.2), uro dyukmun ¢ (i) =
— i, t¥(i) = i apasmorcs f-pynkmmsavu. U3 teopemsr 1.1 cieyer, 4to
IOPOKJIAEMbII 3TUMU (PYHKIMSAMU HUKJI ABJISETCH HapaJlleJbHbIM:

dopar 1 =1, N

St x(i) = a(i)

Sy x(i) = x(1) + b(7)
enddo
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I'1aBa 2

[IOJIVUEHUE TAUMUPVIOIIINX ®YHKIINN
1 TIPEOBPA3BOBAHUN ITNKJIOB

DTa rjaBa MOCBAINIEHA METOJAM IIOJyUeHUs] TaiMUpYyomux (pyHKIk
1 [1peodbpa30BaHmil IHE3/| IUKJIOB, IPUBOJAIINX K [apaJlIebHbIM IUKJIaM.

2.1 PacnapajiennBanue, HCIOJbL3YIOIIEE
YPOBHU 3aBUCHUMOCTEN

B stom paznese Oyer pacemorpen agroputM Astena n Kemnnenn pac-
napaJiieJIMBaHNsT THE3J] TECHO BJIOXKEHHBIX TIHKJIOB.

[IpuBesieM cHadasia NpUMep, UIUIFOCTPUPYIONIUI UCIOIb30BAHIE aAHA-
JM3a yPOBHEH 3aBUCHMOCTEl JUIs BBISBICHUS KOODIMHATHOTO TApAJIIe-
Jn3Ma.

Paccmorpum ojtHoposiHOoe THe30 1uKJIOB (agroputm (1.2) ymHOXKe-
HUSl MATPHUIII HA BEKTOD, 3allMCAHHBIH B BUJIE THE3/A TECHO BJIOXKEHHBIX
IUKJIOB)

do 1=1,N
do 7=0,N
S1: if ( =0) then ¢(i) =
Sat cli) = c{i) + ali, )b
enddo
enddo

U ero peJlyliupoBaHHbIN I'pad 3aBUCHMOCTEH, IOMEUYEHHbIH BEKTOpaMu 3a-

0 else
)

prcuMocteii (puc. 2.1).

@ 0.1 @ ®.1)

Puc. 2.1

Tak Kak IUKJ ¢ TapaMeTpoM ¢ (IIUKJI YPOBHs 1) HEe TOPOXKIAeT 3aBH-
CUMOCTEll, TO €ro MOXKHO 3allUCaTh KaK MapaJsuleJIbHbII; IUKJI ¢ TapaMeT-
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poM j (IUKJI yPOBHS 2) TOPOXKIAET 3aBUCHMOCTH, TOITOMY OH TTOCJIEI0BA-

TeJIbHBIN:
dopar 1 =1, N
doseq j =0, N
S1: if (j =0) then ¢(i) = 0 else
St eli) = cli) + ai, )b(5)
enddo
enddo

3amnuiemM rernepb aJropuT™M YMHOXKEHUsT MATPHUILI HA BEKTOD B CJIELY-
IOIIleM BHJIE:

do 7=0,N
do 1=1N
S1: if ( =0) then ¢(i) =
S+ eli) = eli) +ali, )b
enddo
enddo

0 else
)

NzobpasumM peynupoBatubiii rpad 3aBucumocreii (puc. 2.2).

@ 1.0) @ (1.0)

Puc. 2.2

Tak Kak IUKJI YpOBHsI 1 MOPOXKJIaeT 3aBUCUMOCTH, TO OH TOCJIE/I0Ba~
TeJIbHBI; TaK KaK BCE 3aBUCUMbIE Ollepaliuy YIOPsJI0YeHbl B COOTBETCTBUU
C IIUKJIOM ypOBHS 1, TO IUKJ YPOBHS 2 MapaJiiesibHbIi:

doseq 7 =0,N
dopar ¢ =1, N
St 1f(]—0)thenc():O else
St c(i) = (i) + a(i, 7)b(j)
enddo
enddo

[Ipumep nokasbpiBaeT, 4TO HHMOPMAIUU 00 OTCYTCTBUK 3aBUCUMOCTE
10 IMKJIYy ObIBAET JIOCTATOYHO KaK JIJIsi MOJIyUeHMsI HapaJiiebHbIX MHO-
KeCTB (TapasuieIbHbIil BHENTHU{ UK ), TAK U JJIsT TOJTY I€HUsT TapaJiIie/Th-
HBIX (GOPM aJTOPUTMOB (TTapaJIeIbHBI BHYTPEHHUI TTHKJI).
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Anropurm Annena n Kennenn ocnoBbiBaeTcst Ha JBYX (DaKTax:

1) camblii BHEITHUI UK SBJISETCS TTAPAJIICJILHBIM, €CJIH HET 3aBUCH-
MOCTEM, MTOPOXKIaeMbIX IIUKJIOM, T. €. HET 3aBUCUMOCTeN ypoBHS 1;

2) Bce urepalyn oneparopa S, MOIYT ObITh BbIIOJHEHBI [IEPeJL JF0OOit
uTepanueil oneparopa Sg, €CIM B PeAYIUPOBAHHOM rpade 3aBHCHMOCTEl
HET MyTH U3 Ug B Ugq.

[TepBoe cBoiicTBO 1103BOJIsIET TTOMETUTH MK/ Kak dopar mim doseq.
3 BTOpOrO CBOMCTBA CIEIyeT, UTO MOUCK MapaaeIn3Ma MOXKHO OCYIIeCT-
BJIATh HE3aBUCUMO B KaXKJIOH CUJIbHO CBA3HON KOMIIOHEHTE PeJlylupOBaH-

HOro rpada 3aBUCHMOCTel! .

AnropurMm 2.1 (pacmapaJsuiesiuBaHue, UCIOJIB3YIONEe YPOBHU 3aBUCHMO-
creit). [Tycmov G — pedyyuposannwidi epag sasucumocmets, dyzu £Komopozo
nomeyenvs Yposuamu zasucumocmetd. Cravana nososcumo k = 1.

1. Yoarumv us G ece dyeu yposns menvwe k. Ioayuennvid 2pagp
o6oznavums G(k).

2. Paszaoorcumv G(k) na cuavro ceasnve xomnonenmor Gi(k) u yno-
PAAOUUMD UL MONOA0UMECKU.

3. Iepenucamov xod max, wmobwv kaoscduwi G;(k) coomeememesosan
Pa3HvM 2He3daM UUKA08 Ha YPosHEe DOAbULEM UAU PA8HOM K, U 4mobbi
ouepednocmo Gi(k) coomeememeosana 6w wazy 2 (pacnpedeserue yuro6
Yposna 60abwe20 uAl pasnozo k u nepeynopadouenue onepamopos).

4. Jas waorcdoeo Gi(k) nomemums yura yposua k xax dopar, ecau
G;(k) ne codeporcum dye ypoens k. B npomusrom cayuae nomemums huki
kax doseq.

5. s waorcdozo Gi(k) obosnavums G = Gi(k), yeeaunwums k na 1 u
nepetmu x cAedyrowets pexypcut ar2opumma, m. e. nepetmu x waey 1.

B asropurme 2.1 BbisiBIIeHNE TTapaJIeIN3Ma OCYIIECTBIACTCSA ¢ TOMO-
b0 aHaJM3a YPOBHEH 3aBUCUMOCTEH W pacnpejeserus nukjaoB. OcHOB-
Hasl Wjesd aJrOpuTMa — HMCIOJb30BATh PacHpejieieHre TUKIOB TaK, ITOOBI
YMEHBIIUTD YUCJIO ONIEPATOPOB BHYTPU IAKJIA, U TEM CaAMbIM TOTEHINAJIHLHO
YMEHBITUTH YUCJIO 3aBUCUMOCTEN 10 TUKJTY.

UzBecrHo, uro ajropurm 2.1 sgBjisiercst ONTUMAJbHBIM OTHOCUTE/IHLHO
BXOJHBIX JIAHHBIX. DTO O3HAYAET, YTO JTIFOOO0H aJrOpUTM pacliapaJiie/iBa-

LOpuenTtuposanmbiit rpad (moarpad) HazbIBaETCA CHIBHO CBA3HBIM, €CIH B HEM CYIIECTBYeT 3aM-
KHYTBIA IIyTh, TPOXOAAIINNA Yepe3 BCE BEPIIUHBIL.
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HU¢, BXOJHBIMY JIAHHBIMYA KOTOPOTO ABJISIETCs PELYINPOBAHHDII rpad 3a-
BUCUMOCTEH C JyraMu, HOMEYCHHLIMY YPOBHSIMU 3aBUCUMOCTE, HE MOXKET
HaliTu OOJIbIlIe TIapaJliesin3Ma, YeM ajaroputm 2.1.

ITpumep 3 (npoposkenue). [Ipumenum asropurm 2.1 K rHesty 1uK-
708 (1.18). IlocTpoum pejyrmpoBanHbiii rpad 3asucuMocteit (puc. 2.3).

S

Puc. 2.3

[Tosioxum k = 1. Cpad G(1) coBuajaer ¢ rpadom G u cojeputT jise
CHUJTBHO CBsI3HbIe KOMIOHEHTHI; (G1(1) cofiepsKUT BEpIINHY, COOTBETCTBYIO-
nyio oneparopy Si, Gao(1) comepKuT BeplinHy, COOTBETCTBYIONYIO So U

Sy (puc. 2.4).
: 2
1
G

Puc. 2.4

Teneps cieyer nepenucarh Koj Tak, 9rodbl G1(1) u Ga(1) coorser-
CTBOBAJIM PA3HbIM IHe3jaM UKJIoB. I'pad G1(1) He comepKuT Jyr, M03TO-
My COOTBETCTBYIOIIME €My OlepaTophl MUKJa nmoMernM Kak dopar; rpad
Go(1) comepxkutr gayry yposus 1, mosromy omeparop mukiaa do i =1, N
momMeTuM Kak doseq:
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dopar 1 =1, N

dopar 7 =1,N
Sy:oali,j) =1
enddo
enddo
doseq 1 =1, N
do j=1,N
Syt b(i,7) =0b(i,7 — 1)+ a(i,j)c(i —1,7)
Szt c(i,j) =2b(¢,5) + al(i,j)
enddo
enddo

Hastee nonioxkum k = 2 u nepeityiem K mary 1 st rpada Ga(1). Via-
B u3 Go(1) pyry yposus 1, noayuum rpad G(2) ¢ aByMsi CUIIBHO CBsA3-
HBIMHE KOMTIOHEeHTaMu (puc. 2.5).

(D= (D

Puc. 2.5

Bee nrepannm oneparopa S (BbIUKCIEHUST, COOTBETCTBYOIIHE KOMIIO-
wenre G1(2)) MOryT ObITH BBIIOJIHEHbBI PaHbIIie 000 HTepaluy orneparopa
Ss (BRIUHCIIEHNST, COOTBETCTBY IO KoMmonenTe (G9(2)). Tlepenummem ko,
npucsous oneparopy do j =1, N run doseq js ciaydas Gp(2) (Tak kak
(1(2) comepxkut jyry yposust 2) u Tun dopar jist caydas Go(2). Okonva-
TEJILHO TOJIY YMM:

dopar 1 =1, N
dopar 7 =1,N
S1:oa(i,j) =1
enddo
enddo
doseq 1 =1, N
doseq 7 =1,N
Sy bi,j) = bli, j — 1) + ali, j)e(i — 1,5)
enddo
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dopar 7 =1,N
Syt eli,g) = 20(3,5) + a(i, ) .
enddo
enddo
B sakiouenne ormeruM, uTo Meron Astena n Kenneanm ne BbIsIBIIsI-
eT CKOIIeHHBIH napasienn3Mm. OH He BBISIB/SIET TaKKe W KOOPIUHATHBIN
HapaJsiIe/In3M, eCIu JIJIs TapaslIe/n3aiiil IUKJIOB TPeOyeTcss UX MepecTa-
HOBKA.

2.2 Ilonydenme taiimupyonimx yHKITAHA
NJid OAHOPOJHBIX THE3J I[UKJIOB

[Iycrs anropuTm 3ajaH OJHOPOIHBIM IHE3/I0M TECHO BJIOYKEHHDBIX HUK-
70B. B aToM cityaae (cm. pasgen 1.1) 3aBUCHMOCTH AJITOPUTMA BBIPAKAIOT-
cst maGopoM BekTopos 3asucnmocteit 0@ (o, ) € P. B srom passene
nceIeyercs ciyuait, korga raivmupyione gynximn 0 (J) spasiores ad-
(buHHEBIMI DYHKIUSIMI BHJIA,

tO(N)=7-J+as JeEVs 1<B<K,
T=(T1,...,70) €Z", ag € Z.

(2.1)

Bsenem obosnavenns:

T=(T,...,Tn,@1,...,aK) — BeKTOp mapamerposB Gyukuuii (2.1);
(a.8)
pled) = < 14 0 > + ef;fﬂK) — eﬁzK), e e§n+K) — BEKTOpP pa3Me-

pa n + K, y KoToporo KoopjauHara ¢ HOMEpoM [ paBHa 1, a OCTajbHbBIE
KOOPIMHATHI HYJIEBbIE;

EU — exunnunas Marpuna nopsiika [

D — wmarpuna, croyiOlibl KOTOPOH COCTaBJIEHbI U3 BEKTOPOB Qﬂa¢”;
D € ZUHE)>m pre . umeso Bektopos 3asucnmocteit (@) (mesto
3jieMeHTOB B MHOXKecTBe P). Marpuria D HasbiBaeTcss MaTpureil 3aBucu-
MOCTEiA.

Teopema 2.1 IIycmv nad cmpoxamu mampuyws, (ETHE)| D) cosepuie-

HO KAKAA-AUO0 NOCACIOEAMENDHOCTD INEMEHTADPHDBLT np606pa306auuu°2,

29 /leMeHTapHBIME TIPeobPa3OBaHUAME SBJISIOTCA CIOMKeHHe, BEIMHTAHIE, MEePeCTAHOBKA CTPOK I
CTOJIOIOB MATPHUIIBI, YMHOXKEHHE CTPOK M CTOJIOIOB HA HEHYJIEBOE YUCJIO.
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w 6 pesyavmame noaywena mampuya (P|B), P € ZrHE)>xn+K)
B c Z(n-‘rK)Xm'

1. Ecau kaxasn-aubo usz cmpox mampuis, B codeporcum moavko neom-
PUUATMEALHBLE INEMEHMBL, O COOMEEMCMEYI0UAL CINPOKa Mampuib, P
onpedeasem eexmop napamempos t-dymruyud euda (2.1).

2. Ecau waxaa-aubo us cmpox mampuuyv, B aeasemca nyareeoti, mo
coomeememeytou,an cmpoxa mampuust P onpedeasem sexmop napamem-
pos f-pynryui euda (2.1).

3. Ecau waxaa-aubo us cmpox mampuuvt B codepoicum moavko no-
NOAHCUMENLHDBIE INEMEHMDL, O COOMEETNCMEYIOULAA CMPOKA MAMPULbl P
onpedeasem 6eKmop napamempos cmpozur t-pynryud euda (2.1).

oxazameavcmeo. JJokaxkeM clipaBeiJIMBOCTh IEPBOTO Y TBEPXKJICHU T
reopembl. [Ipeobpasyem ycioBust coxpanenust sapucumocteit (1.7) (¢ yde-
Tom Toro, uto O, 5 = EM): tO(J) — (] — @) >0, 7]+ ag —
—7(J — @) —a, >0, 70 4 a5 —a, >0,

709 >0, (a,B) € P (2.2)

Takum obpasom, jiiist Toro urobbl dyHkms Bujga (2.1) aBisiiach TaiiMu-
pyIolieit, HeoGXOJMMO 1 JIOCTATOYHO BbINIOJHEHUs HepaBeHeTs (2.2), uiu, B
Jipyroit (popme 3ammcu, MaTpUIHO-BEKTOPHOTO HEPaBEHCTBA

#D > 0. (2.3)

Perenne nepasencrsa Bujia (2.3) cBeJleM K PENIeHUIO BCIIOMOIaTeb-
HOTO ypPaBHEHMUSI

(7]2) ( = > ) (2.4)

Ecnu naiifeno rakoe perenune (T|z) ypasrenusi (2.4), 94T0 z — BEKTOD,
Yy KOTOPOI'O BCE KOOPJMHATHI HEOTPUIATEILHBI, TO BEKTOP T €CTh PelICHHe
nepasencrsa (2.3). D1o ouesusno, eciu (2.4) samacars B suje 7D = 2B,

Vpasuenuio (2.4) yaosnersopsior crpokn marputst (B D) (tax

kax (E0+K)| D) ( =

marpuipl (P|B) ects muneiinbie koMbunauu crpok marpurs! (EMHE)| D),

) ) = E"E)D - DE™ = D — D = 0). Crpokn

MoSTOMY TOXKe yj0BIeTBOpsitor (2.4). Eciin kakasi-mnbo cTpoKa MaTpHUIThI
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B coepKuT TOJLKO HEOTPUIATENbHLIE 3JIEMEHTDLI, TO COOTBETCTBYIOIIAS
CTPOKa MaTpHIlbl P ynoBieTBOpsieT HepaBeHCTBY (2.3), T. e. ompejesiser
BEKTOD napamerpos t-gpynkiun. [lepBoe yTBepKaeHue TeopeMbl JJOKa3aHo.

Bropoe yTBepxKaeHue TEOpEMbl JIOKA3bIBACTCS AHAJOIMYHO MEPBO-
MY, TOJBKO BMECTO HECTPOTWX HEPABEHCTB (2.2) MCHONB3YIOTCS PABEHCTBA,
70@%) = 0, a or BexTopa z u3 ypasuenns (2.4) TpeGyercs GbITH HyJIC-
BuIM. JIJIs JIOKa3aTeIbCTBa TPETHErO YTBEPIKICHUST TEOPEMbI UCIIOJIb3YOT-
cst crporue mepasencrsa 7@ @0 > 0, a 'y Bekropa 2z u3 (2.4) 10/KHEL GbITH
IIOJIOZKUTEJIbHBIE KOOPAMHATHI. ]

CaenctBue 2.1 /s 1106020 00mopodnozo 2ne3da mecHo 6A0MHCEHHBLT
UUKA06 ¢ 2AYOUHOT 8A0MCENHOCTIU N cywecmeyem . matmuposanud (2.1)
¢ NUHETHO-HE3a6UCUMBMY 6EKMOPAMU T.

HeficTBUTENILHO, TIEPBbIE HEHYJIEBbIE KOOP/MHATHI BEKTOPOB 3aBUCHMO-
creit (%) MOIOKUTETBHB, TOITOMY IPHOABIEHTEM K CTPOKAM ¢ GOJIBII-
MU HOMEpaMHU CTPOK C MEHBITUMHU HOMEepaMU MOXKHO JOOUTLCS HEOTPHIIa-
TEJILHOCTHU TIEPBbIX 1 CTPOK MaTpuiibl B. Torja nepsbie n CTPoOK MaTPHUILbI
P oynyr mopoxaarh n t-byaknuit Buga (2.1) ¢ JuHEHHO-HE3ABUCHMBIME
BEKTOPDAMU T ¥ (1 = ... = af = 0 (9TW CTPOKU TMOJIYUEHBI HEBBIPOXK JICH-
HBIMHU TTPEOOPAZOBAHUSIMU 7 TEPBLIX CTPOK Marpuibl B HE )).

OrmeTuM, 9TO €C/ii He YUUTBHIBATH BHYTPUUTEPAIMOHHBIE 3aBUCUMO-
CTH, TO JIJIA JIIOOOTO OJIHOPOJIHOTO THE3J[a TECHO BJIOYKEHHBIX IUKJIOB CY-
necTByer crporas t-yukiws suga (2.1). JefictBurenbHo, ecin He MPUHE-
MaTh BO BHUMaHue Hysesbie BekTopbl ¢ %7 10 npubasiennem K crpokam
¢ OOJIBIIIMMKM HOMEPAMM CTPOK € MEHBITUMU HOMEPaMU MOXKHO JIOOUTbHCS
TOJIOXKUTETHHOCTH BCEX JIEMEHTOB, 110 KpailHeil Mepe, Ha MecTe MOCJIe/I-
Hell CTPOKKM MaTpuIibl B (M TeM caMbIM MOKa3aTh CYIIECTBOBAHUE CTPOroii
t-byHkIMM).

Ha mpakTuke marpuity D jydiine mpeodpa3oBbIBaTh TaKUM 00pa3oM,
9TOOBI 3JEMEHTHI MATpHUIlbl B ObLIM KakK MOXKHO OJmke K Hymo. Kaxk
cJiejlyeT W3 JoKasaTesJbCTBa TeopeMbl 2.1, MEHbINM 3HAUYEHUsIM 3JIeMeH-
T0B MaTpulbl B coorBeTcrTBYIOT MeHbime 3Hadenns seamunn £ (J) —
— t(o‘)(@aﬁJ — @5, Menbime 3naueHEs STHX BEJTHUHH IPUBOJAT K BbI-
MOJIHEHUIO 3aBUCUMbBIX OTlepaluii Ha OoJiee OJU3KUX UTePaIUsIx, 9TO BazKHO
BO MHOT'MX CXEMaX pacrapaJsijeIMBaHus U Opranu3amnyu oOMeHa JIAHHBIMY.

Hanee HAM TOHAIOOUTCA MOHSATHE SPMHUTOBON HOPMAaJbHON (hOPMBI
MATPHITHI.
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Onpepesierne (3pMuUTOBa HOpMasbHast (hopma MaTputisl). [Tycms D
ecmsv MAMPUUL ¢ GEUWECTNEEHHOIMU IAEMEHTAMU, L — PAHE MAMPULDL
D. Tozda snemenmapHvimu cmpounvmMu Npeobpasosanuimu mampuyy D
MOJICHO CBECTNU K €€ IPMUMOBOT HOPMaAALHOT popme — % mampuue H
caedyroweti cmpyxkmypot:

— nepsoie p cmpor mampuys, H nenyaesoie, 6ce anemenmot 0cmans-
HOLT CMPOK PABHBL HYAI0;

— nepewill Henyaesoti anemenm 6 i-i (i = 1,2,...,p) cmpoxe mam-
puyor H pasen 1; nycmov smom asemenm exodum 6 cmosbey, ¢ HOMEPOM Cj;

— 0 < C < ... < Cps

— 8 CMOoADUE ¢ HOMEPOM C; BCE INEMENMDBL, KPOME 6TO0AULE20 6 1-10
CMPOKY, PABHDL HYAN.

Marpuna Buja 3pMUTOBOI HOpMaJIbHON (DOPMBI SABJISIETCS B HEKOTO-
POM CMbICJIEe 0D0DIEHNEM eJIMHIIHON MaTPHUIIhI, €CJIN PACCMATPUBATH I1PO-
U3BOJIbHBIE, & HE KBaJIPATHBIE HEBBIPOXKICHHBIC MATPHUIIDL.

Ternepb MOXKHO IPEJJIOKUTD CJACYIONUN aJrTOPUTM [TOJIyYeHUsI TTapa-
MeTpoB TaiiMupytonmx dyHkiuui Buga (2.1).

AnroputMm 2.2 (mosydenue taiiMupyrormux (byHKIUAN st OJHOPOTHBIX
THE3J| [IKJIOB).

1. Chopmuposamv mampuuy D.

2. IAEMENMAPHOLMU  CIMPOUYHBLMY  NPEOOPA3OBAHUAMY  MAMPUL -
(BT D) noayuums na mecme mampuye D ee apmumosy mopmarsmyio
opmy (MmostcHo ¢ mounocmvio do nepecmano8ru Cmpor u cmoabyo6 u ¢
MOUHOCBIO J0 NOAOAHCUMENLHOT MHONCUMEAET CMPOK MAMPULDL).

3. Chootcenuem cmpox noaywums na mecme mampuuv, D mampuuy,
M000T cmosbey, Komopoti cocmoum moavko U3 HEOMPUYUAMEALHDIT IAe-
MEHMOB.

4. Obosnavums npeobpazosannyto mampuyy wepes (P|B). Ecau
Kakaa-aub0 cmpoka mampuuyv, P codeporcum we ueavie anemenmol, mo
YMHOACUMD CMPOKY 1A MAKOE HAUMEHBULEE HAMYPAALHOE YUCAO, YMOObI
6Ce INEMEHMBL CNAAY YeAbMU. Jas nosywenus t-pynkuut u f-dynryud
BOCNONABIOBANBCA NEPSHIM U 6MOPLILM ymeeporcdernuem meopemov, 2.1. Jaa
nosywenus cmpo2ur t-gpynkuul paccmompems 10001 makold Habop u3
cmpokx mampuuv, B, umobv, 6 cymme amu cmpoku noposcdanu 6exmop
¢ noAoHCUMEAbHUMYU Koopdunamamu. Cymma smux cmpok 6 mampuuye P
npusodum x cmpozot t-hynryu.
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Paccmorpum npumep.
BanumeM ajgroputsm (1.2) B Bujie OJJHOPOJHOIO THE3/IA4 TECHO BJIOXKEH-
HBIX I[UKJIOB:

do 1=1,N
do 3=0,N
Sy if (j =0) then ¢(i) =
Sz + (1) = (i) + a(i, 1)b()
enddo
enddo

0 else
) (2.5)

PazpepuyTblil rpad 3aBuCHMOCTEl aJIrOPUTMA (1.2), [IPUBEJICHHBIA B
pazzesie 1.1, MOXKHO paccmarpuBarTh Kak rpad aiaroputma (2.5), ec-
JM CUUTATH, YTO BEPIIMHBI, COOTBETCTBYIOLME Oneparopy S, PaciioJio-
XKeHbl B Toukax (i,0). 3aBucumocTu ajgroput™a (2.5) MOXKHO 3aJaTh

sektopamu b2 = (0,1), 22 = (0,1). Umeem: n + K = 2 +

+2 =4, 7 = (m,ma,a), &P = (0,1,-1,1), ) =
10 00 0 0

= (0,1,0,0), (EW|D) = 8 (1] (1) 8 _11 (1) . Borurem u3 BTOpOI
0 0 01 1 0

CTPOKHU YETBEPTYIO U MPUOABUM K TPEThEil CTPOKE YeTBEPTYIO; HOJYIUM

100 O 00

(P|B) = -

. I3 Teopemnr 2.1 cremyer, 9TO BEKTO-

o O O

1
0
0

o = O

0

1 0 0
1 1 0
pol T = (1,0,0,0) mu 7 = (0,0,1,1) aBasgOTCS BEKTOpaMH HapaMeTpOB
f-cpynxmmit (f-byuxmmn (i, 5) = 1, tP)(i,5) = 1, onpegensemsie BekTO-
pom 7 = (0,0,1,1), 3ajar0r TpuBHAJIbHOE pa3OUEHHUE aJIFOPUTMA HA OJIHY
dacrb), a Bektopbl T = (0,1,0,—1) u 7 = (0, 0,0, 1) siBasitorcsi BeKTOpaAMu
mapamerpos t-gyuknuii (Bekrop 7 = (0,0, 0, 1) onpesiesnsier BBIPOXK T€HHBIE
t-cpymxmun t1 (i, ) = 0, t@)(i,5) = 1). Ecau B marpune (P|B) cioxurs
BTOPYIO U 4eTBEPTYIO CTPOKHU, To npujem k sekropy 7 = (0,1,0,0), onpe-
peasiomemy crporue t-yukuun 1 (0, 5) = 4, (i, §) = j; 9ru Gynxiun
MOYKHO GBLIO TOIyInTh U cpasy u3 marpuisl (EW|D).

ITpumep 3 (mpojgoskenue). [losyaum rafiMupoBanus Jijisi AJTOPUTMA
(1.18). Tlomerum Jiyru pejynupoBaHHOTO rpada 3aBUCHMOCTEH BEKTOpaMu
sasmucnmocteii 12 = (0,0), 13 = (0,0), v = (0,0), 2 = (0,1),
032 = (1,0) (puc. 2.6).
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Puc. 2.6

st nosiydeHust BEKTOPHbBIX TallMUPYIOIIMX (byHKuMﬁ MCIIOJIL3Y-

em agroputm 2.2. NUmeem: n + K = 2 + 3 = 5, ? =
~(1,2 (1,3)
(11, 72,01, 02,03), P11 = (0,0,—1 1 0) 90 ( )
~(22) _ ~(2,3) _
1 00 00 0 0 0 0 1
01 000 0O 0 0 1 0
(E®ID)y=]00100|-1 -1 0 0 0 [ Borurem us uerseproii
00 01O 1 0 -1 0 1
00 0 01 0 1 1 0 -1
CTPOKH MepBy0, NpUOABUM K IIATOH CTPOKE INEPBYIO, K TPETLeil CTpo-
Ke YeTBEPTYIO U IIATYIO, K 4YeTBepToii — maryio; noayuum (P|B) =
1 00 00 0 0 0 01
01000/ |0O0O0T10
— 00111{00000 |. Bekroper 7 = (1,0,0,0,0), 7 =
0 0011 110 00
1 0 0 01 01 100

= (0,1,0,0,0), 7 = (1,0,0,0, 1) sisirorcsi BeKTOpamMu napamMeTpoB HEBbI-
poxkaennbix t-pynxuuit. Bekrop 7 = (0,0,1,1,1) 3amaer BbIPOXKIEHHYIO
f-dpyukimio. Bekrop 7 = (0,0,0,1,1) 3a1aer BoIPOKICHHYIO t-DYHKIHIO.
]

[IpuBeseM npuMep NPUMEHEHUST aaropuTMma 2.2 K HE BJIOKEHHDLIM
IIMKJIAM.

Paccmorpum nBa nukJia:

do 1=1,N
Sy z(i) = a(i)
enddo
do j=1,N
Sp: 2(j) = 2(5) + b(j)
enddo

[Tpoussejiem packpyTKy 1ukJoB mnpu N = 3 :
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S1(1) = (1) = a(l)
S1(2) 0 x(2) = a(2)
S1(3) = x(3) = a(3)
So(1) : x(1) = x(1) + b(1)
S9(2) : x(2) = x(2) + b(2)
S9(3) = z(3) = x(3) + b(3)

Buio, uro umeror mecro 3aucumoctu S1(i) — Sa(j), i = j. Takum obpa-
30M, 3aBUCHMOCTH OIPEJIEJIAIOTCH BEKTOPOM 90(1’2) = 0. Umeem: n+K = 1+

100 0
+ 2= 3, T = (7'1,&1,@2), &(1’2) = (0, —1, 1), (E(S)‘D) = 010 -1
0 01 1

U3 reopembl 2.1 caepyer, uro Bekrop T = (1,0,0) oupejensier f-pyukiuu
tW) =i, tP(5) = .

Bameuanme. Bsedem nonamue 2pmumocoti uesowucaennott Hop-
maavnoti gopmor mampuyve. Ilyemo D — mampuya ¢ 4eA0MUCAEHHDMU
NEMENMAMU, p — panz mampuyst. To20a crodcenuem, oluUmanuem u ne-
pecmanoekoti cmpox mosicno mampuyy D ceecmu % yeaouwucienmnots mam-
puue H caedyroweti cmpyxmypo:

— nepevie p cmpok mampuuse H nenyaesvie, cce aaemenmo, 0cmans-
NOLT CTPOK PAGHDL HYAI0;

— nepewvill Henyaeot anemenm 6 i~ (i = 1,2,...,p) cmpoxe mam-
puyv, H nonoorcumenen; nycmo nepewd nenyaesol ssemenm 6 i-G (i =
— 1,2,...,p) cmpoke 6xodum 6 cmoabey ¢ nomepom c;; moezda ¢; < ca <
<. < ¢y

— 68 CMOAOUE C HOMEPOM C; BCE INEMEHMDB, HEOMPUUAMEALHDL, HAU-
OONDULUM ABNAECNCA INEMENT, 8 T-T CMPOKE, 68 CMPOKAT C HOMEPAMU, OOND-
WUMU T, HATOOAMCA HYAU.

B anzopumme (2.2), kax u 6 nocaedyrouur arzopummar noiyueHuA
MadMUpyOwWUT GyHKUUGT, MOHCHO Ha waze 2 npusodumv mampuny D % ee
IPMUMOGOT, YEAOUUCAENHOT HOPMAAbLHOT Popme (¢ mounocmvio do nepe-
cmanosku cmpox u cmoabuos). Tozda zapanmuposana yesowuCAEHHOCTD
INEMEHTNOE Mampuuv, P.
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2.3 Heobxogumble U J0CTATOYHBIE YCJIOBUS
NJId COXpaHEHHs 3aBUCHMOCTEN

B stom pasznene uccaeayrores yeaosus (1.7)-(1.9), KOTOPBIM JTOKHDI
YJIOBJIETBOPATH adPuHHbIE TafiMupyomue GyHKIUU BUJ1a,

tO() =70 Jtag, JeVs 1<K,

2.6
T(ﬂ) :Tllng: (7_17---77_71[3) € Znﬁ7 aﬂe Z ( )

Bekropnt 7 oaiHakoBbI 115t BCeX 0IepaTopoB, pacioNoKEHHbIX Ha OHOM
yposue Biyiozkennoctu. Ecimn ng = 0, npumem ) = 0.
Bsejiem obosnavenus:

n = max ng,
1<B<K

T=(T1,...,Tn,Q1,...,aK) — BeKTOp pa3mepa n + K, cocraBjieHHbIi
u3 napamerpoB GyHkiwit (2.6);
0"*J — HysieBasi MaTpUlla pasmepa, ¢ X J;

~ E(ms) D, 4
Q.5 = o(n-ns+K)xng |~ O(n’_naJrK)xnﬁ — MAaTpHIla pa3Mepa

(n + K) X ng; ecim n, = 0, TO BeIYUTaEMas MATPHIA SBISIETCS HYJICBOIt
(mamomuum, @, 5 € Z"*"9);

0 — HyseBoit BekTOP-CTONIGEL, pasMepa, i;
(. )
~(a ¥ +K +K), _ ~(a,8) _
90( 2 = ( O(nfnaJrK) ) + efﬁi—ﬁ ) - egj,a )7 €CIIN Mg = 07 TO 90( 2 -
(n+K)  (n+K)
n+B8 Enta

ccenepyeM cHadasia CTPOrue yCJIOBUsI COXPAHEHHUs 3aBUCUMOCTEII.

[Ipeobpasyem cTporue yciaoBusi coxpaHenus: 3apucumocteit (1.9):
T(ﬁ)(] + aﬂ > T(a)(®a,ﬁ1] — gp(a’ﬁ)) + Qq, , (7-(6) — T(a)éa,ﬁ)‘] _|_ aﬁ — Qg _|_
+ 7—(05)90(04,6) > O)

T0, 50 +739) >0, Je Vs, (a,08) € P (2.7)

Hepagencra (2.7) 3amaior orpaHudenusi, KOTOPbIM JIOJI?KHBI YJIOBJIETBO-
psath addunnabie Gynkipun Bujga (2.6), 9T0Obl ObITH CTPOTUMHU TAHMUDPY-
ormuMi. ducjao HepaBeHCTB B orpaHuudeHusix (2.7) O0JiblIoe ¥ 3aBUCHT
or 4dncyaa Todek J B MHOXKecTBax Vi, g. Vckiodenne cocTaBidoT ciaydan
7®,3 = 0, B yacTHOCTH, PACCMOTPEHHbIH B pazjiese 2.2 ciy4ait 7l =
= 78, ®, 5 — equHMYHAA MaTpuna. js npakTUIecKOro UCIOJIb30BaHUs
orpanudeHuii (2.7) cieyer yMEHbIIUTh TUCIO HEPABEHCTB.
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PaccMoTpuM HEOOXOMUMbIE U JIOCTATOYHDIE YCIOBUS COXPAHEHUS 3a-
BUCHMOCTEl JIJIsl JIByX 4acTO BCTpedalomuxcs ciaydaes. st 0bo3HadeHust
k-T0it KOOpAMHATHI BEKTOPOB Hapsijy ¢ 0OO3HAYCHMEM THUIIA V) OyleM Wuc-
110J1b30BaTh 0bo3HaueHue (v). 3amnuck tuna (P)g obosnauaer k-it crosbery
marpuipl ®. HepapeHCTBO BEKTOPOB MOHMMAETCS KAK HEPABEHCTBO BCEX
COOTBETCTBYOIIUX KOOPJIMHAT BEKTOPOB.

Teopema 2.2 ITycmo p'*? — maxoti sexmop, wmo p'®? < J daa ecex
J € Vi, 5. s mozo wmobo, das dannot napw, (o, ) € P cmpozue ycaosus
COTPAHENUA 3ABUCUMOCTMET BVINONHANUCD NPU A0OODLT 3HAMECHUAT BHEUHUT
nepemennvir, docmamouno 6bnOAMEHUA YCAOBUL

F( Do 5p P + 39) > 0, Doz > 0. (2.8)

Venosus (2.8) acamomea neobrodumvimu, ecau p® € Vi, 5. sexmop
' u dymmyuu @45, t, 19 e sasucam om emewnus nepemenor,
u daa 1106020 namypasvrozo N cywecmeyiom maxue 3HaUeHUA 6HEUNUT
NEPEMEHHDIT, 4YMO p(o"ﬁ) + Nel(-nﬁ) € Vag, 1 <1< ng.

HokazareabcTBo. CTporue ycjaoBus coXpaHenus 3apucumocreii (2.7)
3anuIeM B BUJEC

?%a,ﬂ(&] - p(a’ﬁ)) + ?((ia,ﬁp(Oé’ﬁ) + Sb/(a’ﬁ)) > 0,

J e Vo, (a,B) € P. (29)

Il okasarenheTBa JOCTATOYHOCTH 3aMETHM, 9TO W3 CHPAaBEILIMBOCTH
yeaosuit (2.8) st jganHoi napel (o, 3) ciaeyer clpaBejiiuBOCTb YCJIO-
Bust (2.9), a 3HAYUT U YCJIOBHSI COXpaHEHHUs 3aBucnmocTeit (2.7).
Hoxkaxxem HeobxogumocTb. [Ipesnonokum, 410 yeiosus (2.8) He Bbi-
HOJIHSIOTCS JIIs Kakofi-imbo napbl (o, 3). Ecan B (2.8) He BblosHsieTcs
mepBoe HepaBeHcTso, To (2.7) me Bpmonuserca mpu J = p*P € V5.
[Tycrs He BbIMONHACTCS BTOPOE HepaBeHCTBO, Hanpumep (TP, 5);1 < 0. Boi-

6epem J = pl@f) + N egnﬁ ), rjie N — 1pousBoJibHOE (PUKCUPOBAHHOE HATY-
paJsibHoe uucjo. CoriacHo IPeJoIoKEeHIIM TeopeMbl BhlOpaHHoe J mnpu-
nayiesxut obacru V,, 5. Torna 7@, 5(J — pl@?) = N(7®, 5)1, surs nocra-

Touno Gonpmoro N yenosne (2.9) N(7®4.5)1 + 7(®q sp @ + @) > 0,
a 3HAYUT ¥ ycjosue (2.7), He BBITOJHIIOTCSL. O
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Teopema 2.3 IIycmv daa ecex J = (Ji,...,J ;) € Vag svinosnaem-

ca Jy, < Jy, + qga’ﬂ), L= 2,...,Mag, 2de ki, ky, ... kn,, — durcu-
POBAHHBLE UHICKCHL, ql-(a’ﬂ) € Z, myp € {2,...,n8}. Hycmo plaf) =
= (pga’ﬂ), . ,p%o;’ﬂ)) — maxot sexmop, wmo p'®? < J daa ecex J € Va5,

npuvem p,(g’ﬂ) = p,(s’ﬂ) + qi(oz,ﬁ), i = 2,...,mqyg. Hra mozo umobv, dra

dannot napor (o, 8) € P cmpozue ycaosus corpanenus 3a6ucumocmet
BUNONHANUCD NPU NOOBLT 3HAMEHUAT BHEWHUT NEPEMEHHBLT, JOCMAMOoY-
HO GHINONHEHUA YCAOBUT

~/ % L Map 2.10
F(@a)e > 0, b # b, 7 3 (B, >0 (2.10)

Venosun(2.10) saeasomes neobvodumvimu, ecau pl? € Vi 5, sexmop
PP u dynmyun @45, 1Y, P8 we sasucam om enewnuz nepemenoi,
U daa 106020 namypasvrozo N cyuecmeyiom maxue 3Haenus 6HeUHUT
nepementvx, wmo pld) + Ne,gnﬁ) € Vo, k# ki, u swnoansemca pled) 4

& (np)
=1

JokazareabcTBo. [l1si  jgoKazarTesibcTBa  JOCTATOYHOCTH  [TOKA-
KeM  crpaBeuinBocTh HepasencrBa  (2.9). O6osnauum Sk, .k =

Ma,p
Ma,p

=2 (;&)a,ﬂ)ki(t]ki - p}j’ﬂ)), TOIJ1a
i=1

7o s(J — pl*) =

_ > (FDas)k (Jk — D) + Sty - (21)
k#k“ iil,...,ma#} a

Ilepenumem Sy, . k. , CTeJLyTOTHIM obpa3zoM:

~ Ma,g3 ~
Skrvokn, = U = 20T+ L
((Jlﬁ — )+ U = i+ a7+ @7 = ) - gl ))) =

Ma,p

~ Ma,p ~
= (T = )Y Foup) + Y FPup)i(Je — Ty + ™). Ecan
1=2

1=1

ycaosus (2.10) Beimosmsiorest, o Sk, k > 0, npaBag 4aCTb paBeH-

N TYL(X7B
crBa (2.11) neorpunarensna (1. e. 7®, 5(J —p'@?)) > 0), nepasencrso (2.9)
BBITIOJTHSIETCSI.
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Hokaxem Heobxoaumocts. [Ipeamnonokum, aro yeaosust (2.10) He BbI-
nosastiorcs. Ecim B (2.10) He BBIMONHAETCS 1IEpBOE HEPABEHCTBO, TO (2.7)
e Boinosusiercst mpu J = pl@f) € Va,s. IlycTs He BBINOMHAETCA BTOPOE
HEPaBEHCTBO, T. €. JIJIsI HeKOTOpOro kg # ki, UMeeT MecTo ?(5a,g)k0 < 0.

Buibepem J = p@? + N 6,8;‘3 ), rge N — npousBoJibHOE (PUKCUPOBAHHOE
HaTypaJbHOEe YUCJI0; Takoe J nmpuHajieKnT objactu Vg COrJIacHO mpeji-
OJIOXKEHUSIM TeopeMbl. [Ipu BeiOpanHOM J HOJIYyUNM ?Cia,g(J — p(o"ﬁ)) =
— N7 (Bgp)k,. Just gocrarouno 6omsmoro N yenosue (2.9) N7(Py5)x, +
+ ?(5a,@p(a’ﬂ) + @A) > 0, a 3maunt u ycnosue (2.7), He BBITOIHSIOTCS.

[Ipeanonoxum, aro B (2.10) HE BBHIMOJIHIETCS TPETbE HEPABEHCTBO, T. €.
Map Mo,
~ n
73 (®o )k, < 0. Buibepem J = p@? + N 3 e;ﬁ), rjie N — mpou3BoJib-
) 3 7
i=1 1=1
HOe (PMKCHPOBAHHOE HATypaJbHOE YUCJI0; BhIOpaHHOE J NpPUHAJIEIKUT 00-
Map

= N7 > (Do p)k, 1, creo-

1=1

nactu Vi, g. llpn takom J nomydnm Sk, .k

’l'fba7/6
- Map
parennno, 7@ 5(J — p@?) = N7 > (@4 4)5,. duist gocrarouio 6oibiioro
i=1
Map ~
N yenosue (2.9) NT 5 (Dap)r, + 7(Posp'@? + @) > 0, a snaunt u
i=1
ycaoBue (2.7), He BbIIOJHSIOTCS. O
Takum obpaszom, jisi HOJYYEHUsI CTPOrUX TaUMUPYIONMX (QyHKIMM
MOXKHO BOCIOJIb30BaThest yeopusivu (2.8) u (2.10). Kakoe KOHKpeTHO BbI-
oparb ycsosue Jyist napbl (o, () sasucur or Buga Vo g, Ecomm Vo g —
"rpeyrompuas” wan "mupamunanbaas” 00JIaCTh, TO CIEIYET UCIOJIL30BATD
yeaosus (2.10), ecin Vi, g — IpsAMOYTOJIBHBII TTAPAJIIETCINIET, TO MOXKHO
BOCIIOJIb30BaThCst OoJieee citabbiMu yeaosusimu (2.8).
st mosiyuenusi He 0OS3aTEJbLHO CTPOrMX TaUMUPYIOUMX (yHKIU

MOKHO BOCIIOJIb30BATLCs aHAJIOraMu ycioBuii (2.8)

F( Do 50D + @) >0, 7Bap >0 (2.12)

nn anasgoramu yeaosuit (2.10)

(P, + 1) > 0,

=3 ~'Wos 2.13
F(@agh = 0, k# ki, 7Y (Baglh, > 0. (2.13)
i=1
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Bee yTBepKieHns OTHOCUTENIHLHO HEOOXOIMMOCTH U JIOCTATOTHOCTH STUX
YCJIOBUIT OCTAIOTCS TAaKUMU Ke, KakK B TeopeMax 2.2 u 2.3.

st mostydeHus: paciierisgonux (PyHKIUNE MOXKHO BOCIIOJIb30BAThHCS
YCTIOBUSIMU

F(Dy 5 + @) =0, 7B, 4=0. (2.14)

IIpumep 2 (mpogosmkenue). Hamomuum, aro st amropurma (1.2)
1y = (10), o =0, Vig = {(i,1) € 22| 1 <i < N}, &y = EO),
P =(0,1), Voo ={(i,j) € Z?| 1 <i< N, 2<j < N}

Bocnonb3yemcs Teopemoit 2.2. meewm:
tOE@) = mi + ar, t93,5) = (m,m)0,5) + ag, T = (11,7, a1, a2),
0 0 0
(1) L0 = [ 0 ) By, =0, g2 = (1) Cp12) =
0 0

)

i = 1

1

o O O

. ( : ) P22 ( : ) B opD 4+ 502 = (0,1, —1,1), Byop@?) + 2 =
= (0,1,0,0). Yenosns (2.8) ans (a, ) = (1,2) w (@, 5) = (2,2) nweior

BUJI;

1 > 0. (2.15)

SO = O

Takum 0OpazoM, st BBITIOJHEHUS CTPOTUX YCJIOBUN COXPAHEHUST 3aBUCHMO-

cTeit HeoOXOMMO | JIOCTATOYHO, YTOOBI BEKTOP MTapaMeTpoOB TalMUPYIONTIX

byHKIHii yaoBaerBopsisi HepapeHcram (2.15). ]
[Tpumep npumenenusi Teopembl 2.3 OyjieT NpUBEJIEH B pasjese 2.9.

2.4 Ilonydenne taimMupymommux yHKITAHA
s ad@UHHLBIX THe3 ITHIKJIOB

2.4.1 VYcjaoBud m aJTrOPUTM I0JydeHnd t-pyHKImit

[Ipumenum pesyibrarbl pas3jena 2.3 Juid HOJIyYeHUs] TaiMUPYIOMnX
bynknuii Buga (2.6).

ITIycts Dy — maTpuiia, cToJIOIbI KOTOPOW COCTABJIEHbI U3 HEHYJIEBBIX
BEKTOPOB &M)gpmﬂ) +3@P) | Dy — marpura, cro6Ibl KOTOPOH COCTABICHDL
13 HEHYJIEBBIX CTOJIOIOB MAaTPHI] <A13a7ﬂ. Ecin kKakoit-mub0o cTober; MaTpuIibl
Dy ectb cymMMa APYIUX CTOJIONOB MJIM COBIAJAET C JPYI'HUM CTOJIOIOM, TO
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ero MOKHO omycTuTh®. Ecim Kaxoit-mibo cronber; MaTpuisl Dy ecTh cyMMa
Jpyrux crojbmos marpunl Dy, Ds nin coBrajiaeT ¢ JpyruM CTOJOIOM, TO
€ro MOYKHO OITYCTHTD.

Marpuibt Dy u Dy copmupoBatbl uexo/ist u3 yesaosuii (2.8) u ux ana-
goros (2.12), (2.14). Ecan ucxonnts u3 yeaosuit (2.10), (2.13), To caemyer

- Mag
BMecto crosibna (Pq g)k, uctnonbzosarsh y, (Pg )k,
i=1
O6osnaunm D = (Dy|Ds), D € ZM+HE)><mtn) ppe iy iy — umcno

c1oJ10110B Marpull, D1 u Dy cOOTBETCTBEHHO.

Teopema 2.4 ITycmv nad cmpokamu mampuuyoe (EPE)| D) cosepuena
nocAedosamesbHOCMb INEMEHMAPHHIT NPEOOPA306aAHUT U NOAYYEHA MATT-
puua (P|B), P € Z+E)xn+K) - g ¢ zntK)x(utp),

1. Ecau nepsvie 11 sremenmos kakot-Aubo cmpoku mampuyovs B no-
AOACUTEALHDL, @ CACOYIOULUE [lo IAEMEHMOE CMPOKU HEOMPUUATMEALHDL,
mo coomeemcmeyowas cmpoxa mampuuov. P onpedessem eexmop napa-
MEMPOS T cmpo2ut t-ymnryud.

2. Ecau xaxaa-aubo usz cmpokx mampuuvt B asssemces nyresoti, mo
coomsememeyuLas cmpoka mampuuv, P onpedeasem eexmop napamem-
P06 f-hynruud.

3. Ecau kaxaa-subo uz cmpor mampuyove B codeporcum moavko neom-
PUUATNEADHDIE IAEMEHMDBL, O COOMBEMCMEYIOULAA CMPOKA MAMPUUD, P
onpedeasem 6eKmop napamempos t-Gyrruu.

JlokazaTeabCcTBO. JlokaxkeM cripaBe/IJINBOCTH IIEPBOIO YTBEPXK IECHU A
TeopeMbl. 3anuiiem HepaBeHcTBa (2.8) B BUJE CHCTEMbI HEPABEHCTB

7Dy >0, 7Dy > 0. (2.16)
Permenne 3Toii cucreMbl CBOJUTCA K PENICHUIO CUCTEMbl ypaBHEHUI

~ D
(T|Z) _E(M1+M2> == O, (217)

rJie IIepBble [17 KOODJMHAT BeKTopa 2 € ZMTH2 jokHbl OBbITh ITOJIOXKHU-
TeJIbHBI, a CJIEJIYIONINE Lo KOOPJIMHAT — HeoTpulaTeibibl. Takoe TpeboBa-
HIEe K KOODJMHATAM BEKTODa 2 CJeJyer u3 3amucu cucrembl (2.17) B Bujie

3006bsacHenre 3TOMY TaKoe: eCIM HepaBeHCTBO B cucteMe (2.16) aBigeTcs caejcTBHeM IPYTuX Hepa-
BEHCTB, TO €r0 MOKHO HE YUHUTHIBATD.
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7(D1|Dy) = zEW+#2) Ypaprenmo (2.17) yI0BIETBOPSIOT CTPOKH MATDHU-
et (B9 D), a cenoarenbuo u nHeiHbIE KOMOMHAIIAN STHX CTPOK, B
qacrHoCTH, cTpokn Marpulibl (P|B). Eciu nepsble i1 971€eMEeHTOB KaKOii-
JIMOO CTPOKU MaTpuUIllbl B I1OJIOXKUTEJIbHBI, a CJEJYIONINUE [lo DJIEMEHTOB
CTPOKY HEOTPHUIATEIHHBI, TO BEKTOP, COCTABJICHHBIN M3 COOTBETCTBYIOIIEH
cTpoKu MaTpuilel P, yiosierBopsier Hepasencrsy (2.16), 1. e. ompejesser
BEKTOP napaMerpos crporux t-gpyukuumii. [lepsoe yrBepxkienue TeopeMbl
JIOKA3AHO.

Bropoe yrBepKjeHne Teopembl JOKA3bIBAETCS AHAJOTHIHO IE€PBO-
My, TOJHKO BMecTO HepapeHCTB (2.16) ucrosb3yiores paBeHcrBa 7D; =
= 0, 7D; = 0, a or BekTopa z u3 ypasHenust (2.17) Tpebyercst OGbITH
HysneBbIM. JJIs1 oKa3aTeIbCcTBa TPETHEro YTBEPKIEHUS TEOPEMbI HCIIOJb-
3yloTcsl HecTporue Hepapencrsa 717 > 0, 7D; > 0, a y BekTOpa 2z u3
(2.17) nosKHbBI OBITH HEOTPUIIATENIbHBIE KOODJINHATHI. ]

Cureylomuii ajaropurM oCHOBaH Ha, Teopeme 2.4,

Anropurm 2.3 (nosnyuenne taitmupytomux QyHkimit st adduHHBIX
THE3JT TIHKJIOB).

1. Cpopmuposams mampuuy D = (Dq]|Ds).

2. DAEMEHMAPHOLMU  CTUPOUHBMU  NPEOOPA30CANUAMY  MATMPUL DL
(B D) noaywums na mecme mampuuv, D ee apmumosy mopmais-
HY10 Popmy (MOAHCHO ¢ MOYHOCBIO JO NEPECTNAHOEKY CMPOK U COAOYL06
U € MOYHOCTNDI0 00 NOAOACUMENDHHLL MHONCUMEAET, CINPOK MAMPULDL).

3. Croorcenuem cmpor nosyums na mecme mampuuv, D mampuuy,
COCTOAULYIO MOALKO U3 HEOMPUUAMEALHUL IAemenmos. Ecau amozo do-
bumuvca ne ydaroct, mo cmpoku ¢ OMPUUATMEALHHMU INCMEHMAMU anee
ne PaccmMampueams.

4. Obosnavwums npeobpasosannyto mampuuy uepes (P|B). Ecau
Kaxaa-aub0 cmpoxa mampuus, P codepocum we yeavie saemenmol, mo
YMHONCUMD CMPOKY HA MAKOE HAUMEHBULEE HATMYPAADHOE YUCAO, YINO0ObL
6CE INEMENMBL CMAAU YeavMU. JIas nosyuenus f-pynxuyud u t-dynrxyud
BOCTIONB30GAMBCA GINOPLIM U TNPEMBUM YMEEPAHCOEHUEM MEOPEMbBL 2. 4.
asa noayvenus cmpozur t-pynrxuuil paccmompemsp 10607 makot nabop
u3 cmpox mampuuve B, wmobv, 6 cymme smu cmpoku noposrcdant 6exmop,
1y KOMOPO20 Nepevie [ KOOPIUHAM NOAOACUMENLHDL, G CACOYIOULUE [bg KOOD-
dunam neompuyamenvuv.. Cymma smuz cmpok 6 mampuue P npusodum
K cmpozum t-GynKuuAM.
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IIpumep 2 (mpomosmkenue). C yduerom mpumMepa 2, pacCMOTPEHHOTO

1 0 0 0 0 O
S B M [ 01001 1
B pasnene 2.3, umeem: jy = 2, s = 0, (EW|D) = 001010
0 0 01 1 0
[TpubaBuB KO BTOPOII CTPOKE TPETHIO, K TPEThEl CTPOKE YeTBEPTYIO, T0-
1000 |00
01 1 0 0
aywam (PIB)=| o 11 |0 o | Y3 reopemnr 2.4 cnemyer, uto pex-
0 0 01 10
topel 7 = (1,0,0,0) u 7 = (0,0, 1, 1) aBasiorcs BeKTOpaMu HapaMeTpoB

f-cpynxmuit (f-pynxmun t1 (i) = 1, t2)(i,7) = 1, onpenensiembie BekTO-
pom 7 = (0,0,1,1), 3ajar0r TpuBMasIbHOE pa3OUEHHUE aJIFOPUTMA HA OJIHY
dacrb), a Bekropbl 7 = (0,1,1,0) u 7 = (0,0,0,1) sBisiiorcs BekTOpamu
mapamerpos t-dyuakuuii (Bektop 7 = (0,0,0,1) ompesesnsier BbIpOXKICH-
npie t-bynxmmn (7)) = 0, t?)(4,5) = 1). Ecm B marpune (P|B) cio-
XKUTh BTOPYIO U Y€TBEPTYIO CTPOKH, TO npujem K sekropy 7 = (0,1,1,1),
onpeensiomemy crporue t-bynxman (1) = 1, 13 (i, 5) = j + 1. O

2.4.2 Iloxydyenme HamOOJBINEro YMCJIA HE3aBUCHUMBIX
TaiMAPOBAHUN

Teoperndeckn BO3MOXKHbI CJIydan, B KOTOPbHIX IPUMEHEHKUE aJIlOPUTMA,
2.3 He IPUBOJUT K TaiMupyromuM GpyHmusaM. Claegayromiui aJropuTM ra-
pPaHTUPYeT HoJydeHue t-pyHKIMA, eC/id TOJbKO Ipu (POPMUPOBAHUK MaT-
puiibl [) MCIIOJIB30BAIUCH HEOOXOIMMBbIE U JIOCTATOUHbBIE YCIOBUS COXPaHEe-
HUST 3aBUCUMOCTEM.

Aaropurm 2.4 (HOﬂyquHe HaKOOJIBIIEr0 YUC/Ia JIMHEHHO-HE3aBUCUMbIX
pemtenuii cucremsl 7D > 0, moaydenue TaiiMupyoommx GyHKIWME 11 ad-
(DUHHBIX THE3]T [UKJIOB).

1. Daemenmapnvlmu cCmpPouHuLMU NPE0OPA3068AHUAMY U NEPECTNAHOG-

koti cmoabyoe npusecmu mampuuy D x eudy ( f)? %2 ), ede E — edu-

HUMHAA MAMPUUE UYL MAMPULE, 6 KaHcAOT cmpoke U Kancdom cmonbue
KOTOPoti 10 00HOMY HEHYAECBOMY, NPULEM TOAOHCUMENOHOMY, INAEMEHIN]Y,
Q) — Mampuua, coOCMOAULAL U3 PAUUOHANOHULT wuces, O — HYysesble Mam-
puyvt; mampuuv, QQ, 0 mozym omcymemeosams. Hyresvie cmporu uck.aro-
YUMD U3 PACCMOMPEHUA.
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2. Ecau QQ cocmoum moavko u3 HEOMPUUAMENDHVLT YUCEA UAU O
cymemeyem, mo nepetimu & wazy 6 (k wazy 7, ecau cosepuaemcea nepeas
pexypcua anrzopumma). Hnawe npeobpasosanuamu suda R; + AR;, A > 0,
(npubasaenue K CMpoKe ¢ HOMEPOM & CMPOKU € HOMEPOM [, YMHOACEHNOT
Ha NOAOACUMENDHOE YUCAO) OOHYAUMD OMPUUATNEALHBIE INEMEHTYL U TO-
AYUUMD TOMA OB, 00HY CIMPOKY ¢ HEOMPUUAMENLHULMU Iremenmami. TIpu
3ampyonenuy Hatimu maxyo cmpoky caedyem peuwumsb OnMUMU3AUUOH-
Hyto 3aday

m m
/ i=1

=1
ede M — WUCAO cmpox 6 mampuue Q FEeau maxyro cmpory noAYHUmb

HEBO3MONCHO, O CMPOKU MAMPUYb, () UCKANOYUMD U3 PACCMOMPEHUL U
nepetimu % wazy 6. Ecau mampuua Q) ceeaacwv x mampuue ¢ Heompuia-
MEALHOMU INEMEHMAMU, MO nepetmu ¥ wazy 6.

3. Ilepecmano6koti cmpor NOAYNUML MAMPULY , ede cmpo-

H
Q-
Kku mampuuve H cocmoam moavko u3 mMeompuyamesvHulT IAEMEHMOB,
6 Kkaorcdoli cmpokre mampuuve Q7 ecmob xoma 6k 00UH OMPUUAMENLHBIT
INEMEHM.

4. Ecau 6 mampuue H nwem nyseswr cmoabyo6, mo nepetimu x wia-

H

2y 6. Unave nepecmanoskoti cmoaby06 noAyvums u3 Mampuiol 0
Hy 0
Q1 Q2

5. Ilepetimu % caedyrowet pexypcuu npouedypul: nepetmu k uia2y
1 npumenumenrvno x mampuue Qa, noayuwennol na waze 4 (cosepwas 6

MaMPUYY euda

darvretiwem nad mampuuets Q1 me sce camovie cmpouHve NPeodpPa3osa-
nua, wmo u nad mampuyet Q2 ).

6. Ecau eca npeobpazosannas mampuua D, xpome cmpok, uckarouen-
HOIT U3 PACCMOMPEHUA HA ULG2E 2, COCMOUM MOABKO U3 HEOMPUUAMEND-
HOLE 2AEMENMOB, Mo cpa3y nepetimu k wazy 7. Ecau 6 kaxuz-asubo cmpo-
Kax mampuy, Q1 €cmb OMPUYAMEILHDLE IAEMERMBL (6 OPYLUT CMPOKAT UL
OVIMYb He MOKHCEM,), MO OOHYAUMD IMU INEMEHMBL, NPUOABAAA K CIMPOKAM
mampuy, Q1 cmporu mampuy, Hy, ymmooicennovie na coomsememeyrouue
Koappuyuenmaol.

7. Bce cmpounvie npeobpa3osanus, KOMOPuLE COBEPULANUCH HA GCET
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wazaxr u 6cexr pexypcuar nad mampuuetd D, cosepuwums nad edunuyunor
mampuyetc EMHE) - O6osnavumo npeobpasosannyio mampuyy (E(”JFK)\D)
vepes (P|B). Ecau kaxas-aubo cmpoka mampuise P codeporcum we yeavie
INEMEHMBL, MO YMHONCUMD CMPOKY HA MAKOE HAUMEHDULEE HAMYPAALHOE
YUCAO, UMOObL BCE INCMEHMBL CMaIU Ueavmu. Paccmompems ece maxue
cmporu mampuuv, P, umo cpedu nepsvir m asemenmos ecmov HEHYAEEDLE
U coomeememeyuue cCmpory mampuyvt B umerom moavko neompuia-
MEALHBLE INEMEHMBL. DM cmpoku, mampuys. P nopoocdarom t-ynryuu
¢ HAUOOALULUM BO3MONCHBIM YUCAOM NUHETHO-HE3AGUCUMDBLT 6EKMOPOS T.

3aMeTHM, UTO B PACCMaTPUBAEMOM CJIyUae aJrOPUTMOB ¢ apPUHHBI-
MU 3aBHCHUMOCTSIMHU, B OTJIUUYME OT CJydas aJI'OPUTMOB C OJHOPOIHBLIMU
3aBUCUMOCTSIMI, MOYKET HE CYIIECTBOBATH 7 HE3aBUCUMbBIX TailMUPOBAHMIA
¢ Taitmupytonmu hyHKIwsiMA Buja (2.6).

Paccmorpum npumep. [Ipumenum ajroputm 2.4 s HOJTYUIEHUST Taji-
MUPOBaHUil cjejytoniero ap@rUHHOro rHe3jia TeCHO BJIOYKEHHBIX ITUKJIOB:

do 1=1N
do 7=1,N
do k=1,N

S1:oa(i, j, k)=ali,j,k—1)+0(i,7 — 1,k)+b(i,j — 1,k +1)
Sy b(iyg, k) =a(i—1,4,k)+0b(i,5,k—1)
enddo
enddo
enddo

3aBUCUMOCTH OIHUCHIBAIOTCA (PYHKITUIMU BHIA

Do 5(J) = F,L Frpgd + FL (070 — plher))

l,a,p

(em. onipasien 1.1.3): ®11(i, 4, k) = g 24,4, k) = E® (k)" —(001),
Piolisjik) = BV j k)T = (10 0), Do, (5, k) = EPi j k)" =

0

10

- (0 1 0)T7 (I)(Q,l)Q(iaj? k) - <O (1)
1

»—lOOw

)(z gk =(010)", Vg, =

— {(i,j,k) € 23] 1 < i < N, 1 <j <N, 1<j—-1<N\,
1 <k<N 1<i+k<N}=/{6y4k €Z|1<i<N-
—1, 2 <7 <N, 1<k < N —i}. Uzobpasum passepuyThlii rpad
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saucumMocreii (puc. 2.7, N = 3); 3aBucumocT, 3ajaBaemMble (HYHKIUAME
D(91),(7,J, k) (mmm, aro 10 Ke camoe, BexkTopamu (0,1, —i)), ne uzobpa-
JKEHDI.

S5 /Sz /52
b5y S Sy

| 4 w | " )
S2 /52 /Sz
! S1 // ! S1 // ! S1
" A " A " A
So ///SQ ///52
Sl// Sl// S1
A A A
Sa ///S2 ///SQ
‘51// ‘51// ‘51
” ) ” ) ” )
Sa | L—""5, | L—""5,
y // y // y
S1_— S1_— S1
oA ” A 4
Sa ///SQ ///SQ
51// 51// S1
A A A
Sa L L—"5, L L—"5,
S1_— S1_— S1
. / o) / | /
Sl/ Sl/ Sl
Sz /// Sz é// S5 /
Sl Sl Sl

Puc. 2.7
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ﬂaﬂeea t(1)<27]7 k) - (Tla7_277_3)(i7j7 k) taly ~t<2)(2,‘2\,{k) =
= (11,72, 13) (4,7, k) + ag, T = (11,72, 73,a1,0a2), P11 = P1p = Py, =

0 00 0\
N B 0 0 0 B 0
Qoo =0, Prpy), = | -1 0 0 |, ®ppt 4+ gD = g = | 1 |
0 0 0 0
0 0 0 0/
0 1
N o A o D)
@2’2]9(272)4_ 90(22) — @(2’2) = 1 , @172p(172) _|_ 80(12) — @(172) — 0 ,
0 ~1
0 !
0 0
- 1 1
Do), p@Hr + 5 = G = | o [, FEV2=| 0o |, pBY: =
1 1
~1 ~1
0 01 0 0 0
1 _ 1 00 1 1 0
= 2] <P 1)217(2’1)2 + = 1 | D=[10 0 -1 1
1 ’ 1 0 -1 1 1 0
~1 0 1 -1 -1 0

[Tpu dopmupoBanuu marpuiibi D UCHOJIL30BAJIKUCH YCJIOBUST COXPAHEHUsE
3apucumocreii (2.12).

Ha mare 1 anropurma 2.4, coBepius mnpeobpasosanust Ry + Ry (npu-
baBJjieHre K MATOI CTPOKe 4eTBepToil cTpokn), Ry + Ry, Ry — Re, nomyanm

1 0

0 0
001 1 0 0 0
marpuiry | 1 0 0 -1 -1 |. Marpuma ) = 1 0 COJIEPKUT JBA
00 0 O 0 -1 -1
000 0O O

OTPUIATEIHHBIX 3JIEMEHTa, OJIMH W3 KOTOPBIX MOXKHO OOHYJIHUTH Mpeodpa-
soBanneM R34+ Ry (mar 2). [Momyanm marpuily, Tpebyemyto Ha tmare 3.
[Tocsie mepecTaHOBKM MIEPBOTO W 9ETBEPTOIO CTOJIOIOB MOJIYUNM Ha 1rare 4

0100 O

0 0 |, Q= (1,-1).
1 -1

MaTpHUILy 1 01
000

Hamee ciejyer mepeiiTu KO BTOPO PEKYypPCUU AJTOPUTMa TPUMEHU-
TebHO K MaTpuile (J2. Matpuna (s ykKe umeer Buj, TpebyeMblil Ha 1Iare
1, Q = (—1). Tak kak marpuria () COCTOUT TOJHKO U3 OTPHUIATETHHBIX
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9JIEMEHTOB, TO cpasy mnepeiigem K 1mary 7. Ilocie mpeobpasoBannit Rs +
+ Ry, Ry+ Ry, Ry — Ry, R3 + Ry MaTpuna (E(5)\D) IIEPEXOJIAT B MATPHILY

1 0 00010100 0
01 000100711 0

(P|B) = 01 1001010 -1 |. IlepBasi, Bropass u 4derBep-
1 -1 01010000 0
0 0 01 1]000TO0 0

Tas CTPOKM MaTpuIlbl P MOPOXKIAI0T BEKTOPHI MapaMETPOB HEBBIPOXK JICH-
HbIX t-pyHKIMi, npuyeM derBeprast CTPOKa MPUBOJUT K PACHIEILISIONIeH
byHKIIH.

2.5 l'enepanusa Kojga

[Tycrb uMeerTcst rHE3/10 BJIOXKEHBIX (He 00s3aTesIbHO TECHO) IUKJIOB.
ITycTh K THe3/1y IUKJIOB IpuMeHeHo adduHHOE Tpeodbpa3oBaHue, 3a,1aBae-
Moe BeKTopHbIMHU t-yukimn Buga (1.19):

t%i)(J) = i, + ape,

ling
J € Vﬁ CZm, 7-1:725 - (7-1(5)7 R 77_7(53)) SWVALS ape € Z, (218)
ISP K, 1<E<n.

B marpuuno-sekroproit (opme sanucu pasercrsa (2.18) umeror Bu

NN =T J+a?, JeVscZ™, 1<B<K,

rne T¥  — maTpuia, CTPOKEM KOTODOH COCTABICHBI M3 BEKTOPOB
0 (0 o
n
Timg -2 Timgs  J — BEKTOp-crouber, a®) =
aB.n

Sanucarh pesysbrar addUHHOrO MpeodpasoBaHMs MOXKHO ¢ TTOMOIIHIO
CJIEIYIONIeH TTPOIEeYPHI.

Anroputm 2.5 (reHepanus Kojia 1peoOpasoBaHHOIO THE3/A [IUKJIOB).

1. JTaa xascdozo [ paccmompems adgunnoe npeobpasosanue J =
~TWJ+a® J e V3. Ecaung = n, mo 6upasumb napamempnvl ucroonozo
ene3da YuUKN06:

J= (T“))_1 (J — a®). (2.19)

Ecaung < mn, mo cocmasums u3 ng cmpox mMampuywl TP neswpoorcden-

HYIO Mampuuy Tr(bg), 3AMEM CAOHCEHUEM, BBIYUITMAHUEM U nepecmanoe%oﬁ
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/
cmpor npusecmu npeobpazosanue J = T J + a® x sudy o) =

Jo
- 785 J + Zg) U NOAYHUMD NPEICTNABAEHUE
g
-1
B
J= (1) (g, =), g =af. (2.20)

2. llodcmasums 6 wepasencmea, 3adarougue Muoz2o2parnury Vg, na-
pamempo, enezda yukaos J, npedcmasaennvie 6 sude (2.19) uau (2.20).
s wasrcdozo onepamopa Sg 6vipasumb 2PANUYLL USMEHEHUA NAPAMEMPOB
npeobpaso6antoz0 2ne3da yuKi08:

lh < Jp <,
l(J1) < Jy < ua(Jy),
ln(Jia R ‘]rlz—l) < ‘]7/1 < un(‘ﬁ? T J7/1—1)'
Imu nepasencmea 3a0a0m MHo202PaHHUKY, onpedesstousue npeobpaso-
sanmvie undexcrole obaacmu onepamopa Sg.

3. Banucamy xod npeobpazosannozo enesda yurros. Ecau ne sce sex-
mopw. a\®) asasomes nyaeswmu, mo Npu 3anucy K004 UCNOALI0EAMY OTe-
pamopui if. Ecau mpebyemesa, uzbasumues om onepamopos if nocpedcmeom
PACULETAEHUA TPOCMPAHCMEA UNEPAUUT U BOIHECEHUA 30 NPedesvl UUKAG
HECKONDKUL NEPEuT UAU Nocaednur umepavut. Ha odnwom ypoemne 6.a0-
DHCEHHOCTNU ONEPATNOPLL YNOPAIOUUBAIOMCA 6 COOMBEMCMEUYU € GHYMPU-
UMEPAUUOHHDLMU 3AEUCUMOCTILAMU.

B anropurme 2.5 mpeamosiaraeTcs, 9TO MaTPHUILbI Tég) (T #), ecou
ng = n) ABIAIOTCS YHUMOJLYJISIPHBIME, T. €. MATPUIIAMA C €JNHUTHBIME 110
MOJLYJIIO OLIPEJIEJIUTESISIMU.

Ha wiare 2 jijisi onpe/ie/ieHusi 'patuil U3MEHEHUsI HapaMerpa J; MOXKHO
MCIIOJIL30BATD IIPOIECC UCKIIIOeH st napamerpos J, -+, J),. Teoperute-
CKUM ODOCHOBaHHUEM IIPOIECCA SIBJIACTCs CJIEJIYIOIee YTBep K IeHue.

Teopema Pypbe-MoTtkuHa. I[Iycms umeemca cucmema Hepa-
BEHCMG € HEUSBECTHOLMU Y1, - - - , Yi- 10200 Npoexyuro amoti cucmemot Ha
naockocmd y1 = 0 3adaem cucmema Hepasercms, nosyYeHHaA CAeIYOULUM

006pasom:
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— 63AMb 6CE NAPYL HEPABEHCMNE, ¢ KOIPHUUUEHMAMU NPU Y1 NPOMU-
BOMLONOHCHDIT 3HAKOG U OAA KaHcAOT NAPvl MOAYHUND HOB0E HEPABEHCINEO
C UCKAIOUEHHDIM Y1

— dobasumv u3 ucrodnol cucmemvl HEPAGERCME 6Ce HEPABEHCMEA,
He codeporcausue .

Jlyist ToiydeHnst rpaHul] W3MeHeHWsi TmapaMerpa J! MOXHO pac-
CMOTPETh CHCTEMY HEPABEHCTB, COJEpPKAIUX HE TOJIBKO IapaMerphbl

/

Ji, -+, J/_|, IOCIeI0BATENBHO UCKITIOTHTD J; |, - - , J), I3 HEPABEHCTB, CO-

nepKamux J!, 3aJ1aB TeM CaMbIM [IPOEKIMIO STUX HEPABEHCTB Ha Mepeceve-
nue miockocreit Jj ;= 0,---,J, = 0, u3 KOTOPOit 1 ONPEIETUTH IPAHUILBI
U3MEHEHUs iapamerpa J..

IIpumep 4. Ilycto A — neBas TpeyroabHass mMaTpuia nopsaka N ¢
JIMaroHaJIbHBIMU 3JIEMEHTAMHU, PaBHBIMU eJuHnIe. PaccMOTpUM ajropuTM
pelleHns CUCTeMbl JIMHEeHbIX ajiredpaniecKkux ypasiennit Ax = b meTojom

oOpaTHOi MOJICTAHOBKHU:

St x(1) =b(1)

do 1=2,N
Sy x(i) = b(7)
do 7=1,i—1 (2.21)
Sz x(i) = z(i) — a(i, j)z(j)
enddo
enddo

['HE3/10 IUKJIOB COJAEPXKUT TPU oreparopa Si, S9, S3 U 3JIEMEHTbl TPex
MaccuBoB T, b, a;ny =0, ne =1, ng =2, 1n =1, 1n=1,v3=2, V] =
= {1}, o ={(i) € Z] 2 <i < N}, V3 ={(i,j) € Z*| 2 <i < N,
1<j<i—1}, Wi=Wo={(i) €Z| 1 <i< N} W3 =V3 F11:(1) =1,
Fio1(i) = EW(), Fi310i,5) = Fiz2(i,7) = (1 0)(i 7)", Fi33(i,5) =
= (0 1)( J)", Fopa(1) =1, Fa21(i) = EW(i), F33.1(i,5) = E®(i j)".
MoKHO TOKa3aTh, YTO 3aBUCHMOCTH JIJIsi THe3/1a [UKJIoB (2.21) orm-
coisatoress ynknuamu P13(i,1) = 1, (i,1) € Vig = {(i,1) € Z?
2 < i < N} Qo3(61) = (1 0)@ 1), (i,1) € Vaz = Vi,

D(33), (1) = (8 }>(2 3= (0 1) (i,5) € Vigs), = {(i,5) € Z°

3<i <N, 2<j<i-1} Buy,6,5) = BG4 — (0 1)
(i,7) € Viss), = V(33),- 3aMeTnM, 4to (3,3)1 = (3,3)1.1.3 (3aBucHMOCTH
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OPOXKIACTCS TePBLIM MACCHUBOM, T. €. MacCHBOM I, HEPBBIM U TPETHUM
ero BXOXKJICHHUsIME B oriepatop), (3,3)2 = (3,3)11.2 (3aBUCHMOCTD TIOPOXK-
JIA€TCsT TIEPBBIM MaCCHUBOM, TIEPBBIM M BTOPHIM €0 BXOXKJIECHUSIMU B OTIe-
paTOp, €CJIM 3aBUCUMOCTH CYMTATh UCTUHHON). M306pasum passepHyTbIi
rpad zaBucumMocteit (puc. 2.8, N = 5), BepIIHHBI TOMEIEHbBI OMEPAIHSIMU
1 HEOOXOIMMBIME JIJIsT BBIIIOJTHEHUS OIICPAIAIl JIEMEHTAME MACCUBOB).

o n
N1
C8eC

2y

S

Mueem: tM(1) = ay, tP(i) = i + ao, t¥(i,5) = (11, 72)(i,5) + a3,
?: (7-177-27a17a‘27a3)7

60



10 0
~ 0 1 0
Prs = 00 [, ! = -1 | (yureno, 4ro n,
00 0
00 1
1,3) _ [ 2
p(13) = < : >
0 0 0
~ 0 1 ) 0 ) )
@273 = 00 |, SO( 3) — 0 ’ p( 3) — ( X )7
0 O -1
0 0 1
1 -1 0
~ 0 O 23 1 il \
@(3,3)1 = 0 0 , ()p( Bh — 0 |, p( 3 ( ) )’
0 O 0
0 O 0

” > 3
P33, =0, P332 = FB3 - B33z = ( ’ )’

2 0
~ 1 _ ]
@1’3p(173) +o8 = -1 |, ‘132,313(2’3) + 529 = o |,

0 1

1 1

1 0
~ 1 _ ]
q>(3,3)1p(3,3)1 +oG3h =10 & (373)2]9(3,3)2 L3632 = | o

0 0

0 0

2 0 101
1 1 110
V(3,3), nmeer "rpeyrosbueiit" Bun): D = 1.0 00 0
0 -1 0 0 0

11 000
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I[Tpu bopmuposannn marpunpr D yurem, 9T0 cTondipl B Dy, cOOTBETCTBY-
omue MaTpune P33y, cleyer cocTaBiATh CorIacHo TeopeMe 2.3 (obracTb

. CoBepmmus

naz marpuieir (E®)|D) crpounbie npeobpasosanus Ry + 2R3 (npubasiie-
HIE K TIEPBOii CTPOKE YIBOCHHOI TpeTheil cTpokn), Ry + Rs, Rs + R3, — R
(M3MeHeHre 3HAKA 9JIEMEHTOB TpeTheii crpoku), Ry + Ry, Ry + Ry, —Ry,



1 0 0O 00 O0O1O01
01 1 1 000110
mojgyuum | 0 0 =1 0 0 [ 1 0 0 0 0 [. M3 reopembl 2.4 ciejyer, 4To
00 0 -1 01]01O0O0O0
00 1 1 1 00 00O

sekTopbl 7 = (1,0,2,0,0) u 7 = (0,1, 1,1,0) gBasiorcst BeKTOpaMu napa-
METPOB HEBBIPOXKJICHHBIX t-DyHKIHMIL.

Paccmorpum 1ipeobpasoBaHue 1UKJIOB, OIPEJIEJSeMOoe MOy YeHHbIMU
t-pynxmmamm £ (1) = 1, £ (1) = 1, £, 5) = 5, 0(1) = 2, £2 (i) = 4,
t80G, ) =4,2<i<N, 1<j<i—1

s renepanun Kojia IpUMEHUM aJITOPUTM 2.9.

Marl Jua =1:47=1,7/=2.dnma=2:i=145=14i=7j".
Hua =3: 4 =34, =1 i=j,j=7.

[Mar 2. Jna oneparopa S; : i = 1, j/ = 2. Jlna onepatopa Ss :
i'=1,2<j <N.

Hns oneparopa S3 @ 2 < j/ < N, 1 < <7 — 1. Urobwr onpege-
JINTL TPAHUIBI M3MEHEHUs apaMerpa, ¢, HCKIIOYUM B CHCTEMe HEPABCHCTB
7 >2 N>4.i7>1 5 —12> 14 napamerp j' u3 nepapencrs, cojepKalinx
i'. IIns sroro cioxum nepasencrsa N — j' >0, 7 — i’ — 1 > 0; nonyunm
N —i —1 > 0. U3 nepasencrs ¢/ > 1, ¢ < N — 1 noayuum rpanuib
m3Menenns napamerpa ¢ 1 < ¢ < N — 1. U3 ocraBImmXCsd HEpaBeHCTB
j = 2,7 < N,j =141 nonyunm rpannnnl n3MeHeHus napaMerpa j':
max(2,7 +1) < j < N.

['uesno mukios (2.21) nocie mpeobpa3oBaHus TPUMET BU]

do i =1,N—1
do 7/=2,N
if ' =1,7'=2 then
S1: ox(l) =0b(1)

endif

if /=1, then
Sy x(j') = b(j")

endif

if />7+1 then
Sy w(j) = (i) — a(y’, ")z (i)
endif
enddo
enddo
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[Toce nzdbapaeHust or onepaTopos if OKOHIATENIHHO MOy IUM

Sy xz(1) =b(1)
do /=2,N
S a() = b(j)
Sy (i) = 2(7") - a(s', V(1)
enddo
do i =2, N —1

do /=7 +1,N

Sz x(j) = x(j') — a(j’,7")x (i)
enddo
enddo
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I'maBa 3

PACIIPE/IEJIEHUE OIEPAIIMN U JTAHHBIX
MEXK/TY TIPOIIECCOPAMU. JIOKAJIU3AIINS
JTAHHBIX

B sroit 1rsiaBe paccMaTpuBaiOTCs MeTOJibl OTOOpaXkeHus oliepaluii
U JIJAHHBIX QJITOPUTMOB, 3aJaBAaE€MbIX THe3JaMU IUKJIOB, B IPOCTPAHCTBO
BUPTYAJIbHBIX MporieccopoB. OCHOBHAST IeJIb — MOJYUNTH TapasiebHbIe
BEPCUU AJI'OPUTMOB U MUHUMU3UPOBATH KOMMYTallMOHHBbIE 3aTpaThl. Pac-
CMATPHUBAIOTCS TaKXKe HEKOTOPbIE CIIOCOOBI OMTUMUBAINNA UCTOJb30BAHUS
HepapxuaecKoil TaMsATH MPOIEeCcCOPOB, pa30neHnst BRITUCICHNN JIJIsT peasii-
3alliy Ha 1€JI€BOM TapaJljieJIbHOM KOMITbIOTEPE.

3.1 IIpocTpaHCTBEHHO-BPEMEHHOE
orobpakeHne. O60OMIEHHBI
KOHBENMEPHbIN MapaJliejn3M

IlycTh ajropuTm 3ajlaH THE3JIOM BJIOXKEHHBIX I[UKJIOB C [JIyOMHOM
BJiO2KeHHOCTH n. [loj 3ajiadeil mpocTpaHCTBEHHO-BPEMEHHOIO OTODparke-
HUs TIOHUMAETCs 3ajlava pacliapaJijie/IMBaHus aJroOpUTMOB JIJIsSI peasin3a-
IIIU HA BUPTYAJbHBIX IPOIECCOPaX, BIOXKEHHBIX B IPOCTPAHCTBO MEHBIIIEH!,
yeM m, padMepHocTH. PaccmarpuBaeMmble B 3TOM pasjieie CIoCOObI MOJIY-
YEHUsI TTPOCTPAHCTBEHHO-BPEMEHHBIX OTOOPaXKEeHUH TMO3BOJISIOT Mpeodpa-
30BaTh MCXOJHOE I'HE3JI0 [IMKJIOB B I'HE3/1a [IUKJIOB, 3aIIUChIBAEMbIE €J[MHbIM
00pa3oM JIJIsl KaKJIOro U3 BUPTYAJbHBIX IPOIECCOPOB.

[IycTh uMeercss n-MepHoe TaliMuposanue t. Byjem cumraTh, 4To T
IEPBBIX KOODJMHAT TaliMuposamust te = (tél),...,th)), 1 < 0 < K,
1 < & < r < n,33Ja0T IPOCTPAHCTBEHHOE OTOOparKeHUEe ONepaluii aJi-
rOPpUTMa B T-MEPHOE MIPOCTPAHCTBO BUPTYAJbHBIX IIPOIECCOPOB, a OCTaB-
ecss M — T KOOpJAMHAT — yIHopsijiodenne (BbIIOJHEHNST B JIEKCUKOIDa-
buTecKOM MOpsijiKe) BBIYUCJICHNUIl, BBIOJIHIEMBIX MpoIeccopaMu. Takum
00pa3oM, 3HaUYEHUs IIapaMeTPOB T BHEIIHMX IUKJIOB IIPE0OPa30BaHHOIO C
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IOMOIIIBIO TAHMUPOBAHUS ¢ THE3/1a IUKJIOB OIPEeAesISIoT KOOPIUHATBI IPO-
[eccopa, a n—7r BHYTPEHHUX [IUKJI0B — UTePaIlii, KOTOPLIE Ha, HEM JIOJI2KHbI
BBITIOJIHATBHCH.

[TocraBuM B cooTBeTCTBUE HTEpalldsaM IPeodbpa30oBaHHOINO I'HE3-
Ja TUKJIOB TOUKH (HE 00A3aTEBbHO BCE) N-MEPHOTO MapaJlieJeluiesia
{(tl,...,tn) SV AL ‘ myg < tf < Mg, 1 < f < n}, rje me =

= min téﬂ)(J), M = max téﬂ)(J). Mononm Mg = Mg —
1<K, JeVp 1<BLK, JeV;

—me+1, M¢ > 1; M¢ — ancia, xapakTepusyionue KoJndecTBo nrepaiuii
TUKJTa, YPOBHS €.

Teopema 3.1 Ilycmv nepsvie d KOMNOHEHM MHO2OMEPHO20 MATLMUPOGA-
nua t asasromes madmupyrowumu gynkvuamu, o (d+1)-a — ne a6a1-
emca, d = r. Tozda nocae npeobpasosanus enesda yuki08, ONPEICAALEMO20

6eKMOPHOTU giyn%'uueiz t, My x -« X M, supmyarvuux npoueccopos mo-
T M (pe) 1% = noo___

2Ym peasu3osams aAzopumm 3a Y kgg II M; + [I M; nae-
=1 pe=me+1 i=d+2 1=r+1

PAANAEADHOLT UTMEPAUUOHHDLT WaA206, 2de képé) — HeExomopuvle KOHCIMAaHM YL,

n
1< képg) < Mg, T] M; =1 npum > n, k:épg) =1 npu d = n.
=m

Hoxka3zareabcTBo. 3adukcupyem &, 1 < & < r. Tak Kak KoMIIO-
HEHTa ¢ HOMEpOM & MHOTOMEPHOTO TalMWPOBAHUS SABJSETCSA TaliMUPOBa-
aueM (BBujy & < d), TO aJrOpUTM MOXKHO pas3OUTh Ha YaCTH, OTHECS K
OJIHO¥ TaCTH OTIePAIMU AJITOPUTMa C OHUM U TE€M >Ke 3HaYeHneM (DyHKIHi
tél), ce ,téK); 9TU YaCTU aJIOPUTMa MOXKHO BBIIOJHATH 1OCJIE0BATEC/ILHO
JPYT 3a JIDyrOM B MOpsijIKe BO3pACTaHUs 3HadYeHUil (DyHKImil (cM. pas-
nen 1.3). Ilostomy m06yio omepanuio w3 9acTd ¢ HEKOTOPBIM HOMEPOM
pe + 1, He 3aBUCAILYIO OT APYTUX ONEPAIMil U3 ITON YaCTH, MOXKHO BBITIOJI-
HATH Cpa3y MOCJe BBIMOJHEHUS BCeX TeX Olepaluilt n3 JacTeil ¢ HoMepaMu
MEHDBIIUMU WM PABHBIMU Pg¢, OT KOTOPBIX 3aBUCUT 3Ta OLepaliysl.

Ecin Bce BUpTyaJibHBIE TPOIECCOPHI BBIOJHIIOT UTEPalni 1peodpa-
30BAHHOTO T'HE3Jia IUKJOB HE3aBUCUMO JPYT OT JPYTra, TO Ha BBITOJHE-
HEe Beex ureparuil norpebyercss My 1 X -+ X M, mapajieJbHbIX HTepa-
muit. [lycts B mpeobpa3oBaHHOM THE3JIE MUKJIOB CYIIECTBYET 3aBUCHMOCTD
Soa(P1s s Dry Lrgas ooy In) = Sa(qr, -y @y Jrg1,y - -+, Jn). Tak kak mepsbie
d KOMIIOHEHT MHOTOMEpPHOT'O TaliMUPOBAHUS SBJSIOTCSI TaliMUPYIOMIAME
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byukimsivu, a (d—+ 1)-s1 — He SBJISIETCsI, TO BBIOJHACTCS q1 2 Py -« .« , G =
Dry Jri1 = Lriqy ..., Jg = 1g, Ho Bo3moxkuo u I511 > Jyi1. CienoBaresbHo,
HAJIMIUE 3aBUCUMOCTH MOYKET BBI3BATH 3aJIEPYKKY B BBIYUCICHUSIX BUPTY-
AJIBHOI'O [IPOLIECCopa ¢ KoopuHaramu (qq, . . ., ¢;) 10 CPABHEHHUIO ¢ IIPOLEC-
COPOM ¢ KoopjauHaTaMu (pi, ..., p,). JomycTruM Xyammyio BO3MOXKHOCTH C
TOUYKW 3PEHUs] MUHMMAJbLHOCTU UUC/Ia MapaJjiejbHbIX UTepalnii, Tpedye-
MBIX JIJIs PeaJIn3alliil aJI'OPUTMA: IIPU YBEJINYEHUN JIFOOOTO e HA €JUHUILY
uMeer Mecto Jgi1 = Mgaii, - -, Jp = My, TAK 9TO 3aJI€P2KKA B BbIYUCICHM-
X PABHA YUC/IY UTEPAIMOHHDIX [IAI0B MEXKJLYy HTEePAIUAME (TMgi1, - - ., My)
n
v (Igi1,...,1,) v pasua képg) [1 M; wrepamnuii; ecin d = n — 1, To 3a-
i=d+2
JIEPYKKa B BBIUKCJICHUSIX PaBHA kép £); eciim d = n, TO 3ajepKKa paBHa 1.

CyMmmapnas 3aJiepKKa 110 BCeM Pe U BCeM § MOXKeT Jylsl [IPOIeccopa ¢ Ko-
M,
r ¢

n —
opaunaramu (My, ..., M,) noctuan » o Y képi) [I M; wreparmii. [J
i=1 pe=me+1 i=d+2

CnencrBue 3.1 Yem boavuwe nepevir KOMNOHEHM MHO20MEPHO20 MaT-
MUPOBAHUSA ABAANOMCA MATLMUPYIOWUMY YHKUUAMU, TeEM dbicmpee, 60-
obule 20680pA, ModHcem OvVIMB PEGAU3OBAH GA20PUMM GUPTYANOHBLMU NPO-
ueccopamu. Ecau wucro umepauyul yurxioe ecexr yposHel 00unaroso u

— — —n—d
paeno M, mo 6 xydwem ciyuae (képé) = M) nompebyemcs M

S Y A napassesvnuls umepayut. Ecau nepevie T Komnonwenm
MHO020MEPHO20 MATMUPOSAHUA ACAAOMCA PACULENAANOUUMU PYHKUUAMIL,
mo nompebyemea M umepayui.

Ecin xorst 661 7 4+ 1 11€pBLIX KOMIIOHEHT MHOI'OMEPHOIO TailMUpOBa-
HUS [ ABJIAIOTCS OJHOMEPHBIME t-(DyHKIMAME, TO MOXKHO HOJIYUUThH MAKCH-
MAaJIbHO BO3MOXKHYIO CTETICeHb NMapaJlieJn3Ma 0e3 SBHOrO yKa3aHus Tapai-
snespubix ukiaos: O(M' ) BUPTYabHBIX IPOLECCOPOB MOIYT PEasi30-
sarn O(M') onepamuii anropurma 3a O(M' ) napassiesbHbIX HTEPAIHOH-
HBIX I1aroB. Kpome Toro, B 3ToM ciiyuae BOSMOXKHBI PETYJISIPHbIHA KOJI, yIIPO-
IeHHAs CUHXPOHU3AIM, TpuMenenne Ojokunra. OOMeH JJaHHBIMU MEK Ly
JHOOBIMU JIBYM$ IIPOLECCOPAME CBOJIMTCA K II€pejiade JaHHbIX OT OJIHOIO U
TOI'O Ke IIPOIECcopa, APyroMy mporeccopy. IToxydaembrii criocod 06paboTKm
JAHHBIX MOXKHO paccMaTpUBaTh Kak 0OODINeHHe KJIACCHYeCKOl KOHBehep-
HO# 00PabOTKM.

Crenenn napaJjien3Ma MOXKHO XapaKTepU30BATL YNCJIOM HE3aBUCH-
MbIX TalMUPYIOMUX (YHKIWI; Haarudue IByX 1 Oojiee (DyHKIIMI T03BOJIsIeT
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(ecsim mHJEKCHDBIE ODJACTH HE SIBJISIIOTCST BBIPOXKJIEHHBIMHI) OPraHU30BATh
apaJlJIeIbHbIC BLIYACICHHS.

ITpumep 2 (npomomxkenne). B paserne 2.4 mogydeHsl TajiiMupyonme
byHKIMM tgl)(i) = 1, t@(i,j) =1, tgl)(i) =1, tg)(i,j) = 7. menno stum
t-pYHKIUAM COOTBETCTBYET 3aIlMCh AJTOPUTMa YMHOKEHHA MATPUILI Ha
sekrop B Bujie (1.2). [lpunsas dyukiuu tgl)(i) = 1, tSQ)(i,j) = i 3a QyHK-
MU Pa3MelIeHKs, MOXKHO 3alMCATH KOJL €JIMHBIM 00pa30M JI/Isl KarKJI0r0 U3
N nporneccopos. IIpocTpaHCTBEHHYI0 KOOPIUHATY MPOIECCOpa 0O003HATIM
gepes p. [lepeMennyo nukKia, COOTBETCTBYIONYIO TaiMIPOBAHMIO, 0003HAa-
UM 4depes t.

1f1 <p< N ¢t hen
:c(p) =
do t= l,N (3.1)
S+ elp) = e(p) + alp, HH(t)
enddo

Ha npaxTuke jijis 3alicy Kojia HeoOX0IMMO ellle YCTaHOBUTH PexKUM 0bMe-
Ha, JJAHABIMU W OMPEAESINTH CUHXPOHU3AIHUIO. ]

3.2 @OyHKIUU pacipegejeHnss MacCHUBOB
MeXKJIy IIpolleccopaMi W UTepalugMu

[nsa peanuszanuy aJropuTMa Ha MapaJiielbHOM KOMIIBIOTEpPE C pac-
[peJIeJIEHHON TaMsIThIO TPEOYeTcs He TOJIbKO PACIPEIE/]NTh Ollepallni aJl-
FOPUTMa MEXKJIYy IIPOIECCOPAMK U UTepalusiMi, 00eCIIeUnTh BO3MOXKHOCTH
[IapaJiIeJIbHOTO BBLIMOJIHEHUS OIlepallfii, HO U pacIpeeSIuTh JJaHnuble, opra-
HU30BaTH 0OMEH JaHHbIMKA. [IPON3BOAUTEILHOCTH MHOTOITPOIIECCOPHON BbI-
YUCJIATEJIHbHONW CUCTEMbBI C PACIPeJIeJeHHON ITaMAThIO B 3HAYUTEJIBLHON CTe-
MeHU 3aBUCUT OT ONTUMAJLHOCTHU PEIIeHns 3aJadd paclpeaesienusd JTaH-
HbIX. B aTOM pa3zjienie BBOJALTCS U UCCIEYIOTCA (DYHKIUH, 3a/af0IIHe pac-
1peJjieJieHre 3J1eMEeHTOB MaCCUBOB JIAHHBIX, COTJIACOBAHHOE C 3a/I[aHHbIM pac-
[pe/iejieHueM Olepalunii.

[Iycrs dbynkimn téﬁ), 1 <0 <K, 1 <€ Buga (1.10) 3agaror
oTobparkeHue onepaiuil aJropuTMa B T-MEPHOE HPOCTPAHCTBO BUPTYaJIb-
HBIX IIPOIIECCOPOB, & (DYHKIIUK téﬁ ), r+1 < & < n, 3a7a10T UTEpaINH,
BBITIOJIHAEMbIE TIPOIECCOPaAMU.

(8)

Obosnaunm: Ts"' — Marpuia, CTpOKM KOTOPO#l COCTaBJIEHbI U3 BEK-
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ropos 7BV . 7B T t(ﬂ ) MATPHUIIA, CTPOKU KOTOPOI COCTABJICHBI U3
(B;r+1) (B:n). s Fipq
BekTOpOB T\ITH L W g g = rankF] g, Plpg = rank RONE
S

F 3
t _ Psq

Paccmorpum 6a3uc npocrpancrsa Z™ ¢ 6a3uCHBIMU BEKTOPAMHU Ui~

7
I <o < pipg wi, 1L <t < ng—p1gq TAe U — 0a3ucHbIe BEKTOPBI 110/IIPO-

crpanctBa kerfFj g ,; eciu p; g, = Mg, TO BEKTOPHI U; OTCYTCTBYIOT. Mar-

1

. 1
PHILy, CTOJIOIBI KOTOPO# COCTABJIEHBI U3 BEKTOPOB U, , obosnavum Upj .

O6osnaunm vepes uj, 1 <@ <ng—pjy g OABUCHDIE BEKTOPBbI 11EPECEUCHHUSs]

F
IOJIIIPOCTPAHCTBa, Ker (ji(%)q) u 7%, aepes uﬁ, I<i<ng— pfﬁ’q, bas3uc-

S

F
HbIE BEKTOPBI IIepecevdeHusl IOIIPOCTpaHCTBa ker (Té)q u Z"%; BEKTOPBI

t

! MoryT orcyrcrsoBaTh. PacemorpuM Gasuckl pocrpancTsa Z™ ¢ Ga-
1t
7

1 <@ < pigy ui, 1< i < ng— pjg, Marpuiy, cronbipr KoTopoii co-

ui, u
1 : :
suctbiMu Bekropamu u; ", 1< < plg s uf, 1 < i <ng—pjg,, nu

1L,s 1,s .
CTaBJICHBI N3 BEKTOPOB U; ~, 0003HAUNM Ul, §.¢5 MATDHILY, CTOJIOIHI KOTOPOit
1t 1t
COCTABJICHBL U3 BEKTOPOB u; ", 0bosHanm Uy ; .
[TIycrs F' — snement muoxkecrsa Wi, Obosnatnm depes Vi g (F) muO-
YKECTBO UTEpAIUil MCXOHOIO THE3/1a MKJIOB, Ha, KOTOPHIX Ha ¢-M BXOXK/Ie-
HUM MaCCHBa @; B OTIEPATOP Sz UCIONB3YeTCst OJTHO U TO XkKe jganuoe aj(F)

Wﬁ,q(F) = {J S Vﬁ | Flﬂq(*]) = F}

Yepes A g o(F) obo3HATM MHOXKECTBO, 33/Iaf0Iee KOOPIMHATHI MTPOCKITUH
MHOXKecTBa Vi g o(F) Ha juHeiiHy0 060J09KY BEKTOPOB 1U;

nNg=pP1,8,q

L
Al7ﬂ7Q(F) - {(A17 ) A”B—Pl,ﬁ,q)l J - J —|— Z AZU?J J E ‘/ZﬂH(F)};
i=1
B CIyUae pp g, = ng MHOXKeCTBO A 5,(F") mycroe.
Bxoxienuem (1, 3,q) Oyjem Ha3blBaTh ¢-€ BXOXKJIEHUE MaCCUBA (] B
omepaTtop Sg. O6JACTH M3MEHEHUs MHJEKCOB d7eMeHToB MaccuBa a;(F),
cBA3aHHBIX ¢ BXOxjenueM (I, 3, q), 6ynem obosnauars Wi g ,.
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Beejsem B paccmorpenue adpdunnabie GyHKITUT BUAIA

l? b
FeWyg, nble9) ez ysz,6F)€Z, (3.2)
1<I<L, 1<K, 1<€<n.

_(1767(]) l, y la )
Bynem caurars, uro ¢gynknmn d, = (dg ’Bq), ce d' Bq))
JIMHATBI IPOIECCOPOB, B KOTOPLIX UCIOJIL3YIOTCA 3JIEMEHTHI MACCUBOB, CBSI-

—(
sanuble ¢ BxoxjenueMm (I, 3,q), a dbyHKIMU di B _ (dv(ﬂlﬁ’q)a N ’dgﬂ,(J))

3a/1al0T KOODP-

3a/1al0T UTEPpallrn, Ha KOTOPbLIX 9THU IJIEMEHTbI HMCIIOJIb3YIOTCA. OTMeTI/IM,

(1,6,9)

!
9170 (DYHKIUN dg B 00IIEeM cJIydae MHOTO3HAYHBIE.

Teopema 3.2 aemenm wmaccusa ai(F), F € Wig,, ucnosvsyemca
BUPMYANOHUMU  NPOUECCOPAMU (dgl’ﬁ’q)(F), . ,di"ﬁ"”(F)) Ha UMepa-
AT (dgiﬁl’q)(F), e dg’ﬁ’q)(F)), ede ynryuL dél’ﬁ’q) zadaromes dopmyramu

(3.2), 6 xomopoix n(l’ﬁ’q’@ — pewenue cucmemsvl, YpasHeHul
l’ b Bl J_ —_— 9 J—
77( ﬁqf)Fl’ﬂ’quﬁ?q i g)Ul,ﬁ,qﬂ (3‘3)
a GeAUYUHDL yljg,q,g(F) ONPeIENANMCA PABEHCMEAMU
nB—PLp,q
Ypge(F) = age —nb0ad) (B0 4 S~ 3788y, (3.4)
i—1 :

()\1, ceey )‘ng*m,ﬁ,q) - Al,@q(F).

HokazareabcTBO. Ilycthb F' — npousBoJibHBIN (DUKCHPOBAHHBII
ssilemenT Muoxkecrsa Wjg,. Ilo cwmblciy 3sanannsg  dynkumit dél’ﬂ )
JIOJIPKHO  BBITIOJIHATHCSI téﬂ)(J) — dél’ﬁ’q)(FL@q(J)) = 0 just J060r0
J € Vigq(F). Tpencrasum sektop J B Buge J = J+ + JO rre
T N I T e By 4B _
J- = 231 ANug, JW = 231 Aitg. Mmeem: B¢ (J) de (Frpq4(J)) =
1= =
— BT 4 oage — (BOOF 5 () + yisee) = TOOT 4 age —
— B (B, J + fOPD) — g5 = 7BOJE 4 7BHJO 4oqy —
n(l’ﬂ’q’f)Fl,ﬁ,qJL — 77(1,57q,€)f(1757Q) —  YLpags — (7-(5,5) _
PLB.q ng—=pPLB.q

_ n(l’ﬂ’q’g)ﬂ,ﬂ,q) Zl )\ZLuf _|_ 7'(6’5) Zl AZUZ + aﬁ7§ J— f,”(laﬂ7Q7§)f(l7ﬁaQ) _
1= 1=
KL (5., L (548) 1y OB s
— Y pas = ; A (TPt — PO B ui) + 30 NP +age —

1= .
— pPa) fLBD) g
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Takwum 06pa3oM, paBeHCTBO téﬂ )(J )—dél’ﬂ 4) (F14(J)) = 0 omosnnsier-

Csl, €CJAM KOMIIOHEHTBI KaXK/JI0r0 BEKTOpa n(w’q’g) OlIPEJICJINTH KaK PelleHue
CUCTEMBI p) 3., YPABHEHUI C 1 HEM3BECTHBIMU

n(lﬂ,q,ﬁ)p’lﬁ’quil =70k 1<ig Pl.B.q> (3.5)

a byukmn y; g4¢(F) 3agars pasencrsamn (3.4). Ocrasoch 3aMeTHTh, ITO
cucreMy ypasaennii (3.5) MOKHO 3anucaTh B BUJE (3.3), 1 9TO [Tt KaXK[0T0
bukcuposarnoro F BekTOpbl (A, ..., Apy—p 5, ) TPUHAIIIEIKAT MHOXKECTBY

N g q(F). [

S (2
CaeacrBue 3.2 Ecau pr g4 < Pl g.q» MO KaoAcovll IAEMEHT MACCUBA, CBA-
sannoili ¢ sxoocdenuem (1, 3,q), ucnoavayemes upmMyasbHuLMU NPOUEC-
co(pa./vw, KOMMYHUKAQUUL MEHCAY KOMOPLLMU MOACHO 3a0amb 6EKMOPAMU
Tsﬁ)ui, 1 <@ < ng— prgy ecau prgy = pls@q, Mo INEMEHM MACCUBA
UCTLOADB3YEMNCA MOALKO 0THUM TLPOUECCOPOM.

JokazarenbcrBo. Bemmmunnnt y;,4¢(F), 1 < € < r, ne 3aBucar or

F
F, ecm prpg = pjg, : B 9TOM Ci1yyae ker (75(%;) = kerf) g, Ts(ﬁ)ui =0

S
JJTst BCEX Uj, CyMMa B COOTHOIIEHUsX (3.4) paBHA HYJI0; B 0COOOM TacT-
HOM CJIydae, Korjia P34 = Ng, CyMMa B cooTHomenusix (3.4) orcyrcrnyer,
MuO)KecTBO A g 4(F') mycroe.

Ocrasoch nokasarb, uro s Joboro nHe8)  gppsomerocs: pe-
menveM cucrembl (3.3), mpu durcupoBanHoM F BeudmHa n(l’ﬁ’qvf)F —
— n(l’ﬁ’q’f)fa’ﬁm IPUHAMAET OJHO U TO K€ 3HaUYeHHeE.

JIroboit BekTop J, A koroporo Fjg.J + flAa) = F vox-
no npejucrasuth B Buge J = JE + JO pre JO € kerF3,, J&- —
Kakoe-a1b0o QpukcupoBaHHOE DpelleHue CUCTeMbl ypasHenuit Fjg,J =
= F — flBa gLt = pliq Nfui. Uz jlokazaTesiberBa TeopeMbl Cliejlyer
n(lﬁ,q,S)F — 77(1»576./,5)]0(1757;) 1: U(l’ﬁ’q’g)(Fl,ﬁ,qJ + f(l»@q)) — /)’](1767(]75)]0([7/6’(]) =

PLB.q
1=
PLB,q PLB,q
= S NP 5wt = Y0 MNPyt uro apnserca nocrosmmoi Be-
=1 i=1

JMAUHOf pu (PUKCUPOBAHHOM J . ]
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CaenctBue 3.3 Ecau p g, < pfﬂ’q, mo KancovLl INEMEHM MACCUBA, CEA-
sannoili ¢ sxoocdenuem (1, 3, q), ucnosv3yemcs ma umepayuAz, omauuao-
WULTCA NUHETHOMU KOMOUHAUUAMU 6EKMOPOG Tt(ﬁ)ui, I <1< ng—pipyg;
ecal P gq = pf,ﬁ,q, MO INEMEHN, MACCUBL UCTLOADIYEMCA TNONGKO Ha 00HOT
UMEPAUUL.

C omMoIip0 TeopeMbl 3.2 MOYKHO ONPEJIEINTh PACIIPE/ICIEHNE BXOIHBIX
1 BBIXOJHBIX JAHHBIX MEXKJIy IHPOIECCOpaMi, MOJYIUTh UH(MOPMAINI0 00

oO’beMe MaCCHUBOB, MCIIOJIB3YEMbIX B KaXKJIOM IIPOIECCOpE.

PacnpeﬂeﬂeHHe MEK/1y BUPTYaJIbHBIMU IIPOIOECCOPaMM BXOJHBIX MaC-

. 5(0,3,9)
CHBOB MOYKHO 3a/1aTh C IOMOIIbIO DYHKIW d

a;(F") Bxoanoro Maccusa a;, F' € W) 3,4, cienyer pacupe/esnThb B MpoIec-

_1767(]
crea d, " (F) ¢ sekcukorpadpuieckn HaAMMEHBIIUM 3HaYeHueM. B 3rom

(F). duist 51010 DJIeMEHT
(F)), KoOpJMHATHI KOTOPOIO 3a/al0TCsT 9JIEMEHTOM MHOXKE-

poreccope a;(F') Gyer ucrosib30BaThCst HE 1103Ke, YeM B JAPYTUX [POLEec-
copax: He MOXKeT OBbITH Iepeiadu HHGPOPMAIUU OT IIPOIECCOpPa ¢ OOJIBIITUM
HOMEpPOM K IIPOTIECCOPY € MEHDBIINM HOMEPOM.

PegynbraTsl Borancienuii — saemMentsbl a;(F') BBIXOAHOTO MaccuBa —
=(1,5,9)
HaxoATCst B 1poneccope Py (d, " (F')), KOOpJAMHATBI KOTOPOTO 3aJ1al0T-

—(1,58,q
cst asemenTom MHoxkectBa dg - (F) ¢ sekcukorpaduiecku Hanbo bIIMM

3HAYCHUEM.
(1,3,9)

S
o0beMe MaCCHUBOB, MCIOJb3YEMBIX B KarkKJIOM Ipoiieccope. st Toro 4ro-

Oyuknun d (F) nosBoJislioT Takxke MnoJyduTh undOopManun ob
Obl ONpeJIeuTh aeMeHThl a;(F') BBIXOJHOrO MacCHBa G, UCIOJL3yEMbIE B
nporeccope ¢ koopjaunaramu (tq, ..., t.), caejpyer Haiitu Bee aementh F
muoxkectsa W) g 4, J1J1s1 KOTOPBIX Zlil’ﬂ’q)(F) = (t1,...,t).

IMpumep 4 (npomposkenne). Ilycrs 7 = 1, pacnpejiesnenne oneparmii
rHe3/a UKIOB (2.21) Mex/ly 1poreccopaMu onpejessercs OyHKIUME
W)y =1,¢P0) =i, 2<i <N, 934, j) =i, 2<i <N, 1<j<i—1;
WTEPAIMH, BLIIOJHSIEMbIE IIPOLECCOPAMU, 3a0a1M (PYHKIUSIMA t;l) (1) =1,
tg)(i) =1, tég)(i,j) = 7. O1u byHKIMU noTydeHbl B pazjere 2.5 Haiinem
pacIpejieieHie 3JeMEeHTOB MACCUBOB JIAHHBIX MEXKJIy MPOIECCOPAMU.

[Mosyunm dyHKIUKM pacrpeesneHnst 3JIEMEHTOB MacCUBa (. JIEMEH-
TBI MACCHBA @ CBA3AHDBI C BXOXKJIEHHEM B TpeTwii omepatop, 70 = (1,0),

7-(372) - (07 1)7 F3,3,1 - E(2)7 f(373’1) - 07 P331 — rankE(2) - 27 ny =
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= 2, p331 = 2, pg,&l = 2, COMJIaCHO CJICACTBUAM 3.2 1 3.3 KaxKJblil 3Jj1e-
MeHT a4, J) UCHONB3YeTCsl TOJIHKO OII;HH pa3 (O,ZI;HI/IM IIPOIECCOPOM Ha, OJI-
Hoit urepanun), u; orcyrceryior, ui = (1,0), us = (0,1). Cucrema (3.3):
nB3DEQER) = (1 0)E®); orciona n®3hl) = (1,0). N3 coorHommenuit
(3.4) momyuaum y3311 = 0. Takum obpaszowm, d§3’3’1)(i,j) = 1, IIPOIECCOP
P(i) upusarusupyer i-10 ¢rpoky Marpuibl A.

Pacnpeiesienye 31eMEHTOB MaCCHBOB, CBS3aHHBIX CO BTOPBIM Olepa-
TopoM, ouesuiHO: b(7) u z(i) pacupejessiiorcs B nporeccop P(1).

Haijinem Tenepn pacrpeesieHue 3JeMEHTOB MACCUBA X, CBA3AHHBIX C
IIEPBBIM M BTOPBIM BXOXKJECHUAMM B TpeTuii oneparop. JocraTouno pac-
CMOTPETb TOJILKO OJIHO U3 91X BXOXKieHuit. Umeem: F 31 = (10), FL31) =
=0, pig, = pra1 = rank(1 0) = 1, n3g = 2, u; = (0,1), uy = (1,0);

nH311 (1 0) <(1)> = (1 0) (é) (cucrema (3.3)), nI3LY = 1; yy 311 =

—0—1-04 A(1,0)(0,1) = 0 (coornomenus (3.4)); di"*V (i) = i, x(i)
WCIIOJIB3yeTCst B mporieccope P(7).
Ocraioch HafiTh pacipejiesieHne JIEMEHTOB MAaCCHBa T, CBI3AHHBIX C

TPETHUM BXOXK/JICHUEM B Tperuii oneparop. B satom caywae Fis3 = (0 1),
fI33) =0, pr3s = rank(0 1) = 1, Plss = rankFE® = 2 ng =2, u; =

—(1L,0), uk = (0,1); 513300 1) (‘i’) — (10) ((1’) (cncrema (3.3)),
33D = 0; y1351 =0 — 0+ A (1,0)(1,0) = A, My € A133( ), J dbuxcn-
poBaHO. HaI/I,[LeM A133( ) ‘/133( )—{(Z j) |]+1 N} Uy = (1 O),
Miss(j) ={i|j+1<i< N} Moxno ¢ienars BbIBOJ, 4TO d(133)(j) =
= 1,7+ 1<i< N, x(j) ucnonnzyercst B nporeccopax P(j+1),..., P(N).

Takum 06pa3oM, MOJYUEHO PACIpPEIEIeHHe BXOJHBIX MaccuBoB A, b
M MAacCHBa pe3yJbTaToB Bbruucjenuit x: a(i,j) u b(i) pacupeiensiorcs B
nporeccop P(i), nannoe (1) nocsie BbIYUCIEHUH HAXOUTCs B IPOIECCOPE
P(i). B kaxom mporieccope P (1) uCmob3yoTest ¢ mepBoro o i-i J1eMeH-
Thl MACCUBa T. [

OnpejiesiuM urepanuu, Ha KOTopbix (PUKCUPOBAHHDIH 9JIEMEHT MaCCH-
Ba WCIOJB3YETCs B OJJHOM BUPTYAJbLHOM MPOIECCOPE.

[Tycts P — npousBoibHbI (DUKCUPOBAHHBIH 3JIEMEHT MHOYKECTBA 3HA-
qeHnit hyHKIIN (tgﬁ)(,]), cey @(J)), V3 (P) — MHOXecTBO uTeparuit nc-
XOJIHOTO I'HE3J1a IUKJIOB, HA KOTODPBIX BBIMIOJHSIETCS OMepaTop Sz U KOTO-
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pble peaJn3yIoTCs BUPTYAJbHBIM TIpoiieccopom P : VBS(P) ={J € V|
(tgﬁ)(J), e 7(Aﬁ)(J)) = P}. Pacemorpum muoxecrso Vg, (F) N V3 (P)

UTEepaIiil MCXOJHOTO I'HEe3/1a IUKJIOB, Ha KOTOPBIX Ha Bxoxkjexnuu (I, 3, q)
MCTIONB3YETCsT OJTHO 1 TO e ganHoe a;(F) u KoTopble peain3yorces BUpTy-
asibibiM nporieccopom P Hepes A7 5 (F), P) 0bosHaunM MHOKECTBO, 3a/1a-
io11ee. KOOp/IMHAThI Ipoekuu Muoxectsa Vi g,(F) N V3 (P) na muneityio
000JI09KYy BEKTODPOB U :

D (FoP) = (O, o oy )T = TR
n6—Plp.q

+ Z >\z (] JEWﬂQ( )mVﬁS(P)}a

B ciyuae pj 5, = ng Muoxectso Aj 4 (F, P) mycroe.

Teopema 3.3 Saemenm maccusa a(F), F € Wig,, ucnoavsyemca 6

durcuposanmom npoueccope P na umepanyusx (dfaljrﬂl’Q)(F), e ,dg’ﬁ’q)(F)),

ede dg’ﬁ’q) aadaromes popmysamu (3.2), 6 xomopwix N394 — pewenue
cucmemwl ypasHenul

77( 654, E)Fl ry U,@,q — (5 é)Ul 5 (3.6)
a 6eAUUNDL yw,qé(F) ONPEIENANMCA PABEHCMEAMU
nﬁ_pi,ﬁ,q
aaelF) = ape = a9 f150 TS Nr O,
— ‘

(N Xy, ) € Ay (F.P),

ng=pi s

JlokazaTejibCTBO TEOPEMbI, 10 CYTH, TIOBTOPSET JIOKA3aTEIbCTBO TEO-
pembl 3.2, ciaejiyer Jjuiib 3adukcuposarb F u P.

Caencreue 3.4 Ecau pf 53, < ng, mo 6 00HOM 6UPMYAALHOM NPOYECCOPE

KaotcIvitl anemenm maccusa, ceasanuvil ¢ sxoocdenuem (1, 3,q), ucnono-

BYEMCA NA UMEPAUYUAT, OMAUAIOUUTCA AUHCTHOMU KOMOUNAGUUAMU GEK-
h), s - s . s

mopos T, g, 1 <@ <ng — pjg .5 ecau pj g, = ng, MO IAEMEHN MACCUBH

UCNOND3YEMCA 6 00HOM NPOUECCOPE MOALKO Ha 00HOT UMEPAYUL.

B zakJiouenue pasjiesia npuBejieM TeopeMy, B KOTOPOi OIpeJIesIsiioTcs
IIPOTIECCOPHI, UCIOJb3YONHe (PUKCHPOBAHHBIA 9JIEMEHT MACCHUBA Ha OJHOMN
uTepaIu.
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[Tycts BekTop T' ABJISETCS SJIEMEHTOM MHOXKECTBA 3HAYCHU (DyHKIUHI
(tg,@l(J), e %ﬁ)(J)). PaccMoTpum MHOKECTBO

VIT) = {J € Vs | (X4 (J),....ti7(])) =T}

MTepaInii MCXOHOrO THEe3/1a [MKJIOB, Ha KOTOPBLIX BBLITOJIHACTCSA ONepaTop
S5 ¥ KOTOPbIE PeasiM3yloTCst B POCTPAHCTBE BUPTYAJIbHBIX IPOIECCOPOB
ma ureparun T, u muoxectso Vi g ,(F) NV (T') nrepanuit ucxomoro ries-
Jla TIMKJIOB, Ha KOTOPBIX Ha BxOXjenun (I, 3, q) UCHOIB3YeTCs: OJJHO U TO
ke Jantoe aj(F) u KoTopble peasus3yrorcs B MPOCTPAHCTBE BUPTYAJIbHbBIX
nporeccopos Ha ureparmu 1. Yepes A]lf,ﬂ,q(F ,T') 0603HAUNM MHOMKECTBO,
3a/1a1011ee KOOPIMHATHI poeKiuu MHOKecTBa V] g 4(F) N Vg, (T') na nuneii-
HYIO0 060JIOUKY BEKTOPOB U’ :

Ay (F.T) = {(M, ., A

nﬁ_pl,ﬁq
t N, J € Vg (F) NVE(T)}

19
=1

— 7l
T =g

B ciydae pj 5, = ng muoxkecrso A} 5 (F,T) mycroe.

Teopema 3.4 Saemenm maccusa ai(F), F € Wz, ucnoavsyemea na
durcuposannoti umepauyuu T 6 npoueccopar (dgl’ﬁ’q)(F), o ,dg’ﬂ’q)(F)),
20e dél’ﬁ’q) sadaromes gopmyaamu (3.2), ¢ womopwa 348 — pewenue
cucmemnvl YpasHenut

77(1 By, §)Fl

1t
7ﬂaqu Ba 7—(6’5) Ul,ﬂ,q’ (38)
a eeaununo, Y g qc(F) onpedeamomen pasencmeamu

ng—plg.q

yl,@qf(F> :aﬁg_n(laﬁy(Iag)f(lﬂQ)_i_ Z At (ﬂg)
(NonXe ) e AL, (FLT).

ng— plﬁq

(3.9)

t 2 (7
C.JIe,ZLCTBI/Ie 3.5 EC./LU plﬁ,q < ng, mo Ha OaHOU umepayuu %aofcauu aN€-
MEHM, MACCUBAQ, CBA3AHHVIL C 6$09de€HU€M (l,ﬁ, Q), UCNOAB3YEMCA 6UP-
myansvHbMU npoueccopaMu KOMMYHUKAUUU M69fcdy KomopuvimMu MOHCHO

B . t _
SGdaTI’Lb eermMmopamu T U 1 < 7 < ng pl,ﬂ,qi ECAU pl,ﬂ,q = ?’Lﬂ, mo
INEMEHTIT MACCUBA UCTIOAD3YEMCA HA o&nou umepayuy moadvko 6 O@HOM
npoueccope.
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3.3 Oprapm3anusa obMeHa JaHHBIMUA

Ha mpakTuke nake onTUMaJibHOE Ha9aJbHOE paclpesesieHue JaHHbIX
HEe UCKJII0YaeT HeOOXOMMOCTH B OOMEHE JaHHBIMU MEXKJIy MPOIECCOPaMHU,
B JIOKQJILHOM 1TaMsATH KOTOPbIX XPAHATCS JI@HHbIE, W IIPOIECCOPaMU, B KO-
TOPBIX 3TU JAHHbIE BHITUCIIIOTCS WU UCTOJB3YIOTCA KaK apryMEHTHI BbI-
auciennii. Kak crieyer u3 npejpiayiiero pasjena (ciaeacrsue 3.2), obmen
JIAHHBIMU TpeOyeTCsi JIjist S3JIEMEHTOB MacCUBa @), CBA3aHHBIX C ¢-M BXOXK-
JIEHMEM MaccuBa B OLEpaTop Sg, €C/IU UMEET MECTO pj 5 . > Pl3.q-

NsBecTHO, 9TO Ha MapaJulebHBIX KOMIBIOTEDPAX C PACHpPE/IesIeH-
HOI MaMsIThIO CTPYKTYPUPOBAHHBIC KOMMYHUKAI[MK, TaKUE KAK OPOJKACT
(broadcast), pasbpoc (scatter), cbopka (gather), pemyxius (reduction),
a Takyke TpaHcssnus (translation) JaHHBIX BBIMOJHSOTCA 3HAYUTEHHO
ObicTpee, YeMm GOJIbINoe KOJMIeCTBO KOMMYHHKAIUHA TOYKA-TOYKa (point-
to-point) Mexkry mpoIeccopoM, B JIOKATHHON MAMSITH KOTOPOTO XPAHUTCS
JIAHHOE, ¥ KaXKJbIM IPOIECCOPOM, KOTOPbIi HCIIOJIb3YeT WU BbIUUCIISET
9710 JlanHoe. [losToMy KeaarebHO BBISIBISTH BO3SMOYKHOCTH OPTaHU3aIlnu
TAKUX KOMMYHUKAIIUI.

B srom paszesne OyayT chopMyaupoBaHbl U KUCCJIEIOBAHBI YCIOBUS,
O3BOJIATOININE B HEKOTOPBIX CJIyUasX ONPEIEIATh BO3MOXKHOCTH OPraHn3a-
U HarboJIee 1acTo UCIO0JIb3YeMbIX ObICTPHIX KOMMYHUKAIUI — OpojiKacTa
M TPAHCJISAIUN JIAHHBIX. Bpojkact (0JHOBpeMEHHOE PACIpPOCTPAHEHUE) —
9TO THepejiada JAHHOrO T'PYIIe MPOIECCOPOB, B KOTOPLIX JAHHOE OJHOBPE-
MEHHO (Ha OJ[HOM MTepalln) UCIOJIb3yeTCs Kak apryMent. Tpancisiius —
9TO Iepejiaia JaHHOIO OT IPOIECcopa K IPOIeccopy B Caydae, eciu JaHHOe
UCIIOJIb3YETCA B PA3HBIX IIPOIeccopax 1o odepeiu. KoMMyHUKays TOUKa-
TOUYKa — 3TO Iepejiada JAHHOIO OT OJHOIO IPOIECCOPa K JPYrOMY.

3.3.1 Opraum3aius OpoakacTa

[Tycrs 3aganb dyaknm Buja (3.2), 3ajak01ime pa3MeneHne MacCuBOB
JIAHHBIX B [MAMSTU BUPTYaJbHBIX ITPOIECCOPOB, U N-MepHOE TaliMUPOBaHUE
¢ koopaunaramu Bujia (1.10). Kak u B paszmene 3.2, r mepBbIX KOOpUHAT
TafiMUpOBaHUs 3aJIal0T [IPOCTPAHCTBEHHOE OTOOparKeHue OIeparuil aJro-
PUTMa B 7-MEePHOE IMPOCTPAHCTBO BUPTYaAJIbHBIX ITPOIECCOPOB, & OCTaJbHbIE
n — T KOOPJAWHAT 3aJIal0T UTEPAIUHU, BBITOJHIEMbIE IIPOIECCOPAMHU B JIEK-
CHUKOI'papuIeCKOM IOPSIJIKE.
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OboznaunM depes Ul{ 3,4 MATDHILY, CTOJOIBI KOTOPOH COCTABJIEHBI 13
BEKTOPOB UL

Jlemma 3.1 ITycmov cyuecmsyiom ucmuntble 366UCUMOCTIU, NOPorcIae-
Mole q-Mm eroscdenuem maccuea a; 6 onepamop Sg; Lo — Pynruua sa-
sucumocmeti. Ecau evinoanaemea ycarosue

®, 3U; 5.4 =0, (3.10)

mo mearcdy umepayuamu muoscecmea Vi g (F) NVI(T) dannoe ai(F) ne
nepeonpeoeniemcd.

Hoxkazarensctso. Ilycrs Ji,Jy € Vi (F) N VY(T), morma Ji —

— Jy € ker Fy gy Nker T7) . Mueem: By 5(J1) — Bos( o) = Pog(Jy — Jo) =
= Qo3> aqul =3 (P, gul), tie o € Z. Tax kak soinosusiercst (3.10),
10 D, sul = 0, otxyna ®q 5(J1) = Py 5(J2). omydennoe paBeHcTBO 03HA-
qaer, 9ro Jganuoe q;(F), ucnonbsyemoe npu Boiosnuernn oneparuii Sg(.Jq)
n Sp(Ja), Ji, Ja € Vipe(F) N V5(T), nepeonpesensiercs na oHO# u Toii
e oneparun Sa (P 5(J1)). OTciona w W3 onpeeTeHns NCTHHHON 3aBH-
CHMOCTH CJIEJIyeT, UTO MeXKJy HTeparusMu MHoxkectsa Vigq(F) N Vﬂt(T)
YKa3aHHOE JIAHHOE HE [EePeOIPe/IesierTcs. O

Teopema 3.5 I[lycmo ,ofﬁq < ng. Ha umepayuu T mootcno opzanusosamo

opodracm dannozo ai(F) x npoueccopam p@glvﬁ,q)

—(
byrruui dé Ar)

(F)), ede napamempui

aadaromea cozaacno (3.8) u (3.9), 6 odnom uz caedyroujux
CAYUAES:

a) SNEMEHMBL MACCUBA Q] BCMPEUANOMCA MOALKO 6 NPAGHLT YACTAT
ONeEPamopos aA20PUMMA;

6) Oaa  ucmunnol  3a6UCUMOCTIU, NOPOAHCICHNOT  BLTONCIEHUEM
(1,8, q), evnoanaemea ycaosue (3.10).

Jloka3zaTeabCcTBO. /3 ycjaoBus TeopeMmbl CjejayeT, UuTo (DYHKIUs
F' 3 4 BCTpedaeTcs B IpaBoil 9acTH OllepaTopa Sg, MOITOMY JIEMEHTHI Mac-
CHBa @] UCIOJIB3YIOTCA Ha ¢-M BXOXKJIEHUU B ONEPaTOp Sz B KadecTBe ap-
rymeHToB. Tak Kak ,ofﬂ’q < Mg, TO U3 TeopeMbl 3.4 U CJEJCTBUA U3 TEO-
pPeMbl BBITEKAET, ITO Ha OJIHOM MTEpAIUU KaK bl 9JIeMEHT MacCHUBa, CBSI-
3anublii ¢ Bxoxjenuem (1, 3, q), UCIoJIb3yeTcst BUPTYaJbHBIME TIPOIECCOPa-
T(ﬁ) t

MU, KOMMYHUKaAIIMA ME2KJly KOTOPbIMU MO2KHO 3aJaTb BEKTOPpaMH 1ls U,
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1<i<ng—pf 3,45 KOODJIMHATHI TAKUX TPOIECCOPOB 3a/a0Tcs hyHKIMeH
3(175761)

. (F), mapamMeTpbl KOTOPOii ONpeesiorcss u3 cucreMbl (3.8) u coor-

norennit (3.9). [Iporeccopbl HCHONB3YIOT OJIHO ¥ TO YKe 3HAYECHUE JIAHHOTO
a;(F), nockombKy Mexy mrepaiusamu Muoxectsa Vi g q(F) N Vi(T) sto
JTAHHOE HE TEPEOPEIENISIeTCs: B CIIydae @ 9TO JaHHOE He TePeOIpe/IesIseT-
cst BOOOIIE, B CJydae 6 HEBO3MOXKHOCTDH E€PEOTPEJIETCHNsT TaPAHTHPOBAHO
ycaosueMm (3.10). O

B ciyuae a reopembl 6pojkact amementa a;(F') ocyiecTBisiercss or

—(
nporeccopa Py, (di o)

Jei 3.2), ecad He NMPUMEHsIACh JIPyras cXeMa pPaclpejIesIeHusi BXOJHbIX

(F)), B xoropsiit pacrpepensiercst a;(F) (M. pas-

MaCCHBOB (HAIIpUMEp, pPeIlIuKalus MaccuBoB). B ciaydae 6 6pojgkact ocy-
IECTBJISIETC OT TIPOIEccopa, B KoropoM a;(F') Bbrauciisiicst.

3amMeTnM, 9TO TP BHIOJHEHUN YCJIOBUI TeopeMbl 3.5 OpojKacT Mo-
’KeT ObITb BBIPOXKJICHHBIM, €CJIM B CUJLy OCOOEHHOCTeN MHOXKecTBa V3 MHO-
xectBo Vi gq(F) NVE(T) cosieput ToIbKO OJII 3JIeMEHT,

3.3.2 Opranm3anusg TPAHCAIAINN JAHHBIX

CdopmynupyeM 1 JI0KarKeM TeOpeMbl, KOTOPbIE MO3BOJISIIOT BBIABJIATD
BO3MOXKHOCThH OPTaHU3allMK TPaHCIsAIUKU jaHHoro. B Teopeme 3.6 uccie-
JlyeTcs cjiydail, KOrjia JJaHHOe HCIOJIb3yeTCsl KaK apryMeHT Ha Pa3HbIX
UTepaIusax pa3HbIMU TporeccopaMu. B 3ToMm cimydae mepejada JaHHOTO
OCYIIECTBJISETCA Ha HECKOJBbKUX WTeparusax. B Teopeme 3.7 ucciemyercs
caydait, Korja JaHHOe HCIOJB3YeTCs KaK apryMeHT U MepeorpejiesseTcs
Pa3HBIMU MPOTIECCOPAMU TIO OUepeu Ha OJHON mTepanuu. B aToMm ciaydae
nepejiada JAaHHOTO OCYIIECTBISIETCS Ha OJTHON UTepalyuy, HO CO CJIBUTOM TIO
BpEMEHU TP BHITTOJIHEHUH TTPOTPAMMBI.

Ilycrs p1 4 < ng. Obo3naunm uepes Up g , MaTpuily, cToJ0Ibl KOTOPO#
COCTaBJICHBI N3 OA3UCHBIX BEKTOPOB U;, 1 < T < Ng — P14

Jlemma 3.2 [Tycmov cyuecmsyiom ucmurtble 366UCUMOCTIU, NOPOHCIae-
Mole q-M eroscdernuem maccuea a; 6 onepamop Sg; Lo — Pynxyua sa-
sucumocmeti. Ecau 6vinosnaemca yciosue

O, 5U1 5,4 =0, (3.11)

mo meorcdy umepayuamu muoccecmsa Vig o (F) dannoe ai(F') ne nepe-
onpedessemca.
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JlokazaTenbeTBO JeMMBI 3.2 aHAJOTUIHO JOKA3aTEeTHCTBY JIeMMbI 3.1.

Teopema 3.6 Ilycmo pj g, > Prpg: Plsg > Plba Plag = Ns- Ha umepa-

3 l7 b
YUAT di M)(F) MOJCHO OP2AHUZ06AMYL MPancAauuto dannozo a( ) meorc-

dy npoueccopamu P(Eil’ﬂ’q)(F)), 20e napamempuvi Gynryui 35’5"1) u c_igl’ﬂ’Q)

sadaromesa coenacno (3.3) u (3.4), 6 0dnom u3 caedyrowus caywaes:

a) Maccus a; 6CMPEUAEMes MOALKO 6 NPAGHIT YACTAT ONEPAMOpPOs
AN20PUMMA;

6) Oaa  ucmunnol 3a6UCUMOCTIU, NOPOACIEHHOT  BLOMNCIEHUEM
(1, 8,q), evnoanaemea ycaosue (3.11).

HoxkazaresnbcTBo. Oynuxinus I g, Bcrpedaercsd B IPaBoil yacTu one-

patopa Sg, HOITOMY JIEMEHTBI MACCHBA (] UCIIOJIB3YIOTCS HA ¢-M BXOXKJIe-
t
HUM B ONEPATOP Sj3 B KAYECTBE apryMEHTOB. YCIIOBHE p) 5 > pl,3,4 O3Ha-
qaer, 410 JanHoe aj(F') BO BpeMst BbIIOJIHEHUs POrPAMMBI UCIIOJIb3YeTCsl
HA ¢-M BXOXKJICHUH MaCCHBa @; B ONEPATOpP Sz HAa HECKOJBKUX UTEPAIHSIX
S

(cnencreue 3.3), a yenosue pj 5 > pi4 03Ha9aeT, 4o a;(F') ncnombsyercs
B HECKOJIBKHX TPOIEccopax (ciefcTsue 3.2); u3 yCIOBUS p] 5 g = N cie-
ayer (caegcersue 3.5), 4ro Ha (HDUKCUPOBAHHON UTEPAIUK 4] UCIOJIB3YETCsE
TOJILKO OJIHUM BHPTYAJLHBIM IPOIECCOPOM.

Takum obpasom, jannoe a;(F') ucnob3yercs Ha HECKOJIbKUX UTepa-

-3 l, s 3 la ’
IASIX di ﬁq)(F ), B HECKOJIbKKX T1POIECCOPAX P(dg 9

(F)), u Ha Kax o
WTEPAITIN JTAHHOE MCTIOJIBE3YETCsT OTHUM POoTieccopom. IIporeccopbl Hemoib-
3yIOT OJIHO M TO K€ JAHHOE, MOCKOJbKY MEXKJy UTEPAIUSMHI MHOXKECTBA,
Vipgq(F) naunoe a;(F) we mepeonpe/essiercs: B cJydae @ 9TO JaHHOE He
epeorpeiesisieTcst BooOIIe, B cjydae 6 HEBO3MOXKHOCTD [1€PEONPE/IC/ICHUs
rapaHTHpoBaHO ycaosueM (3.11). O

TpaHCIAIMIO ClIe/lyeT OCYINEeCTBJISATh COIJIACHO JIEKCUKOIpauieckoii

=(1,8,9)

YTIOPATOIEHHOCTH BEKTOPOB d (F'). B cayuae a Teopembl 3.6 Tpamc-

3 lvﬁ7q
gsinust anaoro ai( F') HaunHaeTcs OT mporeccopa Pm(di )(F )), B KOTO-
pbiii pacupejessiercst a;(F); B ciydae 6 TeopeMbl JI0 TPAHCIISALMU OCY IECT-
Bisiercst nepegada a;(F) or mporeccopa, B kKoropoMm a;( F') BuIUncsercs,

_(lvﬁvq)

K npoieccopy P(d,” " (F)) ¢ sekcukorpadguuecky HauMeHbIIUMU KOOP/IH-

HaTaMWN.

Teopema 3.7 Ilycmo p}fﬂ’q < ng, cyuLecmsyem UCMuUnnaA 3a46UCUMOCTD,
noposicdennas erooicdenuem (I, 3,p) 6 aesyio wacmo onepamopa Sz u
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sroncdenuem (1, 3,q) 6 npasyro wacmo onepamopa. Tozda na umepayuu

T mooicro opzanusosams mpancaayuto dannozo a(F) meocdy npouecco-
_(laﬁ7Q) (l7ﬁaq)
pamu P(d, .

(3.8) u (3.9).

(F)), 2de napamempu dynxuud d 3a0a10McA Co2A4CHO

Jloka3aresbCTBO. Yesosue pf 5.4 < M O3HAYAECT, 9TO Ha UTEpanun I’

onepaTop Sg BBIIOJIHAETCHA, BOOOIIE roBops, Oojiee 4eM B OJIHOM TIPOIECCO-

e P (33’6’61)

MOCTb, TOPOXKJICHHAsI BXOXKJIEHUEM P MAaCCUBa @; B JIEBYIO YaCTh OllepaTopa

(F)) (cnepcrsue 3.5). Tak Kak cylecTByeT HCTHHHAS 3aBUCH-

S U BXOXKJICHHEM ¢ B IPaBYy0 9acTh, To jganuoe a;(F') na urepamun 1" nc-
MOJIB3YETCsT KaK apryMeHT u nepeorpeensiercs. CkazaHHOe 03HATAET, ITO
Ha urepanyun T MOXKHO OPraHu30BaTh TPAHCIAIMIO Janioro a;(F') mexiy

3 l, )
IIPOIECCOPAMU P(di ﬂQ)(F)). O
[Ipu BHIOJIHEHUN YCTOBUIT T€OpEMbI 3.7 CJIe[lyeT JI0 TPAHCIISINY JIaH-

Horo a;(F') ocymecTBuTh €ro mnepejiady oT IpoIeccopa, B KOTOPOM OH Bbi-

3 l7 ) 3 l7 )
GUCJISIICS, K HPOLECCOPY P(di ﬁQ)(F )) (re mapamerpbi byHKIH di 59

sajatorest corsiacho (3.8) u (3.9)) ¢ sekcukorpaduiecky HauMEHbITME
KoOpHATAMK. TPaHCISIIUIO CIeyeT OCYIIEeCTBIITh COIJIACHO JIEKCHKO-
. —(1.8.9)
rpaduieckoil ynopsiyiouensoct Bektopos dg - (F).
Kak u B ciiyuae OpojikacTa, TPaHC/ISIINAS MOXKET ObITh BbIPOXK JICHHOM,
ecin MuoxkectBo Vi g4 (F) N VE(T) copeput TOIBKO OJUH 3/ICMEHT.

3.3.3 YcraHoBJieHHEe cXeMbl OOMeHa JaHHBIMU

Ecin p1,p.q = p] g 4» TO KazKJIbIil SJIEMEHT MAaCCHBA, CBASAHHBIN € BXOXK-

nenvem (1, 3,q), MCHONB3yeTCss TOJBKO OJHUM TPOIECCOPOM  (CJIejICTBIE
S

3.2). B cayuae prpq < Pl 5.4 HeOoOXo/[MMa, 11epejiada JIEMEHTOB MaCCHBa,

@ TIPU UCTIOTH30BAHUY ITUX TE€MEHTOB omeparmsaMu Sg(J) HA ¢-M BXOXK-

JICHUH 3JIeMEHTOB MacCUBa @) B onepaTop Sgs.

[Tonb3ysach Teopemoii 3.5 MOXKHO ONPEJEINTb T'PYIIBI IIPOIECCOPOB,
MEXKJly KOTOPBIMU MOXKHO OpraHusoBarb Opojkact. Ilosb3ysch Teopema-
Mu 3.6, 3.7 MOXKHO OUPEJICJIUTH TPYIIBI MPOIECCOPOB, MEXKY KOTOPHIMU
MOXKHO OpPTaHU30BaTh TPAHCIIINIO JAHHBIX. B ciaydasx, HEOrOBOPEHHBIX
TeopeMaMu 3.5-3.7, MOXKHO OpraHu30BaTh KOMMYHUKAIIUA TOYKA-TOUKA.

Mexk 1y mporeccopamMu KaxkKJ10it TPYIIbI, JIJIT KOTOPO YCTaHOBJIEH BH,
KOMMYHUKAaIIAK, OOMEH JIAHHBIMU CJIe/IyeT OPTaHU30BbIBATD, IIOJIb3YsICh CJIe-
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JIYIOIIUMU TIPABUIAMEI OUEPETHOCTH MEePEJadn U MpUeMa, JaHHOrO, UCIOJb-
3yeMoro mpu BbinosHeHun oneparnuu Sg(.J).

[Tycrs jalHoOe mepesaercst OT TMPoIeccopa, KOTOPbIH UCIOIb3yeT ero
B KadecTBe pesyibrara omepaiuun Sg(J). Ilepemady manmoro criemyer
OCYIIECTBJISATE HOCJIE BbIToHeHust onepaiun Sg(J).

[Tycrh JanHoOe nepejiaeTcst OT TPOIEccopa, KOTOPbIA UCIOIb3YeT ero
B KauecTBe aprymenta onepaiun Sg(J) (ipu TpaHcsisiigm, KOTOPYIO Ompe-
nessier reopeMa 3.6). Tlepejauy JaHHOrO CjiejiyeT OCyIeCTBIsTh B Hada e
UTEPAIIHN.

[Tycth jlalHOe MepeaeTcst OT MpoIeccopa, B JIOKAJIbLHOR MaMsiTu KO-
TOPOro OHO XpaHuTcst. [lepejiady JIAHHOTO CJiejlyeT OCYIIECTBISATH MOC/e
TOr0 Kak OyjiyT BBIIOJHEHBI BCE ONEPAIi, KOTOPbIE U3MEHSIOT 3HAUCHUE
9TOrO JIAHHOTO ¥ BBIMOJIHSAIOTCS B UCXOJHOMN MPOrpaMMe paHblilie Oleparny
Sp(J), 1 mocse TOrO Kak MpoIeccop OCYIMIECTBAT PUEM PE3YJIbTATOB STHX
oneparyii oT Jpyrux mporeccopos.

[Iyctb jaHHOE HEepesaeTcs MpoIeccopy, KOTOPBIH MCIOJIb3YeT ero B
Kadecrse aprymenta oneparuu Sg(J). Ilpuem nannoro cieyer ocyecrs-
JATH 70 BBITOMHEHUs onepanun Sg(J).

[Tycrb jlaHHOE 1EPEeIaeTCst IPOLECCOPY, B JIOKAJBHOM HaMsTh KOTO-
pOro oHO xpaHuTcst. [IpueM JaHHOTrO Cjiejlyer OCyIIeCTBISATH JIO TOrO Kak
OyJLyT BBIIOJHATHCS BCE ONEPAIUE, KOTOPbIE UCIOIb3YIOT 9TO JIAHHOE B Ka-
4eCTBE APIYMEHTa U BbITIOJHSIIOTCS B KCXOJHOU IPOrpaMMe [OC/Ie Olepalii
Ss(J), 1 710 TOrO Kak MPOIEccop OCYIIECTBUT Tepe/iady apryMeHTOB STHX
omepaIyii APyruM Mporeccopa.

ITpumep 4 (mpogosmkenne, cM. pasaens 2.5, 3.2). Pacemorpum Ba
MOJIYIEeHHBIX paHee JBYMEPHBIX TAUMUPOBAHUS U B KaXKJIOM CJIydae ycra-
HOBUM CXeMy OOMeHa JIaHHBIMU.

[Tycrs pacupejiesienue onepanuii Mexx 1y mpoIeccopamMu OlpeJIesisieTcst
dynxmann £17(1) = 1, £7(1) =4, 2 <i < N, 9(i,5) =4, 2 <i < N,
1 < j < i —1; 3ajauM UTepaliu, BbINOJIHIEMbIE TIpotieccopaMi, hyHK-
IUSME tgl)(l) =1, t;z)(i) =1, tég)(i,j) = j. 91 bYHKIUU TOJYICHBI B
pazzene 2.5

Bamnuiiem cooTBETCTBY POIIII KO (e [MHBIM 00PA30M JIjist KAXKI0T0 PO~
1eccopa), pejiHa3HaYeHHbI JIJIsl BHITOJHEHUs ajropuTMa Ha [N [porecco-
pax. CuMBost p obozHavtaeT HoMep mporeccopa. [lepemernnast 1ukiia t coor-
BETCTBYET UTEPAIUsIM AJTOPUTMA.
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if p = 1 then
Sp:x(1) = b(1)

endif
if 2 < p <N then
Sy 1 x(p) = b(p)
dot =1, p-1
S3:x(p) = x(p) - alp,t)x(t)
enddo
endif

Pasencrsa p g4 = pj 5, Boinomsiorcs s seex sxoxennit (1, 8, q),
kpome (1,3,3) (cm. mpumep 4 B pazzene 3.2). [losromy mpu BbITONHEHIH]
aJITOPUTMa, TTAPAJIICILHBIM KOMIBLIOTEPOM JIJIsT NCTIOIL30BAHNS 3JICMCHTOR
MaCCUBa I Ha TPETHLEM BXOXKJCHUM 3TOI0 MAacCUBa B oneparop S3 Heobxo-
JIIMO OCYIIIECTBJIATE Iepeady JTaHHbIX.

OHperZI;e.HI/IM KOMMYHHKalli, KOTOpbIEC MOXKHO OpI'aHU30BaTb JIJIA

; Fi33
obMena asiementamn Maccusa . Hmeem: pjs;s3 = rank 7 =
t
01 ’
= rank 01) = L, n3g = 2, piss < ng. Ucrunubie 3aBUCUMOCTH, MO-

POXKJIEHHBIE TPETLUM BXOXKJIEHHEM MacCHBa X B omeparop S3, 3aaf0T-

= =1
a1 Gynxmuavmn Py 3 u @é; st obenx yHKINI BBIMTOJTHSIOTCS YCJIO-

Bust (3.10): @307 33 =(00)(10)" =0n (I)ggUlt’?ﬁ - < 8 1 ) ( é > -

= 0. CaegoBarTebHO, COTJIACHO TeopeMe 3.5 MOXKHO OCYIIEeCTBUTH OpOjI-
kact mamnoro x(F) k nponeccopam P(n33)F 4y 33(F)), rae n1:33) =

Fi33 01 1t
= 0 ( ker(T(3)> = ker (0 1), upt = (0,1), 73N = (1,0),

t

77(1 3’3’1)(0 1) <(1)> = (1 O) (?)), y1,373(F) =1 (a371 — 0, u’i = (1,0),
Viss(F)={(F)| F+1<i<N}LVIT)={GT)| T+1<i< N},
173’3(F)ﬂ‘/3t( )_{(Z F)‘F+1<Z<N F = T} A133(F,T>:
U P+l <0 <N F =T yga(F) = id(1,0)(1,0) = 9),
F+1 < 1 < N. Takum obpasom, na urepanuu 1 OpOJIKACT TAHHOTO
z(F), F = T, ocymecrsusiercst ot nporeccopa P(F), B koropom z(F)
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BRIYUCIsics (cM. mpumep 4 B paszene 3.2), kK mporeccopam P(i), T +
+1 <7< N. Ha ureparnun N — 1 OpojiKacT BbIpOXKJIAETCSA B KOMMYHUKA-
M0 ToYKa~-TouYKa ot nporeccopa P(N — 1) k nponeccopy P(N).

YeTaHoBUM cxeMy OOMeHa JAHHLIMU IIOJIb3YsCh IPABUIAMHU OUEPE/l-
HOCTH Tepejiadn 1 npueMa janubix. B nponeccope P(p), 1 < p < N — 1,
Ha UTEPAIUK P HEOOXOAMMO OCYIIECTBATH TEPeIady JaHHOro T (p), KOTOpoe
HAXOJUTCs B €ro JIOKaJIbHOI mamsTu, nporeccopam P(i), p+1 < i < N. Ha
UTepaIyy P ONepanum, N3MEHSIONMEe 3HaIeHne JAHHOTO X (), HEe BBITOJIHS-
FOTCs1, 1109TOMY 1epejiady x(p) nporeccopom P(p) MOXKHO 0CYIIECTBUTH B
Havaje urepanuu. B nporeccope P(p), 2 < p < N, Ha KaxK 10/ urepanun
t, 1 <t < p— 1, HeOOXOAUMO OCYIIECTBUTDH IIPUEM IIPOIECCOPOM JAHHOI'O
x(t) or npoueccopa P(t) jjisi ucnosibzoBanust janHoro onepanueit Ss(p, t)
B KauecrBe aprymenra. Ilpuem gannoro z(t) or upoueccopa P(t) caemyer
OCYIIECTBUTD Ha UTepalu ¢ J10 BbiosHenust onepaiun S3(p, t). Takum 06-
Pa30M, COMJIACHO YCTAHOBJIEHHOI cXeMe 0OMeHa JaHHBLIMU, MOYKHO 3aIlUCATh
SPMD ko, airopurmar

if p = 1 then
Si:x(1) = b(1)

endif
if 2 < p <N then
Sy 1 x(p) = b(p)

dot =1, p-1
\\ npuem darnozo:

Broadcast x(t) from P(t) to P(t+1),...,P(N)
Sy 1 x(p) = x(p) - alp,t)x(t)
enddo
endif

if 1 < p <N-1 then

\\ nepedana danmnozo:

Broadcast x(p) from P(p) to P(p+1),...,P(N)
endif

IlycTh Tenepnb pacupejiesieHue oneparuii MexkK 1y HIpoIeccopaMu OIIpe-
JeseTcss QyHKIUAME tgl)(l) =1, t?)(i) =1,2<i<N, tgg)(i,j) = 7,
2< i< N, 1<j<i—1 Honosum tS)(1) = 2, t&(i) = i, t{9(i, ) =
= i (cM. pazzen 2.5). 3anuiieM Kojl, TpeJTHASHAUEHHBIH JJTsT BHITOJTHEHWST
asropurma Ha N — 1 mporeccope.
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if p = 1 then
Sp:x(1) = b(1)

dot =2, N
Sy i x(t) = b(t)
Sg i x(t) = x(t) - a(t,Dx(1)
enddo
endif

if 2 < p < N-1 then
dot = p+tl, N
Sy x(t) = x(t) - alt,p)x(p)
enddo
endif

Pasencrsa pi 54 = pj 5, Bomoansores as seex sxoxennit (1, 5, q),
kpome (1,3,1) m (1,3,2) (p131=p132=1, pi3; = pize = 2). llosTomy
IIPX BBIIOJHEHUN AJITOPUTMA, MAPAJLICILHBIM KOMILIOTEPOM JIJIsl UCIIOJb-
30BaHMs 3JIEMEHTOB MACCHBA T Ha MEPBOM M BTOPOM BXOXKJCHUAX 3TOIO
MacCUBa B olepaTop S3 HEOOXOMMO OCYIIECTB/IATE IIepejady JIaHHbIX.

Tak Kak 03,3,1 < ng (pi?)’l = 1, ng = 2) u cylecrByeT HCTUHHAS 3aBH-
CUMOCTb, HOpox/ieHHast Bxoxaenusivmu (1,3, 1), (1,3,2) (3amaerca dyHK-
ueit aﬁib,'ro COIJIACHO TeopeMe 3.7 MOKHO OPraHU30BaTh TPAHCJISIUIO
narnoro a;(F'). Tpancsiiyst ocymmecTsisieTcst Ha urepanun 1 Mex Iy mpo-
neccopamu P(n"3 YD F 4 g 51 (F)), tae (¢ yuerom up' = (1,0), 763D =
- (071)7 a1 = 0, ui - (071)7 ‘/173,1(F) - {(Faj) | 1 <j < F-
=1}, Vi1 = {(T\5) | 1 < j < T~ 1} Viga(F) N Vi(T) =
:{<F7]) llgng_la F:T}vAtl,S,l(FaT):{j|lgng_
—1, F=T}) 3D =0, yi3:1(F) =4, 1<j<F-1, F=T.

TpaHcaAmIo CelyeT OCyIeCTBIATH OT IIPOIECCOPa ¢ MEHBIIUM HOMe-
POM K Tiporieccopy ¢ 6oJibiium Homepom. Ha Bropoii urepannu (F =T = 2)
JUIs Iepeiadn JaHnoro (2) TpaHcasauyus BbIPOXKIAAETCA B KOMMYHUKAIMIO
TOYKa-TOUKa OT Tporieccopa P(1) k mporeccopy P(2).

Yeranoum cxemy oOMeHa, JaHHBIMU HOJIb3YsICh IIPABUIIAMKI 04EPeHO-
CTH nepejiadn u npueMa janubix. B nporeccope P(p), 1 < p < N — 2, na
Kaxx0il urepanuu t, p+ 1 <t < N, HE0OXOUMO OCYIIECTBATDL Hepeady
nantoro x(t) nuponeccopy P(p + 1) kak pesy/ibrar BbIIOJHEHUsI OlePalii
Ss3(t, p). Tlepegauy cieryer ocymeCTBASTh MOCIE BBHIIOJHEHHs OlNepaIun
Ss3(t, p). B nponeccope P(p), 2 < p < N — 1, Ha urepanuu p HeoOXOAUMO
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OCYIIECTBUTE IipueM Jannoro x(p). Ha urepanuu p onepanuu, KOTOpbie HC-
I0JIL3YIOT JIAHHOE T(p) He BBLINOJHSIOTCS, II09TOMY [IPUEM JaHHOTO MOXKHO
OCYyIIeCTBUTH B HauaJe urepaiuu. B nporeccope P(p), 2 <p < N —1, na
Kaxx 0% urepaunu t, p+1 <t < IV, HeoOXOAMMO OCYIIECTBUTD IIPUEM JIaH-
woro x(t) or mporeccopa P(p— 1) 1ys uCHonb30BaHUs JAHHOTO Oleparineit
Ss3(t, p) B kKauecrBe aprymenta. Ilpuem ciiejiyer ocymecTBUTh JI0 BbILIOJIHE-
uust onepain S3(t, p). CorylacHO yCTaHOBJIEHHON cxeme OOMeHa, JaHHbIMHU,
sanuiem SPMD ko ajropurMa (1pejiHABHAYECHHBIH J1Jisi BbILIOJIHEHUS! AJ1-
ropur™a Ha [N — 1 mporieccope):

if p = 1 then
S1:x(1) = b(1)

do t =2, N
Ss :x(t) = b(t)
Sg i x(t) = x(t) - a(t,D=x(1)
Send x(t) to P(2)
enddo
endif

if 2 < p < N-2 then
Receive x(p) from P(p-1)
do t = p+tl, N
Receive x(t) from P(p-1)
Sy x(t) = x(t) - alt,p)x(p)
Send x(t) to P(p+1)
enddo
endif
if p = N-1 then
Receive x(N-1) from P(N-2)
Receive x(N) from P(N-2)
Sz :x(N) = x(N) - a(N,N-1)x(N-1)
endif

OrmeTnM, 4TO Ha IpaKTUKe Juid 3PHEKTUBHON peau3aliiy aJroOpuT-
Ma Ha MHOTOINPOIECCOPHON BBIUYNCINTE]BHON CUCTEME C PaCIPEIe/IeHHOM
MaMSITBIO0 HEOOXOUMO O0BEIMHUTH BLIYUCICHHUS aJroOpuT™Ma B OoJiee KPyIi-
HbIE 3epHA.
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3.4 VYiydllleHue JIOKAJIbHOCTU THE3/
IIUKJIOB

Bpewmst periienus 3ajiaum Ha COBPEMEHHOM KOMITLIOTEPE OIPEJIeIAeTCs
HE CTOJIbKO CKOPOCTBIO BbIIOJIHEHUA BbIYUCJIUTEJbHBIX Ollepaliuii, CKOJIbKO
CKOPOCTBIO JocTyna K namsit. CKOPOCTh JOCTYIIA, CYIIECTBEHHO 3aBUCUT OT
MeCTa B MepapXuIecKoil maMsiTi (JIMCK, OnepaTuBHAas MaMsITh, K31 BTOPOTO
YPOBHSsI, K3III IEPBOrO YPOBHS, PEIUCTPbI), Ijie XpaHsrcs janubie. [Toaro-
My JJI OBICTPOi peaju3aluu aJTOPUTMa, 3aJJAHHOTO IMOCJIEI0BATETHLHOM
IPOrpaMMOil, 3aj1a4da OBICTPOro (/10 MCUE3HOBEHUS U3 MAMSTH ¢ OBICTPBIM
JIOCTYIIOM) MEPENCIIONH30BAHNST JIAHHBIX SBJISETCS OJIHOM U3 BasKHEHIINX.

[Tox yaydmennem JOKaJIbHOCTH TTPOTPAMMBI TOHUMAETCST TAKOE ee TTpe-
obpaszoBaHue, KOTOPOE TO3BOJISIET MPOIECCOPY OBbICTPO EPEnCIOIb30BaTh
JTaHHBIE (JIEMEHTHI MACCUBOB) HA OOJIBIIIEM UHCJIe UTEPAIuii, TeM 0 mpe-
obpa3oBaHusi. YJIydIlieHue JIOKAJIHHOCTU MPOrPaMMBbl HAa3bIBAIOT TaK¥Ke JIO-
KaJin3alyeil JJaHHbIX.

Pazjmmuaror 3aj1a4m yJydiieHns BDEMEHHOM JIOKAJIbHOCTU U IIPOCTPaH-
CTBEHHOII JIOKaJbHOCTH. BpeMenHasi JJOKaJIbHOCTH TpeOyeT yCTaHOBUTH Ta-
KOIi ITOPSIJIOK BBIIIOJIHEHHUsI OIlepallyil, Ipi KOTOPOM JaHHbIE HCIIOJIb30Ba-
JINCh Obl HOBTOPHO MPEXKJe, YeM OHU OyJyT HepeMelieHbl U3 HaMsITH C
OBICTPBIM JIOCTYIIOM B LaMsThb 0oJjiee HU3KOIO ypoBH:. 2KeJjarejbHO HKC-
I0JIb30BATh OJIHU T€ KE JIAHHbIe Ha BCEX HUTEpalMsX CaMOro BHYTpPEHHe-
ro nukJja. IIpocrpancrBerHast JJOKaJIbHOCTD MPEIOIATaeT UCIIOJIh30BAHNE
JIAHHBIX, PACIIOJIOXKEHHDBIX B HaMATH OJIM3KO K HEJIABHO MCIIOJb30BAHHBIM,
a CJIeJ0BATEJILHO, PACIOJIOKEHHBIX ¢ OOJIBINON BEPOSITHOCTLIO B HMAMSITH C
OBICTPBIM JIOCTYIIOM.

B sTom pa3zjienie uccienyercsd npuMeHenune adgp@UHHBIX IIpeodpa3oBa-
HUI [IMKJIOB ¥ TEXHUKNA MHOTOMEPHOI'O TaiiMUPOBAHUS JIJIs YLy IIHEHUST JIO-
KaJbHOCTH. MBI yBUAMM, UTO MaTeMaTHUECKHI amlmapar, NpUMeHsieMbIit
JUIs paclapaJiie/IiBaHus aJrOPpUTMOB, BO MHOI'OM IIPUMEHHUM M JIJIs JIO-
KaJIN3aIiu JTaHHBIX.

Hajnm bopmasibHOE Opeie/ieHne JIOKAJIbHOCTH JaHHBIX. 3a(pUKCUPY-
eM @-€ BXOXKJIEHUEe MacCuBa @) B o1eparop Sg.

Omnpeesenne (BpeMeHHAsT JIOKAJTBHOCTD, CBA3AHHAsI ¢ BLIODAHHBIM
pxoxjienneM). Jawwoie ai(Fy4(J)), J(J1,..., ;) € V3, nasvearomea
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AOKAALHOLMU N0 6pement (t-nokanvnvmu), ecau dynxuua aj(Fg,(J)),
ne sasucum om nociednetds koopdunamor J,, eexmopa J.

JpyruMu  cjioBaMu, 3JIEMEHTHI MACCHBA, CBSI3AHHBIE C BBIOPAHHBIM
BXOXK/JIEHUEM B HEKOTOPbII OLIEPATOP, JIOKAJIbHDI 110 BDEMEHU, €CJIM UHJIeK-
Chl 9TUX JIEMEHTOB He 3aBUCAT OT APAMeTPa CaMOr0 BHYTPEHHErO IUKJIA.
Takum 00pazoM, 1pu (HUKCUPOBAHHBIX 3HAYEHUSAX [1APAMETPOB BHEITHUX
IUKJIOB KaXKJI0€ t-JIOKAJIbHOE JIAHHOE YIACTBYET B BBITHUCJICHUSAX HA BCEX
WTEPAIUSIX CAMOTO BHYTPEHHErO IUKJIA.

BameruM, 910 t-JIOKAJILHOCTH JIEMEHTOB MACCUBA HE 3aBUCUT OT CIIO-
coba pasmertieHst (110 CTPOKaM, 110 CTOJIOIAaM, Da3BEPHY THIH B OJ[HY CTPOKY )
MAaCCHBa B TAMSTH U COXPAHSETCS IPU TEPEPASMEIICHUN MACCUBA.

Onpepesierne (POCTPAHCTBEHHAST JIOKAJIBHOCTH, CBSA3AHHAS C BbI-
6pannbiv Bxoxenuem). Jawnve ai(Fig4(J)), J(Ji,..., Jn,) € V3, na-
BVEAIOMCA NOKAADHMU TPOCTPAHCTNEEHHO (S-AOKAADNLMU,), €CAt Jat-
noe a(Fipq(J1,...,Jn, + 1)) Gausko caedyem 6 namamu sa dannvim
CLZ(Flﬁ’q(Jl, ey Jnﬁ))

JpyruMu cjlioBaMK, 3JIEMEHTHI MACCUBA, CBSI3QHHBIE C BHIOPAHHbBIM
BXOXKJICHUEM B HEKOTODBIH OMEpaTop, JIOKAJbHBI MPOCTPAHCTBEHHO, €CJII
IPY YBEJIMICHUH [TApAMETPA CAMOTO BHYTPEHHETO TIHKJIA HA €THHUILY TTOJTY-
UM 9JIEMEHT MACCUBA, OJIN3ZKO CJIELYTOLIUT B IAMSTH 38 9JIEMEHTOM MaCCH-
Ba JI0 yBesimueHust napamerpa. OupejiesieHne s-JIOKaJIbLHOCTH He sIBJISIeTCs]
CTPOTUM, TIOCKOJIBKY Tpebyer yTOuHeHUs MOHSITHsI GJIU3KOrO PaciojiokKe-
HUS B TaMsT. Byjaem caurars, aro siementsl a;j(F1) u a;(F) pacmoso-
YKEHBbI B MAMATH OJIM3KO, ecyin npu mepemernennu a;(F)) B mamsars Gosee
BBICOKOI'O YPOBHsI 11epemeriaercs rakxke u a;(Fy).

I3 mpuBeIeHHOTO ONpEJIeJeHusT CIIeIyeT, ITO t-JIOKATBLHOCTH MOXKHO
CYMTATD [PEJICIbHBIM, Hanboiee OJIATOMPUATHBIM CJIYIaeM S-JIOKATbHOCTH:
UTepalMi BHYTPEHHErO [UKJIA UCTIOIB3YIOT HA ¢-M BXOXKJIEHUM B OIEPATOP
S3 TOJNBLKO OJTHO JIAHHOE.

[Tycrs nmeercs saBucumocts S, (1) — Sp(J) moboro Tuma. Hewm sex-

(@)

cukorpaduyeck O6JIUKE BeJIUIUHbI i )(J )ut (1), rem GicTpee Tepenc-

MOJIb30BAHUE DJIEMEHTa MACCHBA, OIMPEJIEJISTIONIEro 3aBUCUHMOCTh. [loaromy
JJIsT BPEMEHHO JIOKAJM3AIMN JIAHHBIX TIPU MOUCKE (DYHKITHIA 79 sana-
FOIUX MPeoOpa30BaHKe UKJIOB, HEOOXOIUMO CTPEMUTHCS K BBITOJHEHHIO
paBeHCTBa fg@(]) = ffg (I) nuist mauboJsibiero suavenust d. Ipu srom st
BCEX TUIOB 3aBUCHMOCTEil, KPOME 3aBHCHMOCTEil MO BXOJY, JOJKHbBI Bb-

MOHATHCA yesopus (1.12) coxpamenust 3aBUCHMOCTE].
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st mpocTpaHCTBEHHOM JTOKATU3AIUIE HEOOXOINMO, ITOOBI OTIepaInn
AJITOPUTMa, KOTOPBIE MCIOJB3YIOT COCEJIHUE C TOUKU 3PEHUs] XPAHEHUS B
MaMATH 3JIEMEHThI MACCUBA JAHHBIX, BBITIOJHSIINCH OBl JPyT 3a Jpyrom. Ec-
JIM XPAHEHHUE JIEMEHTOB MaCCUBA, OCYIIECTBJISIETCs 110 CTOJIOIaM, TO 6Jin3-
KO PaCIOJIOXKEHHBIME B TAMSITH 3JIEMEHTAMU MACCHBA, SIBJISTIOTCS 9JIEMEHTHI,
OTJINYIAONIUECS TOJBKO MEPBOI KOOPJAMHATON B MHJICKCHBIX BBIPAXKCHUSIX;
ecJIi XPaHEHHUE IJIEMEHTOB MaCCUBa, OCYIIECTBIIACTCS 110 CTPOKaM, TO 6Jin3-
KO PACIOJIOXKEHHBIMK B TAMSTH 3JIEMEHTAMU MACCHBA, SIBJISIFOTCS 9JIEMEHTbI,
OTJIMYAIONINECA TOJBKO MOCJIEIHE KOOPIUHATOM.

[TpocTpancTBEHHYIO JIOKAJIU3AINIO JIAHHBIX OYIeM OCYIIECTBJISITH Cpe-
JI1 Ollepalluii OJHOr0 U TOTO 2Ke olleparopa Hpu (PUKCUPOBAHHOM BXOXK-
JIeHUU 3JleMeHTa MaccuBa B onepatop. Unjexcot snementos aj(Fg,(1))
1 a;(F154(J)) l-ro Maccnsa oTHUAIOTCA TOBKO TIePBOH (mocaesmeit) Ko-
OpJMHATON, ecin BeKTOpbl Fj g1 + fUBa) y FipqJ + U539 orpnaaror-
Csl TOJIBKO I1€pPBOH (HOCﬂe;LHef/’I) KoopjimHaToit. OTcroja ciejyer, 9To 1npu
(bUKCHPOBAHHOM BXOXKJIEHUM ¢-I'O JIEMEHTa MaCCHBa @; B oneparop Sz Ha
urepaiusx [ u J ucnonb3yorcs 6JIM3KO pacIoJiOXKEHHbIE B TAMSATH JIaH-
HbIE, €CJIU Fl(71)7q1 = Flflqu, e Flfl)’q — Marpuia pasmepa (v, — 1) X ng,
COCTaBJICHHAST U3 BCEX, KPOMe TMepBoii (ecjm XpaHeHue mo cToJabaM) Ui
nocJsieiHedt (ecau XpaHeHne Mo CTPOKaM ), CTPOK MaTpuIbl Fj .

Oboznaumnm: rl(’lﬁ),q — paHT MaTPHITHI Fz(,l),qé sg}ﬁ)’q = ng — rl(’lﬁ)’q; Ul(,lﬁ{q —
MaTpHUIa, CTOJOIBI KOTOPOi COCTaB/IeHbI 13 0A3MCHBIX BEKTOPOB Iepecede-

(1) (1)

s noznpocrpancrea ker Fy g w Z" (npejnonaraercs vy 4 < ng).

Teopema 3.8 ITycmv mmozomeproe matmuposanue (t1,ts,...,t,) ¢ Kxo-
opdunammnvimu pynryuamu euda (1.13) sadaem npeobpaszosanue 2nesda

uuxnos. Ecau cpedu dynryui t(lﬁ),t;ﬁ), e ,téﬁ), d < n, umeemcsa rl(lﬁ)q

byrruui téﬁ), EezZ={&,&,... R0 }, ydosaemeoparowux ycrosusm
1,B.q

1) (1) _
T pqVipq =0, (3.12)
1 _ (1)
rank T} 5 =1, ., (3.13)
20e Tl(l)q —  MAMPUYA, CMPOKU KOMOPOT COCMAGAEHD. U3 6EKMOPOS
€@ )
&) &) 7 e mo npu uKCUpOSaHHILE 3HANEHUAT NaAPAMEMPOs

d eneuwnux UUKA06 HA (-M BLONHCOCHUL 6 onepamop Sﬁ Maccuea a; uc-
NOAB3YIMCA INEMEHTTDL TNOADKO 001020 CmO,/L6’l4(L (C’IﬂpO?ﬂU} Maccuea.
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Joka3zaTeabcTBO. /[locTaTouHO TOKA3aTh, UTO JIFOObIE UTEPAINN [Ipe-
00pa30BaHHOI'O I'HE3J1a IUKJIOB, UCIOJb3YIONINE HA ¢-M BXOXKJCHUU Ollepa-
Topa Sj3 HJIEMEHTHI Pa3HbIX CTONONOB (CTPOK) [-ro MaccuBa, OTJINIAIOTCH
3HAYEHUEM XOTsi Obl OJIHOIO U3 apaMeTpoB d BHEIIHUX IUKJIOB. PopMasib-

HO JIOKaXKeM cJieftytoriee: jijist Jo0bix [, J € Vi takux, 4To Fl(l) qI =+ Flm qJ,

cymecrsyer £’ € = Takoe, ITO té,ﬁ)(l) T té,ﬁ)(J).
(

PaBEHCTBO Fl(l)q(] —J) = s, 58 € Z" 1 s # 0. Cymecrsyior Takue \;,
(1) Sl(;lﬁ);q ~
1 <@ <84, ur0l —J = > Aiu; + u, vae u; — GasucHbIE BEKTO-

1=1
Donzme, i
e : pelleHre HeOIHOPOJHONR CUCTEMBbI

(1) (1)

JMHERHBIX ypaBHeHnit F) 44T = S, BEKTOPLI unu;, 1l << s 3, JTMHEIHO-

Ilycrs I,J € V3 rmakue, 4ro Fll)’ql + Fl%)’qj. Torga umeer mecro

pbl nepecedenus ker F,

HEe3aBUCUMBI.

[Tokaskem, 4TO Tl(l)qﬂ # (. Tak kak rank Tl(l)q = frl(lﬁ)q, TO Da3UC MO/

nmpocTpaHcTBa ker Tl%) o COTLEPXKNT Ng — rl(lﬂ) , BEKTODOB. Bruy Tl(l) ‘

1< < Sl(lﬂ)q, u sl(lﬁ)q =ng —rl(lgq, BEKTOPBI U;, 1 < & < sl(lgq, ecTb pyH/Ia-

(1)

) 7q
1) ~ ~ N
T, 4. # (0, B IPOTUBHOM CJIyYIae BEKTOD U SIBJISLICS OBl JIMHEHHON KOM-

ui:0,

MeHTaJIbHag cucTeMa permenuii cucremel 1) 5 x = 0. Orciona ciefyer, 4To

OuHalell BEKTOPOB U;, UTO HPOTUBOPEUHIO Obl JIMHEHHONI HE3aBUCUMOCTH
BEKTOPOB U W U;.
1) ~ N~ —
Tax kak Tl(ﬁ)’qu £ 0, ro 7€)% # 0 just nekoroporo € € Z. Iosromy
(1) (1)

, B B 5189 )
t(1) —tJ(J) = 71— J) = 7@ IRTELI DY ATy +
O = 75 £ 0, O

Takum obpazoM, JIs YAydIleHusl MPOCTPAHCTBEHHON JIOKAJLHOCTH
TpedyeTcst Moy IUTh 7’17157 g /IMHEHO HE3aBUCHMbIX BEKTOPOB 7€) yiosoe-
TBOPSIONMX ycsioBuio (3.12), npuyem 10 BOZMOXHOCTH € HAMMEHbIIMMK
3HAYEHUSIMHA &.

[TpuBesem mpocTeitiiuit aJiropuT™ yIydieHust JIOKaJbHOCTH.

O0603HaUYNM:

~¢) _ (Tl(f) ()

T ey Ty Qlg, ..., QK ¢) — BEKTOD MapaMeTpoB yHKIMi
Buja (1.13);
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D — wmarpura, XapaKTepu3yoolas BCe 3aBUCUMOCTH, KPOME 3aBUCH-
mocteit o Bxoy (D ompenenena B pasjene 2.4); mycthb Bcero marpuria D

cosepKuT fup cronbuos: D € ZHK)xun.

D;, — wMarpulla, XapakTepusyiollasd 3aBUCUMOCTH 110  BXOLY;
Dj,, € ZHE)xuny

~ U;

Ui = | (n+K—ny) | — BEKTOD pasMepa 1 + K

D, — warpuna, cToJ0Ibl KOTOPOl COCTABJIEHLI U3 BEKTOPOB Uj;

D, € Z(HE)xup,,

Anropurm 3.1 (nosyuenue TaiMupyomux GyHKII JJist Y1y dIieHue Jio-
KaJIbHOCTH JIAHHBIX ).

1. Copmuposams mampuuy (D|D;,|D,) € ZHE)>ptiin;, +iip,),

2. DAEMEHMAPHOLMU  CTRPONHBMU  NPEObPa306aANHUAMY  MATPUL DI
(BT D| Dy | Dy) noaywumo mampuvy (P|PD|PD;,|PD,), 2de PD —
IPMUMOBA HOPMaAbHAA fopma mampuyw, D (¢ mounocmvio do nepecma-
HOGKU CPOK U CTNOABY06 U ¢ MOYHOCTNDI0 00 TOAOHCUMEALHBLT MHONCU-
meneti cmpox Mampuyo).

3. Croocenuem cmpor nosyMums na mecme mampuus, D mampuuy,
COCTNOAULYIO MOALKO U3 HEOMPUUATEALHT dAemenmos. Ecau amozo do-
bumuca ne ydarochb, mo cmpoxu ¢ OMPUAMeAbHOLMU INCMEHTAMU JaNeE
ne PaccmMampueams.

4. Caoorcernuem cmpor noayuums wa mecme mamput, (Di| D) xax
MOAHCHO boavuie nyaet.

5. Hoayuumsv n nabopoe dymruyu téﬂ), sadarouwur apdunmnoe npe-
obpasosanue 2nezda yukA06. Jas 9mozo 6 Kauecmsee K0OpIUHAM GEKMO-
pos T w konemanm age cubpams makue N CMPor na Mecme MamMpuLLL
ECHE)  ymobe sexmopii, cocmasaenivie us n nepeus koopounam cmpor,
OLAU NUHETHO-HEZACUCUMBMU, 4 6 COOMEEMCMEYIOUUT CIMPOKAT HA Me-
cme mamputy, (Dip|Dy) 6oiio kax mosicno 6oavwe nyaet; wem boavuwe 6
cmpoxe nyaeti, mem menvuwut nomep € npuceoums KoopouName MH020-
MEPHO20 MATMUPOBAHUA, NOPOAHCIGEMOT CPOKOTI.

[TpuBejieHHBII aJIPOPUTM UINET MHOTOMEPHOE TailMUPOBaHUE, BCE 1L KO-
OpJIMHAT KOTOPOT'O SIBJIAIOTCS OJMHOMEpPHBIMH t-pyHKIMsaMEI. Kak yxKe oT-
Me4aJjoch B pasjene 2.4, B ciydae aJropuTMoB ¢ adpPUHHBIMU 3aBUCUMO-
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CTSIME MOYKET He CyIIeCTBOBATH n TaiiMuposanuit Buma (1.13) ¢ mammHeitno-
He3aBUCUMbBIMU BEKTOpAMU T.

ITpumep 2 (npojosnkenue). PacemorpuM 3ajaty yorydiieHust JOKaJib-
HOCTHU THe3/1a MUKJI0B (1.2) /u1st cotydast XpaHeHUs 9JIeMEHTOB MACCUBA, ¢ TI0
CTOJIOIAM.

0

[Tomnmo 3apucumocreit, xapakrepusyembix marpuneit D =

1

O O = O

(cM. mpumep 2 B pasnenax 1.1, 2.3, 2.4), uMeercst 3aBUCUMOCTD O BXOJLY
Sa(i — 1,7) — S2(i, ), nopoxaemast MaccuBoM b. 3aBHCHMOCTD SABIsI-
eTcst OHOPOAHOM, P(g9) = E® 22, = (1,0), Do), = 0, P22 =

S O =

— (17 07 07 0)7 DZ?’L -
0
PaCCMOTpI/IM BE€JIMYKNHDbI, XapaKTCPpU3YIOIIKe IIPOCTPaHCTBEHHY O JIOKaA-

nm3anumio Maccusa a : Foq = B 117’1(712)’1 =(01), 7”82)’1 =1, 552,1 =1,u =

1 1000] 0 01]1]1

0 5 01 00| 1 1|00
=(L,0), Du=1{ 4 | (E®|D|Din| D) = 0010/|-1010]1]0

0 0001 |1 0]0]/o0
[TIpubaBuB KO BTOPOil CTPOKE TPETHIO, K TPEThell CTPOKE YeTBEPTYIO, TOJIY-

100000 |1 |1

01101 011010
anm (P|B) = 0011]001]0/0
0001101010

Bropast u mepBast CTpoKu MaTpHIbl P MOPOXKIAI0T JBYMEpHOe TailMu-

pOBaHMe f(l)(i) = (1,1). 5(2)(2',]') = (4,1). CooTrercrrenno npeobpasyercs
I'HE310 IMKJIOB:

do 1=1,N
Sl . C(Z) =0
enddo
do j=1,N
do 1=1,N
Syt i) = c(i) + a(z,7)b(5)
enddo
enddo
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Bpems yumnoxkenuss mMatpuibl Ha Bektop Ha ocuHose OOPTPAH-
peau3alinii TpeoOPa30BaHHOTO MHE3/Ia ITUKJIOB U UCXOTHOTO IHE3/1a ITHKJIOB
(1.2) moker orsmuarbest 3HaunTebHo. Hanpumep, npu N = 8000 npeob-
pa3oBaHHbIH ajropur™ BbinoHsiercst B 10 pa3 Obicrpee (Ha ruardopme
Intel P4). OcroBHOIl MpUYMHOl yMEHBIEHUST BPEMEHU BHITUCICHUST STBJIsI-
eTCsI TPOCTPAHCTBEHHAS JIOKAJU3AINS JIBYMEPHOI'O MacCUBa . YJIydlleHue
TPOCTPAHCTBEHHON JIOKAJTBHOCTH TapaHTHPOBAHO HAJMYINEM HYJIEBOTO dJie-
MEHTa, BO BTOPOi CTPOKE Ha MecTe MarTpuiibl 1,,. [

XapaKTepnu30BaTh JJOKAJTLHOCTH THE3JT IIUKJIOB MOXKHO C TIOMOTIIBIO TaK
HA3bIBAEMBIX BEKTOPORB JIOKAJIHHOCTH.

[Tycth a; — maccuB pazmepHocTH 0OJibIIeH i paBHOM 2, XpaHeHue
9JIEMEHTOB MAaCCHBa B IAMATH KOMIIbIOTEpPA OCYIIECTBIISIETCS 1O CTPOKAM.
Pacemorpum mammbie ai(Fyg,(J)), J € Vs, ncnoabsyembie Ha g-M BXOK-
JleHnn MaccuBa a; B omepatop Sg. Onpeennm BekTop Ajg, = (Ao, A1),
rjie A\g — YMCJI0 BHYTPEHHUX IMKJIOB, HA UTEPAIUSIX KOTOPBHIX HCIIOJIb3Y-
eTCsl 9JIEMEHT MAaCcCUBa a; CO BCeMU (DUKCHPOBAHHBIME HHJECKcaMu (T. e.
WCTIOIb3YETCsT TOJBKO OJIMH JEMEHT MacChBa); A; — YUCIO BHYTPEHHUX
[IUKJIOB, HA, UTEPAIMIX KOTOPHIX MCIOJIB3YIOTCS 3JIEMEHThI MACCUBa 4 C O/l
HUM TOCJIETHUM ePEeMEHHBIM UHJIEKCOM (eCJIn a; — JIByMEpHbI MacCHUB, TO
MCIIOb3YeTCsT OfiHa CTPOKa). BeKTop A g, HA3BIBAETCS BEKTOPOM JIOKAJIb-
nocru janibix ai(F54(J)). Tlepsasi KOMIOHEHTa BEKTOPa, XapaKTepHU3yeT
BPEMEHHYIO JIOKAJbHOCTH, BTOPasi — IMPOCTPAHCTBEHHYIO.

[ ontumu3anuu paboThl ¢ MaMATHIO YKeJaTeJIbHO, ITOOBI KaK MOXK-
HO OOJIBbIIIE BEKTOPOB \; g 4 OBLIN HEHYJICBBIMY ¥ MMEJIHN KaK MOYKHO OOJIbIIee
3HAYEHUE KOODJIMHAT.

ITpumep. PaccmoTpumM ocHOBHYIO YacThb 2] k-aJrOPpUTMAa IIepeMHOMKe-
HUS JIBYX KBaJpaTHBIX MaTpHIl mnopsjaka 1000:

do 7=1,1000
do 7 =1,1000
do k£ =1,1000
S1: e(i,j) =c(i,j) + a(i, k)b(k, j)
enddo
enddo
enddo

[TepecTaHOBKO#I NUKJIOB MOXKHO MOJYYaTh PA3IUUHbIe MOIUMDUKAIIANA ITO-
ro ajropurma. B cienyromieit TabJniie npuBeieHbl BEKTOPBI JIOKAJIbLHOCTH 1
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BpeMsl BLIUMCJICHUI JIJIs YeThIPEeX CJIy9aeB 0YepeJIHOCTH BLITIOJIHEHNS K-
JIOB; XpaHEHUE JIEMEHTOB MACCHBOB OCYIIECTBJISETCS 110 CTPOKAM (sI3bIK
nporpaMmmupoBanus — C).

ijk | ikj jki kij
A (1,2) | (0,2) | (0,0) | (0,1)
A 1(0,2) | (1,2) | (0,0) | (1,1)
A (0,0) | (0,1) | (1,1) | (0,2)
T |89 366 | 16 814 | 307 022 | 17 204

B TabJiiie XOpoiio BujiHA 3aBUCUMOCTH BPEMEHU BbIUKMCJICHUNE OT KO-

JINYECTBa HEHYJIEBLIX KOOPJAHWHAT BEKTOPOB JIOKAJIbHOCTH. ]

3.5 bBbuaoxkuur. Taijgauur

Oj1HO# M3 OCHOBHBIX MPOOJIEM, BOSHUKAIOIIMX MTPU OTOOPAaXKEHNUN Bbi-
YUCJUTETbHBIX AJTOPUTMOB Ha, TapaJijieJibHble KOMITBIOTEPHI, SBJISIETCS
npobisieMa BrIGOpa 3epHa Bbluncaenuii. [Tojg 3epHoM BhramceHwit (uam Taii-
JIOM) TIOHWMAETCSI MHOYKECTBO OTEPAIMil aJITOPUTMa, BBIMOJHSIEMBIX aTO-
MapHO: BCE BBIUMCJICHUA, IIPUHAJJIEXKAIIUE OJHOMY 3€pHY, IIPOU3BOJIATCS
Ha OJHOM IIPOIIECCOPE W HE MOTYT MPEPhIBATHCS CHHXPOHM3AINEH, a 0OMeH
JIAHHBIMU, CBA3AHHBIMU C BBIYUCICHUSIMK OJTHOT'O 3€PHA, HE MOXKET BBIIOJI-
HATHCA Ha (DOHE ITUX BLIYUCJICHUIA.

Hesbio raitiimnara (1. €. HOJydeHHs 3epeH BBbIYUCICHUIT) sIBIISIETCS
yMeHbIIIeHNe HAKJIAIHBIX PAacX0JI0B Ha OOMEH JAaHHBIMU MEXKIY IIPOIEeCcCO-
pamu 1 (MJIM) Ha HCHOJIL30BAHWE HEPAPXUYECKON MaMsiTH OJIHOTO MPOIEC-
copa. Tak Kak BpeMmsi pelrieHus 3a/ladn Ha MapaJijieIbHOM KOMIThIOTEPE BO
MHOI'OM OIIPEJIEJIIeTCSl CKOPOCTHI0O KOMMYHHMKAIUNA ¥ JIOCTYIIa K IaMSITH,
TO O0'bEIMHEHNE OTIePAINil aJTOPUTMA, B TAIIBI STBIISIETCS BaXKHBIM ITAITOM
peaJin3alny ajJropuTMOB Ha, MHOTOIIPOIECCOPHBIX BBIUNCIUTE/IbHBIX CHCTE-
MaX C pacipejejeHHol maMaThio. B 3ToM pasjiese npeijaraioTcs cliocoObl
BBIOOPA 3epHA BBIUNCACHUIN, UCCJIEIYIOTCS 332191, BOSHUKAOIIME TTPU BbI-
Oope 3epHa, BbIYUC/ICHUIA.

3.5.1 3amaun, cBI3aHHBbIE ¢ pa30neHneM olepanmii
aJrOpUTMa HA 3€pHA BbIYUCJIEHUN
Crpareruu, caejlyst KOTOPbIM aJrOPUTM OTOOParKaeTcst Ha 1IeJIeBO a-

paJLIeIbHBINA KOMIIBIOTED, MOTYT OBITH Pa3HLIMM, HO NpH 3aJaHUH 3epHA
BBIUKCJICHUH TaK UM MHAYE HEOOXOJMMO PEIIUTh CJIeAYIOIIe 3a,/1a4u.
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e 3amadva 1. Beibop dhopwmbl Taiiia (reoMeTpruaecky Tail MOKHO Mpei-
CTaBUTh MHOYXKECTBOM TOYEK MHOI'OMEPHOH IeJIOUMCICHHON! peleT-
k). Haubosee mpocroii jyist vcnosb3oBanus spisiercst GopMa mpsi-
MOYTOJILHOTO TapaJijiesIelnIe/ia; pacCMaTPUBAIOTCS TaK»Ke Taibl B
BUJIe TIPOM3BOJILHOIO TapaJuiesenumne/ia. M3BecTHbl MeTOIbl ONTHMU-
3aly POPMbI Taiijia IIPH 3aJIaHHOM ero 00beMe U ONTUMU3AIusS Gop-
MBI Tafijia ¢ 1eJbI0 YMEHBIEHUsT BPEMEHH MPOCTOsST TPOIECCOPOB TMa-
PAJLIEJILHOI'O KOMIILIOTEPA.

e Bamada 2. Bribop pasmepa (uncia onepaiyii) Taiiia. YeJaoBueM, uc-
XOJIFI M3 KOTOPOTO BBIOMPAIOTCA MapaMeTphl Tailyla, MOMKET ABJIAThHCS
MUHUMAJLHOCTH OTHOMICHUS 0O'beMa KOMMYHUKAIIMI K 00LeMy BBIYHUC-
jenuii. Bosbioit unrepec jjist IpaKTUKHU PeJICTABISIOT PabOThI, B KO-
TOPBIX BbIOOD 3epHA BHIYMCICHUIT UCCIIE/LyeTCsd ¢ TOUKKM 3peHud 0To0-
paykeHns Ha IEJICBYIO TapaJIebHyio apxuTeKTypy. Ocobenno mnare-
PECHBI UCCJICJIOBAHUS, YIUTHIBAIOIINE TapaMEeTPhl (TaKue Kak MpOus3-
BOJIMTEJILHOCTD POLECCOPa, BpeMs MHUIMAJN3AIUI, TPOIIYCKHAs CIIO-
COBHOCTH KAHAJIOB CBSA3U) MAPAJLIETHLHOIO KOMIIBIOTEPA.

e 3anada 3. Bribop nocsieoBaTe/ibHOCTH BHITIOJIHEHUST Ollepaluil, Ipu-
Ha IJIesKaImX Taily. [lopsToK BBITTOJTHEHUS ONepalnii BJUSET Ha JIO-
KaJbHOCTD JIAHHBIX, a CJeJ0BaTeNbHO, U Ha BpeMs BbluncaeHuit. Or-
METHUM JIBa MYTH YJYUIIUTH JIOKAJILHOCTh. ONWH MyTh — MOBTOPHOE
pazbueHne TailjIoB Ha TailJibl BTOPOI'O YPOBHs; JIBYXYPOBHEBOE pas30u-
eHUe MOYXKET YJIYUIIUTh JIOKAJbHOCTh JIAHHBIX BBUJLY HAJUUMs KIIIei
JIBYX ypoBHeil. [pyroii myTh — ycTaHOBJIEHHE TPUOPUTETOB BBITIOJI-
HEHWST IUKJIOB ¢ TOUKN 3PEHUsT JIOKAJbHOCTH JAHHBIX U TEPECTAHOBKA
X B COOTBETCTBUU C TMPHOPUTETAMH.

e 3anada 4. Bribop nocsie1oBaTe/IbHOCTH BbIIOJIHEHUS TalJIOB, PeaJii-
3YEeMbIX OJHUM MporeccopoM. [Iopsiok BHITIOJHEHUST TaiI0B MOXKET
BJIMATH HAa HAYAJIO BBIYUCJICHWH JIPYTUMHU IPOIECCOPAMU, a CJIeJI0-
BaTEJILHO, U Ha 3arpy’KEHHOCTH poreccopoB. [losromy ecrecTBeHHO
CTPEMUTHCS B HEPBYIO OYEPE/Ib BBINOJHATH Ta/bl, OT PE3yJbTaToB
oreparyii KOTOPBIX 3aBUCAT BBIYUCICHUSA JPYTHUX MPOIECCOPOB.
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3.5.2 Pas3bumeHme mpocTpaHCTB UTepaliuii Ha 010K’

1 TAAJIbI
ObozHa a aHee, n = max ng. llyc A
Ha4YuM, KaK U paHee, | ax. 3. Ilycrs dynkmun
— (t(lﬁ),..., ff)), 1 < B < K, ¢ KoopAuHATHLIME (DYHKIUSIMUA BUJIA

téﬂ)(J) =70 +age, JE Vs 709 € ZM age € Z, 1 < &< n, anas-
FOTCSI MHOTOMEPHBIM TaiiMIPOBAHUEM aJIrOPUTMa. ByjeM cuurarh, 9To nep-
Bbie 7 (7 < M) KOOpJMHAT MHOIOMEPHOIO TaliMUPOBaHUsI 33/1al0T Pacipe-
JIeJICHRE OIepalliii MeXK 1y BUPTYAIbHBIME IIPOIECCOPAME, PA3MENeHHbIMU
B "-MEPHOM TIPOCTPAHCTBE. DTO 03HAUaeT, uTo onepaiust Sz(J), BbimosHsie-
Mast Ha uTepannu J NCXOJIHOrO FHe3/a UKJIOB, BLITOJHSICTCA BUPTYAJIbHBIM
IIPOIECCOPOM ¢ KOODJIMHATAMU (tgﬁ)(J), e 7@((])).

[Tycrb neseBoit komibiorep cojiepxkut P X ... X P, 1poieccopos, 1yjie

P, ..., P, — 3ajannble HaTypaJbHble dKca, mpeBocxojsdiume 1. Obo3Ha-

aum P = {(p1,...,pr) €EZ"1 <pe < Pe, 1 <EK 7”}7méﬂ) = 5ni‘;1t§ﬁ)(J),
cVs
(8) (8)
maxt,”’(J) —m
B(/B) _ JeVs 3 ( ) ¢
3 Pf ’

1< B <K, 1 <€ < n Pazobbem KaxIyio

obsracth urepaiuit Vi Ha P X ... X P, obnacreii V ={J e Vs m

+(pe—1)BY <tP(J) <m ” ~1+pB1<E<r}TEP. 06ﬂacm

Vﬁ(ﬁ ) MOT'YT OBbITH BBIPOXKJICHHBIMU K3-38 OCO6€HHOCTeI/I UTEePAIMOHHBIX 00~

nacreit V.
Kaxx/ioMy BEKTOPY D B3aMMHO-OJIHO3HAYHO COOTBETCTBYET IIPOIECCOP

(8)

1eJIeBOr0 KoMIIbioTepa. BoinosHenne nrepanuit J € V5™ HazHauaeTcs mpo-
IECCOPY € KOOpJUHATAMU P = (P1, - - ., Dr).

Pagzobbem rTenepnb kaxiyto us obsacreit V3™ na Q1 X ... X @y, obaa-
(8)

creit V377, 7 € {(qu,-- -, qn) € 2" 1 < gy < @, 1 <1 < n} uGysem

CUMTATDH, YTO BBIUUCJICHUE OLepaluii Sg(J) J € Vp(q), HE IPEPbIBACTCS

CI/IHXpOHI/IBELHI/Ieﬁ WM 0OMEHOM JaHHBIMU, Tpe6yeMbIMI/I JIJIA BBITIOJTHEHU A

(8)

stux oneparuit. ObacTu Vﬁ(? MOTYT OBITb BBIPOXKJIEHHBIMK HE TOJIbKO H3-
3a ocobennocreit Vg, HO M MOTOMY, YTO HEKOTODBIE () MOTYT PaBHATHCA
eJTUHUTIE.

(8)

Obnactu V;j(ﬂ ) Hazosem 6i0KaMu urepanuii, a obmacru Vo' — Taiina-
My urepanuit. MHOXKecTBO onepalimii Sg(] ) Ha30BeM OJIOKOM BBbIUHCJICHHIA,
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ecau J € Vﬁ(ﬂ ), ¥ 3epHOM (TailJIOM) BBIYUCICHUIT, HIIK TPOCTO TAMJIOM, eciiu

(B)
J e Vm )

3.5.3 BpIiOop nmapamMeTpoB Taiijia 1 JIOKAJbHOCTh
JaHHBIX

Ot BBIOOpa TApaMeTpPOB Taiijia, OT W3MEHEHUs MOCJIEI0BATETLHOCTH
BBIIIOJIHEHU Ollepaluii, HpUHAJIeKALIUMX OJHOMY Taijly, MOxKeT Cyllle-
CTBEHHO 3aBUCETh BPEMs BBINOJIHEHUsT WTEpalnii o0JgacTu 1% Ha OJIHOM
npotieccope (Imporieccope ¢ KoopauHaTaMu p). Kak yxke ormedasnoch (3a1a-
da 3), M3MEHEHUE MOPsIJIKA BBIITOJHEHUS OePAIil BJIUsIeT Ha JOKAJIbHOCTh
JIAHHDBIX, & CJIeJIOBATEJILHO, U Ha BPEMS BLIUYUCICHUN.

TeopeTnyuecku Tpu MOBTOPHOM pa30MeHue TailJioB Ha TallJibl BTOPOTO
YPOBHS JIOKaJAW3alns JaHHBIX JIOJXKHA YAYUIIATHCA 3a CYET uepapxude-
CKOIl CTPYKTYPBbI HaMATHU (Ha.HI/IqI/IH Ka1Ie JiByx yposueit — L1 u L2).
OJIHAKO YNCJIEHHBIE SKCIIEPUMEHTHI MMOKA3bIBAIOT, YTO TIPU ONTUMAJbLHOM C
TOYKHN 3PEHUS JOKAJIHLHOCTUA pa3Mepe TailjoB MOBTOPHLIA TallJIMHT HEe IPHU-
BOJINT K YMEHBITIEHUIO BPEMEHW BBITUCJICHWH. DTO MOXKHO OOBSICHUTH Ma-
JIbIM pa3MepoM ka1a L1, KOoropblii OCTOSTHHO 3aHAT CUCTEMHOM nH(pOpMa-
ueil 1 MpaKTHIecKW He UCTOIB3YeTCs I XpaHennus JaHHbIX. 1eM He Me-
Hee MOBTOPHBIM TallJIMHT MOYXKeT OBITh MOJIe3eH B CIydae KOTJia ONTUMAaJb-
HbIfl pasMmep Taiijia ¢ TOYKU 3PEHUsi OTHOIIEHUST 00 beMa KOMMYHUKAIUNA K
00beMy BBIUUCICHWH 1 (MJIH) ¢ TOUKY 3PEHNUST POITYCKHOM CIIOCOOHOCTH Ce-
TH OOMEHOB JAHHBIMUA HAMHOTO MPEBBIIAET ONTUMAJBHBIN pasMep Tailjia ¢
TOYKH 3PEHUS JIOKAJIHHOCTU JAHHbBIX.

Db dexkTuBHBII c11OcOO yIydienns JOKaJbHOCTHA JaHHBIX — YCTAHOB-
JIeHUe MPUOPUTETOB 0YePEeJHOCTU BLINOTHEHUS IIMKJIOB U IepeCTaHOBKa UX
(ecam 9TO BO3MOXKHO) B COOTBETCTBUU C mpuopureTamu. OnpeessaTs or-
TUMAJIbHBII TIOPSJIOK BBIYUCIICHU [IMKJIOB MOXXHO C ITOMOIIbIO BEKTOPOB
JIOKQJILHOCTH, BBEJIEHHBIX B pazjiene 3.4

3.5.4 llojsy4yeHue 3epHa BbIYUCJIEHUIA

C y4eroM M3J10>KeHHOTO, BBIJIEJNM OCHOBHBIE 3TAIbl PA30MEHUsT OIe-
parnuil KCXOHOI'O AJrOPUTMa Ha OJIOKKM U 3€pHA BbIYMCJICHUI.

1. IlpenBapuresnbHoe mpeobpasoBaHne THE3/A MUKJIOB (ITOT STAI MO-
xKer oTcyTcTBoBaTh). C TOUKE 3peHusi Tpeodpa3oBaHus Koja, pasObueHue
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IIPOCTPAHCTBA UTEpAINii Ha OJIOKK ¥ TaiJibl €CTh pa3dUeHne KarxKJI0# K-
JINUECKOM KOHCTPYKIIMH Ha IHUKJIbI OOJIbIIel IJIyOMHbLI BJOXKEHHOCTH M IIe-
pecraHoBKa UKJO0B. [ToaTomy OyjieM cuuraTh, 9TO BCE JIpyrue mpeodpaso-

BaHUs HMUKJIOB YK€ BbIIIOJIHEHbI C IOMOIIbIO BEKTOPHbIX (PYHKIMH T B .

2. Pasbuenne urepanumii aaropurMa Ha Oj0Ku. Pazduenume na O6JI0KH

33J1a10T 1epBble 1 (1 < n) KoopAuHar HyHKIUT 70 = (tgﬁ), . ,t%ﬂ)). Pas-
Mephl 0JIOKOB V;ﬂ ) onpeJIesIAI0TCA pazmepaMn obsiacti V3 1 ancsioM mpo-
meccopoB P X ... X P,.. Eciu xakue-au60 n3 GyHKIUi t§ﬁ ), e ,t,(f ) ans-

IOTCS PACIIEIIIONMME, TO He TpeOdyeTcsd KOMMYHUKAIWi B HAIpaBJICHUH
KOOD/IMHAT, OMpPEeJIessieMbIX TaKUMU (DYHKIMAME (HO BO3BMOXKHO MOTPEOY-
ercst JybsmpoBanue BXOJHOM uHbOpMaIum).

3. Paszbuenune 6J10KOB HaA TaiJibl.

3.1. ITonoxkum Q1 = ... = @, = 1. D710 03HAYAET, YTO IO IEPBLIM
7 KOOpJUHATaM pa3Mep OJIOKa M TailjioB COBIIAJIAIOT, II0 3TUM KOOpD/IHMHA-
TaM pazonenne 6sioKa Ha Taitnbl He npomsBoguTeda. Ecim (), = 1 n ectb
KOMMYHUKAIAN, ONPEJIEIsieMble KOOPJMHATONR 1), TO IPOIECCOP ¢ KOOP/IU-
HaTOU p, + 1 He Oyzer mpocranBaTh B OKHUJAHNU JAHHBIX OT IPOIECCOPa,
¢ KoopjiuHaToil p,. Ecau koopaunara 1) ne onpejie/iger KOMMyHUKalUi, TO

noJyiarate (), = 1 He Tpebyercs. Ecim kaxkag-nnbo u3 GyHKImit téﬁ ), E>,
He SBJISeTCI TARMUPYIOEH, T. e. He COXPaHseT BCeX 3aBHCHUMOCTEH ajro-
puTMa, TO MO KOOPAWHATE C HOMEPOM & pasdreHre MPOU3BECTH HEBO3MOXKHO
1 cIegyeT MOJOXKUTh Q¢ = 1.

3.2. YeTaHOBUTD IPUOPUTETHI OYEPEHOCTH BBITOJHEHHS [TUKJIOB C I10-
MOIIIBIO BEKTOPOB JIOKAJbHOCTH, IePECTABUTD IIUKJILI B COOTBETCTBHUH C IIPU-
opureramu. ITo BHyTpPeHHUM LMKJaM pa3Mep Tailja ciejaTh MaKCHuMaJlb-
HbIM. dHCsI0 TaKUX [UKJIOB OLIPEJIeJINTh C yUeToM pasMmepa Tailjia; pasMep
Taila OIPEJICIUTD IKCIEPUMEHTAJIBLHO, €CJIU HE IIPOBOAMIIOCH CIICIIUAIbHBIX
nceaegoBannii (3aava 2 B pasgene 1). Oqun u3 sranos 3.2, 3.3 MoxeT OT-
CYTCTBOBATD.

3.3. Ilycrh TeopeTnyeckn Ui IKCIePUMEHTAJbHO Y/1aJI0Ch YCTAHOBUTH
omTHMasbHbIe pasMepsl Taina Cl, ... C! ¢ Toukn 3penms joKaIn3anum u
onrTuMaJibubie pazmepsl Taitiaa Cf, . . ., C Touku 3penus obMeHa JaHHbIMU.
Ecin cymecrsyior takue 7, 1 < n < n, uro Cp > k - C,l77 e k > 2, 1o
TPOM3BECTH JIBYXYPOBHEBOE pazbueHune st 3Tux 7). Pazmep Taiisa mepBoro
YPOBHS1 BbIOMpaeTcst pasHbiM Cp, BTOPOTO yPOBHS — C’fT
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3.5.5 Ilpumepsr pa3duenns ITUKJIOB

[Tpu 610KMHTE 1 TailIMHTe HEOOXOAUMO YMETh IIPeodPa30BLIBATH ITUKJI
B JIBYMEPHYIO IUKJIMYECKYIO KOHCTPYKIUIO. IIpu paszdbueHun Bcex IUKJIOB
IHEe3/10 UKJIOB MJIyOWHBI 7 MPEBPAIACTCA B THE3/I0 UKJIOB NIyOUHBI 21
BHEIIHUE N IUKJIOB YIPABJIAIOT HOPJIKOM, B KOTOPOM BbIUKUCJIAIOTCST TAMRJIbI
BBIUKCJICHN, & BHYTPEHHUE 7 IUKJIOB YIIPABJISIOT MOPSJIKOM, B KOTOPOM
BBIUMCJISIOTCS ONEPAIUH, TPUHAJJIEXKAIINE OJHOMY Taiy.

i mpuMeHeHus TaKOTo TalJIMHTa HEOOXOIMMO, UTOOBI 3aITUCH THE3/1a
IUKJIOB COOTBETCTBOBAJIO 7 HE3aBUCHUMBIX TaiiMupoBanuii. TaiiMupoBanus
t1,...,t, HA3BIBAIOTCS HE3ABUCUMbIMU, €CJIU OHU YJIOBJIETBOPSIOT YCJIOBUIO
(1.11). Ecun Bce koopiunarhbie (yHKIMU MHOIOMEPHOIO TallMUPOBaHMsI
ABJIAIOTCS t-DYHKITUAMEI, TO BO3MOYXKHO paszdOmeHue Beex MUKJIoB. Kak yke
OTMEUaJIOCh B TIPEJIbIIYIIEM TOJIpa3/iesie, eCiu KaKasi-In0o n3 KOOpIuHaT-
HbIX (DYHKIUI He sBJIsieTCs TaliMUpyIoeil, To pa3dueHne cooTBETCTBYIO-
IIIero IUKJIa IIPOU3BECTH HEBO3MOXKHO.

Paccmorpum pasbuenue oneparuii ajgropurMa (1.2) Ha Taiijibl pasmepa
1 X B pyist oneparopa S, 1 Ha Taitibl pasmepa B X B st oneparopa S ¢

do b1 =1,[N/B]
do it = (b1 —1)B + 1, min(b1 - B, N)
S1:oc(it) =0
enddo
do 02 =1,[N/B]
do it = (b1 —1)B + 1, min(bl - B, N)
do jt=(b2—-1)B+ 1,min(b2- B, N)
Sy 1 c(it) = c(it) + a(it, jt)b(jit)
enddo
enddo
enddo
enddo

CoOTBETCTBEHHO MOXKHO N300pa3uTh pasdueHne moJTHOro rpada 3aBUCHMO-

creii (puc. 3.1, N =6, B = 2).
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Puc. 3.1

Buiounbiit BapuanT ajgropurma (3.1) MOXKHO 3amucarb B BUJIE

if 1<p<[N/B] then
do pt=(p—1)B+ 1,min(p- B, N)

S1:oe(pt) =0
enddo
do t=1,[N/B]

do pt=(p—1)B+ 1,min(p- B, N)
do tt=(t—1)B+ 1,min(t- B, N)
Sy o c(pt) = c(pt) + a(pt, tt)b(tt)
enddo
enddo
enddo
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